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Exercise 1 (Ex 3.1 page 27).
Let Fi : R2 → R2 be the vector fields defined as:

F1(x, y) = (y, xy − x), F2(x, y) = (3x2y + 2x, x3), F3(x, y) = (3x2y, x2).

Does the vector field Fi derive from a potential in R2?
If yes, find a potential function from which Fi is deriving. If not find a closed
curve Γ such that:

∫
Γ Fi · dl ̸= 0.

Exercise 2 (Ex 3.3 page 28).

Let F (x, y, z) =
(

2xy + z

1 + x2 , x2 + 2yz, y2 + arctan x

)
.

Does the vector field F derive from a potential in R3? If yes, find its potential.

Exercise 3 (Ex 3.8 page 29).
Let:

F (x, y) =
(

−x

(x2 + y2)2 ,
−y

(x2 + y2)2

)
,

and

G(x, y) =
(

y3

(x2 + y2)2 ,
−xy2

(x2 + y2)2

)
,

both defined in Ω = R2 \ {(0, 0)}.
Do they derive from a potential in Ω? If yes find a potential function, otherwise,
justify your answer.



Exercise 4 (Ex 3.6 page 28).
Let us define the differential equation:

F2 (t, u(t)) u′(t) + F1 (t, u(t)) = 0 for t ∈ R.

Let F (x, y) = (F1(x, y), F2(x, y)) be a vector field which derives from a potential
f in R2.

1. Show that a solution u(t), in implicit form, of this differential equation is
given by:

f (t, u(t)) = constant for all t ∈ R.

Indication: Calculate d

dt
f (t, u(t)).

2. Deduce a solution of:

u2(t)u′(t) + sin t = 0, for t ∈ R with the initial condition u(0) = 3.

Exercise 5 (Ex 3.2 page 27).
Let F : R2 → R2 be a vector field such that F ∈ C1(R2,R2), defined by
F (u, v) = (f(u, v), g(u, v)).
Let:

φ(x, y) =
1∫

0

[xf(tx, ty) + yg(tx, ty)] dt.

1. Show that if ∂g

∂u
= ∂f

∂v
, then F (x, y) = grad φ(x, y).

2. Find a potential for F (x, y) = (2xy, x2 + y).

3. Generalize the result shown in question 1 to the case Rn, i.e., for:

F : Rn → Rn; u 7→ F (u) = (F1(u), . . . , Fn(u)).


