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Exercise 1.

1. We have: .
o (261 = 5 | 2 Fi65
=
= zn: % [F3Gj]
j=1
-3 (36 +r52)

which leads to:

o761 = (56)+ (7 52)

2. Let us consider the first component. We use the subscript (-); to denote
the i-th component of a given vector. We have:

(ol rGl) =5 ((FAG)
- aii (PG — FaGa)
= % [F2G3] — 8%1 [F3G2]
= Ge O g (Gt B
= e Os gy Gt B~ B
= (5),0 - (g), 2+ 2 (5), -7 (50),
= (g n6), +(rrgy),
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The exact same procedure holds true for the second and third components.
Therefore, we show that
0 OF oG
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Exercise 2.

1. Polar coordinates:
- - cos(f) —rsin(f) \
Jac(u)(r,0) = det Vu(r, §) = det < sin(6)  rcos(6) =r.
2. Spherical coordinates:
Jac(u)(r, 8, p) = det Vu(r, 0, ¢)
cos(f)sin(p) —rsin(f)sin(p) rcos(f) cos(p)
= det ( sin(f) sin(p)  rcos(f)sin(y)  rsin(f) cos(p) >
cos(¢p) 0 —rsin(p)

= —r?sin(p).
3. Cylindrical coordinates:
cos(f) —rsin(d) 0
Jac(u)(r, 0,2) = det Vu(r,0,z) = det | sin(d) rcos(d) 0 | =r.
1

4. Cartesian coordinates:

1 00
Jac(u)(z,y,2) = det Vu(z,y,2z) =det | 0 1 0 | =1.
0 01

Exercise 3.

1. The sketch:

-2

The term 2 + y2 in the description of A suggests that it is appropriate to
use polar coordinates: (z,y) = (rcos@,rsinf) with » > 0 and 6 € [0, 27],



x2+y2§4<:>7“2§4g)0§r§2.

Thus,
A={(rcosf,rsinf) | re0,2], 8 €0,2n]}

and we compute

2 27
/f(y)dy:/ f(rcos,rsin@)rdodr
A o Jo
2 27 1
:/ / —rdfdr
o Jo T
=A4r

2. The sketch:

Here, we can use a Cartesian coordinate system directly:

/f dmf//z (z,y)dydz
//3 wx + sin®(y)dydz
:/0 (6 — 22)x 2dx+/ /3 "Lsm 3(y)dy da.

=0
The second integral is zero because the integrand is a odd function and
the integration domain is symmetric with respect to the origin. Thus:

/Af(a:)dm = /03 62% — 22°dx

1 =3
= [23:3 — 134}
2 =0

T
-5



3. The sketch:

We can either use a Cartesian or a Polat coordinate system here. With
Cartesian coordinates, we get:

1 Vi—z?
/ f(x)dx = / / y(1+ x2) dydx
A —-1J0
1 y=v1-27

/_1 (14 2%) [;gf]y_o dz

4. The sketch:

The term x2 42+ 22 in the description of A suggests that it is appropriate
to use spherical coordinates: (x,y,z) = (rcosfsinp, rsinfsinp, rcosp)
with » >0, 6 € [0, 27|, and ¢ € [0, 7],

x2+y2+z2§9<:>T2§9g0§7“§3.



Thus,
A ={(rcosfsing, rsinfsiny, rcosp) | r €[0,3], 8 € [0,27], v € [0, 7]}

and we compute

3 2 pm
/f(y)dy:// / rsin ¢ r? sin ¢ do df dr
A o Jo Jo
3 T
=27r/ 3 dr/ sin? o dep.
0 0

We recall that

% [3 (t —sin(t) cos(t))] = sin®(t).
Therefore,
/Af(y) dy = 2 [4r]7 7 [4 (o — sin(i) cos())] 7}
s

5. The sketch:

We employ the spherical coordinate system which leads to define the do-
main of integration as:

A = {(rcosfsing,rsinfsing,rcosyp) | r €10,2],0 € [0,27], ¢ € [0, 7]}
We obtain:

2 2m ™
/ flx)dx = / / / arccos(cos )72 sin pdpdfdr
A o Jo Jo

2 T
= 27r/ r?d / @ sin pdp
0 0

r

1 5 r=2 o T

=27 3" [p(—cos)]Pg + cos pdy
r=0 0
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Exercise 4.

1. In a first step, we can show that:

Vila) = 7. Ve € RM(0)

A straightforward computation shows:

n

2l _ 1§ 0 2 _ o
ij - 2|x\ ; ox; [wj] - |x|

j=1

=0 if i#j and =2x; if i=j

Consequently, we have:
V (|z[7) = plaP~ Y (|]) = plzP~ 2.

Remark: this function is well defined at x =0 if p > 2.

2. By defining,
hp :R™ = R:u— hy(u)
G:R" > R":v— G(v)
YRRt = ~(t) =tz

we can rewrite the function f, as a composition of these functions:
1
fp=—-hpoGon.
p

Therefore, by applying the chain rule of differentiation, we have:

d 1 0h, dG; o~y
1) = 5 2 G (COON == )
_ LR 0h G
=3 2 G EON X GO
= j=1
Since,
ahl’ — P=2,,. dlj — .
S ) = plu P, and L) =,

we get the final result:

d Sy o 0G;
) = > D IG ()P Gi(ta) o0, (ta)z;.

i=1 j=1




