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Exercise 1.
(i) Calculation of

∫∫∫
Ω div Fdxdydz. We have div F = 2(x + y + z). We set

x = ar cos θ, y = ar sin θ, z = bt, with 0 < θ < 2π, 0 < r < t < 1

and we therefore find

Jacobian =

∣∣∣∣∣∣
a cos θ −ar sin θ 0
a sin θ ar cos θ 0

0 0 b

∣∣∣∣∣∣ = a2br

This allows us to compute

∫∫∫
Ω

div Fdxdydz = 2
∫ 2π

0
dθ

∫ 1

0
dt

∫ t

0
a2br(ar cos θ + ar sin θ + bt)dr

= 4πa2b2
∫ 1

0
dt

∫ t

0
rtdr = πa2b2

2

(ii) Calculation of
∫∫

∂Ω(F · ν)ds. We have ∂Ω = Σ1 ∪ Σ2 where

Σ1 =
{

(x, y, z) ∈ R3 : x2 + y2 ≤ a2, z = b
}

= {α(r, θ) = (r cos θ, r sin θ, b) : 0 ≤ θ ≤ 2π, 0 ≤ r ≤ a}
Σ2 =

{
(x, y, z) ∈ R3 : b2 (

x2 + y2)
= a2z2 and 0 ≤ z ≤ b

}
={β(θ, t) = (at cos θ, at sin θ, bt) : 0 ≤ θ ≤ 2π, 0 ≤ t ≤ 1}

We find

αr ∧ αθ =

∣∣∣∣∣∣
e1 e2 e3

cos θ sin θ 0
−r sin θ r cos θ 0

∣∣∣∣∣∣ =

 0
0
r



βθ ∧ βt =

∣∣∣∣∣∣
e1 e2 e3

−at sin θ at cos θ 0
a cos θ a sin θ b

∣∣∣∣∣∣ =

 abt cos θ
abt sin θ

−a2t


which are both outward normals. We therefore obtain



∫∫
Σ1

(F · ν)ds =
∫ 2π

0

∫ a

0

(
r2 cos2 θ, r2 sin2 θ, b2)

· (0, 0, r)drdθ = πa2b2∫∫
Σ2

(F · ν)ds

=
∫ 2π

0

∫ 1

0

(
a2t2 cos2 θ, a2t2 sin2 θ, b2t2)

·
(
abt cos θ, abt sin θ, −a2t

)
dtdθ

= −2πa2b2
∫ 1

0
t3dt = −π

2 a2b2

and finally

∫∫
∂Ω

(F · ν)ds = π

2 a2b2

Exercise 2.
(i) Calculation of

∫∫∫
Ω div Fdxdydz. We immediately have

div F = x + y + z.

We have

Ω =
{

(x, y, z) ∈ R3 : 0 < z < 1 − x − y, 0 < y < 1 − x, 0 < x < 1
}

and therefore

∫∫∫
Ω

div Fdxdydz =
∫ 1

0

∫ 1−x

0

∫ 1−x−y

0
(x + y + z)dzdydx

= 1
2

∫ 1

0

∫ 1−x

0

(
1 − (x + y)2)

dydx = 1
8

(ii) Calculation of
∫∫

∂Ω(F · ν)ds. We have ∂Ω = Σ1 ∪ Σ2 ∪ Σ3 ∪ Σ4, where

Σ1 = {α(x, z) = (x, 0, z) : 0 ≤ z ≤ 1 − x, 0 ≤ x ≤ 1}
Σ2 = {β(x, y) = (x, y, 0) : 0 ≤ y ≤ 1 − x, 0 ≤ x ≤ 1}
Σ3 = {γ(y, z) = (0, y, z) : 0 ≤ z ≤ 1 − y, 0 ≤ y ≤ 1}
Σ4 = {δ(x, y) = (x, y, 1 − x − y) : 0 ≤ y ≤ 1 − x, 0 ≤ x ≤ 1}

