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Exercise 1.
(i) Calculation of [[s curl F'- ds. We have
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and if A =(0,1) x (0,27) then

curl F' =

Y ={o(r,0) = (r*cosf,r*sinf,r) : (r,0) € A}

—r2cosf
= —r2sin 6
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// curl F - ds = / / (71, —1, —r* cos? 0) . (77*2 cos b, —r?sin 9,27"3) drdf
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(ii) Calculation of [, F'- dl. Moreover, we obtain that

The normal vector is given by
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2rcosf 2rsinf 1

—r2sinf r2cosf O
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and consequently

J(&A):F1UP2UF3UF4

where
I, = {0’(7‘,0) = (7’2,077”) cr:0— 1}
Iy ={0(1,0) = (cosb,sinh,1) : 0 : 0 — 27}

Iy = {O’(T,QW) = (T2,0,r) | %O} =-14
Iy ={0(0,0) = (0,0,0) : 0 : 2r — 0}



We therefore deduce that 0¥ = I's and that it is positively oriented. We then
obtain
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Exercise 2.
(i) Calculation of [, curl F'- ds. We switch to spherical coordinates and write,
for 4= (0.5) x (5. 5).

¥ = {0(0,p) = (2cosfsin ¢, 2sin O sin p, 2 cos p) with (0, ) € A}

We find
e1 €a es —4 cos 0 sin? ©
og No, =| —2sinflsing 2cosfsing 0 = | —4sinfsin®¢p
2cosfcosp 2sinfcosep —2singp —4 cos psing
Since
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we obtain

curl F' - (o9 A 0y)
= (—4cos,0,0) - (—4cosb sin® ¢, —4 sin @sin® p, —4 cos p sin )

and therefore
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(ii) Calculation of [, F'-dl. We have 9% = 0(9A) = Ule T';, where
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Py = {0(0,¢) = (25inp,0,2c050) 1o 3 = ¢ |

A straightforward calculation gives
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F-dl = —/ (0,4cos2<p,0) - (2cos,0,—2sinp)dp =0
Iy

ZE]

[ME)

(0,1,0) - (—V/3sinf,v3cos,0)df = —/3
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Thus, we indeed have
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Exercise 3.
(i) Computation of // curl F'ds.
)

We have
€1 €2 €3 €1 ey €3 0
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curl F(z,y,2) = |3z 3, 32| = |3= oy o (o
o Fy, Fj 0 z* 0 2z

Sketch of 3:
We observe that ¥ lies in the plane z = 0:

Notice that the domain in R? is y-simple. It could also be split into two 2-simple
domains, but in that case one must take care to keep the same orientation of
the normal vector for both parts of the integral. We therefore present only the
y-simple variant. Computation:

We parameterize ¥ by

o {(z,y) ER*: 1< <2, 2z —-1)<y<z} >R o(z,y) = (z,y,0)

We have

curl F(o(x,y)) = (0,0, 2x)
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// curl F'ds :/ / ((0,0,2z),(0,0,1)) dy dx
b 1 Joz—2
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(ii) Computation of Fdl.

%
The boundary of A = {(sc,y) ER?:1<2<2, 2x—-1)<y< :c} is divided
into three parts:

vi:[1,2] = R? @
W(t) = (8,2t~ 2)
ooy (t) = (t,2t —2,0)
(0’071)/ (t) =(1,2,0)



vo: [1,2] — R? S
72(t) = (t,1)
0072(15) - (t,t
(0 02) (1) =

0)
1,1,0)
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v3: [0,1] — R? <
v3(t) = (1,t)
oo~s(t) = (1,¢,0)
(oo '73)/ (t)=(0,1,0)

2 2 92 t=2
/ F~dl:/ <(0,t2,0),(17270)>dt:/ 22 dt = [t?’}
o(Ty) 1 1 3 t=1
16 2 14

3 3 3

' 2 2 1 .72
/ F'dl=/ <(0,t2,0),(171,0)>dt=/ t* dt = [#]
Jo () 1 1 3 1,

. 1 1
/ F-(H:/ ((0,1,0),(0,1,0)) dt:/ 1dt =1
Jo(T's) 0 0

/F.dl:+/ F-dl—/ F-(]l—/ F-d
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which is the expected result.



Exercise 4.

(i) Computation of // curl F'ds.
)

We have
€1 €9 €3 €1 €9 €3 1
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Sketch of ¥:

We switch to spherical coordinates (x,y, z) = (r cos@sin ¢, rsin@sin ¢, r cos @)
with r >0, 6 € [—, 7], and ¢ € [0,7]. Our conditions become
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Calculation:

We parametrize ¥ with

a;ﬂa@eR%og¢geg }%RS
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2
defined by

c(0,0) = (2cosfsinp, 2sinfsin p, 2 cos )



We have

curl F(o(0,¢)) = (1,0,0)
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2cosfcosp 2sinfcosep —2singp

Variant 1: dyp df

—4 cosfsin? o
= | —4sinfsin? ¢

—4sin pcos ¢
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/ curl Flds = /2 / ((1,0,0), (—4 cos @sin? o, —4sin §sin? @, —4 sin ¢ cos ©)) dpdb
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Variant 2: df dy
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One could also find the antiderivatives of trigonometric functions using Euler’s
formulas.

(ii) Computation of [ Fdl.
ox

The boundary of A = {(9, P)ERZ:0<p<HL g} is divided into three parts:

¥

m:[0,%] — R? P
7(t) = (£,0)
oo (t) =(0,0,2)
is a single point, so it contributes nothing.



Y21 [0, 2] — R? ®

72(t) = (5,1)
oov(t) = (0,2sint,2cost)
(0 072)'(t) = (0,2 cost, —2sint)
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/ <(0,07 2sint + 4 cos?t), (0,2 cost, —2 sint)> dt
0
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/ F-di :/ ((0,0,2sin*t + 4 cos®t), (—2sint + 2cos” t,4sint cost, —2sint)) dt
Jo(T's) 0
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which indeed matches the expected result.



