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Reminder : In order to compute an integral over a surface (like in Ezercise 2
and parts 4 and 5 of Exercise 3), proceed as follows:

1. Sketch the surface 3.

2. Provide a parameterization o : A — % of the surface X.. Then, define the
parametric domain A and the function o.

3. Provide a normal vector and add it to your sketch.

4. Use this parameterization to express the integral as a multiple integral
where the bounds and the function that need to integrated are indicated
explicitly.

5. Compute the integral.

Exercise 1 (Ex 4.8 page 43 and Ex 4.7 page 42).

Let Q C R? be a regular set whose border 0f) is oriented positively. Let v
be a field of external unit normals to 0€). Let F be a vector field such that
Fe(! (Q,RQ) and f a scalar field such that f € C? (Q) Prove that:

1. //QdivF(m,y)dxdy:/BQ(F-I/)dl

Indication: Write F' = (F1, F3) and apply Green’s theorem to the vector
field ® = (_FQ,Fl).

2. //QAf(x,y)dxdy:/89(gradf-u)dl.

Exercise 2 (Ex 5.1 page 56).
Let f(x,y,2) = zy + 22 and

2:{(:U,y,z)ER3 e andOSzgl}.

Compute // fds.
b

Exercise 3 (Ex 5.6 page 57).
Let 0 < a < R. In R?® we consider the torus §2 obtained with the rotation of the
disk (z — R)? + 22 < a? around the Oz axis and its parameterization is:

x = (R+rcosp)cosb, y=(R+rcosy)sin, z =rsing,



with 0 <7 <a,0<60<2m, 0<p<2m.
1. Sketch Q and indicate what does 7, 8, and ¢ represent.

2. Compute the Jacobian of the transformation that describes €2 in terms of
the variables r, 6, and ¢.

3. Compute the volume of €.

4. Write a regular parameterization of the surface of the torus (noted 92)
and compute a normal to 0.

5. Compute the area of ).

6. Compute /// Z2dzdydz.
Q

The exercises below are a recap of Analysis I1

Exercise 4.

1. Let D={(z,y) €ER?: 2>0,y>0 and z+y < 1}.
Compute // v1—z—ydzdy.
D

2. Let D = {(z,y) e R? : 22 + ¢® < 2(x + /22 + 42)}.
dzdy

Compute // _—
D (22 +y?)3

3. Let D= {(z,y,2) €R*: £>0,y>0,2>0, 2<1—y? and z+y < 1}.

Compute /// zdadydz.
D

Exercise 5.
Compute the volume of:

L. D:{(x»y72)€R3:x2+y2+z2§1 and x2+y2§z},
2. D:{($79,2)6R3:x+y+zg\/§’ 2242 <1, >0, y>0and 2 > 0}.