The corresponding normals are



αx ∧ αz =

∣∣∣∣∣∣
e1 e2 e3
1 0 0
0 0 1

∣∣∣∣∣∣ =

 0
−1
0


βx ∧ βy =

∣∣∣∣∣∣
e1 e2 e3
1 0 0
0 1 0

∣∣∣∣∣∣ =

 0
0
1


γy ∧ γz =

∣∣∣∣∣∣
e1 e2 e3
0 1 0
0 0 1

∣∣∣∣∣∣ =

 1
0
0


δx ∧ δy =

∣∣∣∣∣∣
e1 e2 e3
1 0 −1
0 1 −1

∣∣∣∣∣∣ =

 1
1
1


which are outward normals for the first and last, and inward normals for the
other two. Note then that

∫∫
Σ1

(F · ν)ds =
∫∫

Σ2

(F · ν)ds =
∫∫

Σ3

(F · ν)ds = 0

and therefore

∫∫
∂Ω

(F · ν)ds =
∫∫

Σ4

(F · ν)ds

=
∫ 1

0

∫ 1−x

0
((xy, y(1 − x − y), x(1 − x − y)) · (1, 1, 1)dydx

which finally gives us

∫∫
∂Ω

(F · ν)ds = 1
8

Exercise 3.
(i) Calculation of

∫∫∫
Ω div Fdxdydz. We immediately find that div F = 3. We

switch to cylindrical coordinates and obtain

Ω =
{

(r cos θ, r sin θ, z) : θ ∈ (0, 2π), r ∈ (0,
√

3), r2

3 < z <
√

4 − r2
}

and therefore



∫∫∫
Ω

div Fdxdydz = 3
∫ √

3

0

∫ √
4−r2

r2
3

∫ 2π

0
rdθdzdr

= 6π

∫ √
3

0

(√
4 − r2 − r2

3

)
rdr = 19π

2

(ii) Calculation of
∫∫

∂Ω(F · ν)ds. Note that ∂Ω = Σ1 ∪ Σ2 where

Σ1 =
{

α(θ, φ) = (2 cos θ sin φ, 2 sin θ sin φ, 2 cos φ) : θ ∈ [0, 2π], φ ∈
[
0,

π

3

]}



Σ2 =
{

β(r, θ) =
(

r cos θ, r sin θ,
r2

3

)
: θ ∈ [0, 2π], r ∈ [0,

√
3]

}
The calculation of the normals gives

αθ ∧ αφ =

∣∣∣∣∣∣
e1 e2 e3

−2 sin θ sin φ 2 cos θ sin φ 0
2 cos θ cos φ 2 sin θ cos φ −2 sin φ

∣∣∣∣∣∣ =

 −4 cos θ sin2 φ
−4 sin θ sin2 φ
−4 cos φ sin φ


βr ∧ βθ =

∣∣∣∣∣∣
e1 e2 e3

cos θ sin θ 2
3 r

−r sin θ r cos θ 0

∣∣∣∣∣∣ =

 − 2
3 r2 cos θ

− 2
3 r2 sin θ

r


which are both inward normals. We can therefore compute the surface integrals

∫∫
Σ1

(F · ν)ds =
∫ 2π

0

∫ π/3

0
[(2 cos θ sin φ, 2 sin θ sin φ, 2 cos φ)(

4 cos θ sin2 φ, 4 sin θ sin2 φ, 4 cos φ sin φ
)]

