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Exercise 1.
(i) Calculation of [[[, div Fdxdydz. We have div F = 2(z +y + z). We set

x=arcosf, y=arsinf, z=0t, withO0<f<2m, 0<r<t<l1
and we therefore find

acosf —arsinf 0
Jacobian = | asinf arcosf® 0 | =da%br
0 0 b

This allows us to compute

2m 1 t
// div Fdzdydz = 2 / d@/ dt/ a*br(ar cos 0 + arsin  + bt)dr
Q 0 0 0

1 t 272
b
:47Ta2b2/ dt/ rtdr = =2
0 0 2

(ii) Calculation of [, (F -v)ds. We have 9Q = ¥; U Xy where

S1={(z,y,2) eR*:2® +y* < a®, 2 =b}
={a(r,0) = (rcosf,rsinf,b) : 0 <0 <27, 0 <r <a}
22:{(x,y,z)€R3:b2 (m2+y2):a2z2 andogng}
={p(0,t) = (atcosh,atsinf,bt) : 0 <0 <2m, 0 <t <1}

We find
€1 () es 0
o, Aoy = cos sinf 0 | = 0
—rsind rcosf O T
el es es abt cos 0
Bo A By =| —atsinf atcosfd 0 |= abt sin 0
acosf asinf b —a’t

which are both outward normals. We therefore obtain



21 a
// (F-v)ds = / / (T2 cos? 6,72 sin? 6, b2) -(0,0,7)drdd = mab*
o o Jo

//EQ(Fw)ds

2 1
= / / (a2t2 cos® 0, a’t*sin? 0, b2t2) . (abt cos @, abtsinf, —azt) dtdé
o Jo

1
= —27ra2b2/ t3dt = —Iazb2
0 2

and finally
// (F-v)ds = T a2p?
20 2

Exercise 2.
(i) Calculation of [[[, div Fdxdydz. We immediately have

divF=x+y+z.

We have

Q:{(x,y,z)eR3:0<z<1—x—y,O<y<1—x,0<:1:<1}

and therefore

1 1—x l-x—y
/// div Fdzdydz = / / / (x4 y + 2)dzdydx
Q o Jo 0

1 1 1—z 1
:7/ / (1—(z+y)?) dydr = -

(ii) Calculation of [[,,(F - v)ds. We have 0Q = ¥; U X U X3 U X4, where

¥ ={afz,2) =(2,0,2):0<z2<1—2, 0< 2z <1}
Yo ={f(z,y) = (2,9,0): 0<y<l—2, 0<z<1}
Y3={v(y,2)=(0,9,2) : 0<2<1-—y, 0<y<1}
Yy={0(z,y) =(x,y,1—2—y):0<y<l—z 0<z<1}

The corresponding normals are



€1 €2 €3 0
aNa,=| 1 0 0 |= -1
0 1 0
€1 €2 €3 0
Bz A 6y = 1 0 0 = 0
0 1 O 1
€1 €2 €3 1
YyAv=| 0 1 0 |=][20
0 0 1 0
€1 €2 €3 1
S Noy=|1 0 —1|=11
0o 1 -1 1

which are outward normals for the first and last, and inward normals for the
other two. Note then that

‘//El(F.V)dS_//2:2(F.V>d5_//2:3(F'V)d5—O

and therefore

//QQ(F.V)dS://&(F.V)dS

1 1—x
:// (ey.y(1 — 2 —y).a(l -z —y)) - (1,1, 1)dyda

which finally gives us

[l

Exercise 3.
(i) Calculation of [[[, div Fdzdydz. We immediately find that div F = 3. We
switch to cylindrical coordinates and obtain

2
0= {(rcosﬁ,rsiHG,z) 10 €(0,21), r € (0,V3), % <z< \/4—7"2}

and therefore



V3 Va—r2 2T
/// div Fdzdydz = 3/ / / rdfdzdr
Q 0 =2 0
V3 2
:67r/ (\/4—r2—g>rdrzlg7r
0
ii) Calculation of F -v)ds. Note that 92 = X1 U X5 where
(i) 20