dθdφ

= 16π

∫ π/3

0
sin φdφ = 16π[− cos φ]π/3

0 = 8π∫∫
Σ2

(F · ν)ds

=
∫ 2π

0

∫ √
3

0

(
r cos θ, r sin θ,

r2

3

)
·
(

2r2 cos θ

3 ,
2r2 sin θ

3 , −r

)
drdθ

= 2π

∫ √
3

0

(
2r3

3 − r3

3

)
dr = 2π

[
r4

12

]√
3

0
= 3π

2

We therefore find

∫∫
∂Ω

(F · ν)ds = 8π + 3π

2 = 19π

2

Exercise 4.
(i) Calculation of

∫∫∫
Ω div Fdxdydz. We find that div F = 2z. Switching to

cylindrical coordinates, we deduce that

Ω =
{

(r cos θ, r sin θ, z) : 0 < z < 2, −π

2 < θ <
π

2 , 0 < 2r < 4 − z
}

and therefore



∫∫∫
Ω

div Fdxdydz =
∫ 2

0

∫ 2−z/2

0

∫ π/2

−π/2
2zrdθdzdr

= π

∫ 2

0
z

(
2 − z

2

)2
dz = 11π

3

(drawing in the r, z plane with rotation angle θ ∈
[
− π

2 , π
2

]
)

(ii) Calculation of
∫∫

∂Ω(F · ν)ds. We see that ∂Ω = Σ1 ∪ Σ2 ∪ Σ3 ∪ Σ4 with

Σ1 = {α(y, z) = (0, y, z) : z ∈ (0, 2) and 2|y| ≤ 4 − z}

Σ2 =
{

β(r, θ) = (r cos θ, r sin θ, 0) : −π

2 ≤ θ ≤ π

2 , r ≤ 2
}

Σ3 =
{

γ(r, θ) = (r cos θ, r sin θ, 2) : −π

2 ≤ θ ≤ π

2 , r ≤ 1
}

Σ4 =
{

δ(r, θ) = (r cos θ, r sin θ, 4 − 2r) : −π

2 ≤ θ ≤ π

2 , 1 ≤ r ≤ 2
}

.



The normals are then

αy ∧ αz = (1, 0, 0), βr ∧ βθ = (0, 0, r)
γr ∧ γθ = (0, 0, r), δr ∧ δθ = (2r cos θ, 2r sin θ, r)

and these are inward normals for the first two and outward normals for the last
two. Consequently, we find

∫∫
Σ1

(F · ν)ds =
∫ 2

0

∫ 2−z/2

−2+z/2

(
2, 0, z2)

· (−1, 0, 0)dydz = −12

∫∫
Σ2

(F · ν)ds =
∫ π/2

−π/2

∫ 2

0

(
2, 0, r3 cos θ sin2 θ

)
· (0, 0, −r)drdθ = −64

15∫∫
Σ3

(F · ν)ds =
∫ π/2

−π/2

∫ 1

0

(
2, 0, r3 cos θ sin2 θ + 4

)
· (0, 0, r)drdθ

=
∫ π/2

−π/2

∫ 1

0

(
r4 cos θ sin2 θ + 4r

)
drdθ = 2

15 + 2π∫∫
Σ4

(F · ν)ds

=
∫ π/2

−π/2

∫ 2

1

(
2, 0, r3 cos θ sin2 θ + (4 − 2r)2)

· (2r cos θ, 2r sin θ, r)drdθ

=
∫ π/2

−π/2

∫ 2

1

(
4r cos θ + r4 cos θ sin2 θ + r(4 − 2r)2)

drdθ

= 12 + 62
15 + 5π

3 .

We thus obtain the desired result

∫∫
∂Ω

(F · ν)ds =
4∑

i=1

∫∫
Σi

(F · ν)ds = 11π

3

Exercise 5.
We first note that

div F = 3 and div Gi = 1, i = 1, 2, 3.

Consequently, by applying the divergence theorem, we obtain, for i = 1, 2, 3,



Vol(Ω) =
∫∫∫

Ω
dxdydz = 1

3

∫∫∫
Ω

div Fdxdydz = 1
3

∫∫
∂Ω

(F · ν)ds

=
∫∫∫

Ω
div Gidxdydz =

∫∫
∂Ω

(Gi · ν) ds