¥ = {a(&cp) = (2cosfsinp,2sinfsinp,2cosp) : 6 € [0,27], p € {0, f}}

iz

N
|

<V

e 2

(dessin dans le plan 7, z)




Yo = {ﬁ(n 0) = (rcos@,rsin@,T;) 10 €[0,27], r €0, \/g]}

The calculation of the normals gives

e1 es e3 —4 cos f sin?
ag Nay, =| —2sinfsing 2cosfsingp 0 —4sin 6 sin? cp
2cosfcosp 2sinfcosep —2singp —4 cos psing
e1 es es —242¢0s6
Br N\ Bo = cosf sin 6 %r = i 2sin 6
—rsinf rcosf 0 T

which are both inward normals. We can therefore compute the surface integrals

2m
// (F- z/ds—/ / [(2 cos O sin p, 2 sin @ sin @, 2 cos @)
PN

4cos€sm @, 4sin 0 sin® @,4cos<pslng0)]d9d<p

/3
= 167r/ sin pdp = 167[— cos @]3/3 =87
0

// (F-v)ds
Yo
27
/ / <rcos€ rsinf, > <2r COSH72T ;1n9 r) drdf
277/ E_ﬁ dr =2m r \/5—3—7.(
o 33 12, 2

We therefore find

Exercise 4.
(i) Calculation of [[[,div Fdrdydz. We find that div F' = 2z. Switching to
cylindrical coordinates, we deduce that

Q:{(TCOSH,rsin9,2)10<z<2, —g<9<g, O<2r<4—z}

and therefore



2 pr2—2/2 pm/2
/// div Fdxdydz :/ / / 2zrdfdzdr
Q o Jo —7/2
2 2 11
z T

) ‘ i

(drawing in the r, z plane with rotation angle 6 € [ 5 g]
(ii) Calculation of [[,,(F - v)ds. We see that 9Q = ¥ U Xy U X3 U ¥y with

¥ ={a(y,z) =(0,y,2) : 2z € (0,2) and 2|y| <4 — z}

22:{ﬂ(r,&):(rcos@,rsinﬂ,()) —§<0<—7 7’<2}
; T g,
23:{’Y(T‘,Q):(T’COSG,TSIHH,Q). 5 = 2,
24:{5(r,9):(rcosﬁ,rsin9,4—2r):—gg@gg, <r< }



The normals are then
ay ANa, =(1,0,0), B ABg=(0,0,r)
Y ANyg = (0,0,7), & Adg = (2rcosh,2rsinb,r)

and these are inward normals for the first two and outward normals for the last
two. Consequently, we find

2—2/2
// (F- I/ds—/ / 202 ( 1,0,0)dydz = —12
D31 2+z/2

/2 2 64
// F.v)ds = / / (2,0,7 cosOsin® ) - (0,0, —r)drdf = ——
P /2 15

/2
/ (F-v)ds —/ / (2,0,T3 cos 0sin? 0 + 4) -(0,0,7)drdf
33

w/2J0

/2 9
/ / (7’4 cos fsin? 0 + 41") drdf = — + 27
7/2J0 15

//24(F-u)ds

/2
/ / (2,0,7° cos@sin® 0 + (4 — 2r)?) - (2r cos 6, 2rsin 0, r)drdf
/2

/2
/ / (47 cos 0 + r* cos Osin® 0 + r(4 — 2r)?) drdf

/2

62 5m
=12+ —+ —
+15+ 3

We thus obtain the desired result
! 17
(F-v)ds = // (F-v)ds=—
/ oQ ,Lz:; i 3

Exercise 5.
We first note that

divF =3 and divG;=1,i=1,2,3.

Consequently, by applying the divergence theorem, we obtain, for i = 1,2, 3,



Vol(Q) = /// dxdydz = 1/// div Fdxdydz = 1// (F-v)ds
Q 3 Q 3 JJaa
= // div G;dzdydz = // (G;-v)ds
Q o0



