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Exercise 1.

1. Curl computation : We have
( 7y) y [ y} N
[ } Jy

Domain parametrization :

77
G

We switch to polar coordinates: (z,y) = (rcosé,rsinf), r >0, 6 € [0, 27].

Our condition becomes 22 +32 <1 & r<1.

Computation of // rot Fidxdy :
A

The Jacobian of polar coordinates is r, and thus,

1 2m 1 2T
// rot Fdxdy = / / rot F'(r cos @, r sin 0)rdfdr = / / —r2 cos 0dfdr
o Jo o Jo

1 2 1
= —/ r2dr/ cos 0df = — {rs} [—sin6);" = 0.
3
0 0

Boundary parametrization :

The boundary is the circle centered at (0, 0) with radius 1. We parametrize
with 7: [0, 27] — R? defined by ~(t) = (cost,sint).

O
$a7




This parametrization leaves the domain to the left and we have

F(v(t)) =(costsint,sin?t)
7' (t) =(—sint, cost)
F-d :/0 (F(y(t),~'(¢))ydt = /0 ((costsint,sin®t), (—sint,cost)) dt

0A

27 27
:/ —costsin?t + costsin? tdt = / 0dt =0
0 0

. Curl computation : We have

rot F(z,y) = = [v*] — =~ [z +y] = -1

Domain parametrization :

The domain is the annulus centered at (0,0) between radii » = 1 and
r = 2. We switch to polar coordinates, and our condition becomes 1 <
22+yt<d & 1<r<

Computation of // rot F(x,y)dzdy :
A

The Jacobian of polar coordinates is r and thus

2 p2r 2
// rot F(x,y)dzdy = / / rot F'(r cos @, rsin 0)rdfdr = / —rdfdr
A 1 Jo 1

1.,]° 1
=—27|=r =27(2— =) =-3nm.
2 | 2

Alternatively, since rot F' is constant, we have
// rot F(x,y)dzdy =rot F - area(A) = — (area B((0,0), 2) — area B((0,0), 1))
A

=—(r-4—m) = -3m.



Parametrization of 0A :

The boundary has two parts: I'y = {(z,y) € R? : 2% 4 y* = 1}, the circle
centered at (0,0) with radius 1, and I'y = {(z,y) € R? : 2%+ y* = 4},
the circle centered at (0,0) with radius 2, parametrized respectively by
71 (t) =(cost,sint) t €10, 27|
~2(t) =(2cost,2sint) t €[0,2m].

-

We see that 7, leaves the domain to the right and is thus negatively
oriented, while v leaves the domain to the left and is thus positively
oriented. We therefore have

F(y1(t)) =(cost + sint, sin 1‘)
1(t) ( sint, cost)

2m
), 5 (1) dt = / ((cost +sint,sin®t), (—sint,cost)) dt
Jo

= / —costsint — sin’t + sin® ¢ cos tdt

1 1 ) 2
= [2 cos®t — 3 (t —sintcost) + gsin'3 th =—7

Alternatively, we can compute the primitives of the trigonometric func-



tions using Euler’s formulas:

) ezt + efzt ezt _ efzt 1 e2zt _ 672zt
costsint =

- - = —sin(2t)
2 2 2 24 2
1
/cos tsintdt = — 1 cos(2t)

it —it\ 2 2it —2it 2t it
in2 e —¢ et pem—_2 1 1le*+e 1
p— (- y __¢& T - _-_ & Te  _1_Z o
sin < 24 ) 4 9 9 D) 5 cos(2t)
t 1
/Sin2 t 25 v Sin(?t)
2it | ,—2it _ 9) (pit 4 o—it it | it 4 =it | p=3it _ 9uit _ 9,—it
sithcost:—(e te )(e te ):_e +et+e M te e e
8 8
1 /&3t 4 o—3it it it 1 )
_ Z <€ 4’26 e 4’26 > — Z COS(t) - Z COS(3t)

1 1
/Sim2 t cos tdt =1 sin(t) — - sin(3t)

Continuing our calculation,
F(y2(t)) = = (2cost + 2sint, 4sin’t)
/
2

V5 (t) =(—2sint, 2 cost)

. 27T
/ F-dl = / ((2cost + 2sint, 4sin®t), (—2sint, 2 cost)) dt
Jr, Jo

27
:/ —4costsint — 4sint + 8sin?t cos tdt
0

27

= —A4r
0

8 . .
= {2 cos(t) — 2 (t —sintcost) + 3 sin(t)

And finally,

/ F-dl:—/ F-dl—i—/ F-dl=m—4rm = —3mw
0A JT I's

Exercise 2.

1. Curl computation : We have

0 0
rot Fl(x,y) = 92 [ny] - =

Parameterization A :



We switch to polar coordinates centered at (0,1) : (x,y) = (rcosf,1+
rsind), r > 0, 6 € [0,27]. Our condition becomes 22 + (y —1)? <1 &

r <1
Computation of // rot F(x,y)dzdy :
A

The Jacobian of polar coordinates is r and thus,

1 2m
// rot F'(z,y)dzdy :/ / rot F'(rcos 6,1 + rsin 0)rdfdr
A o Jo
1 27
:/ / 3 cos® 0 + r (1 + rsin 0)° dodr
o Jo
1 27
= / / 3 (COS2 6 + sin® 9) + 2r%sin 0 + rdfdr
o Jo

1
:/ 273 4 212 [— cos 0)g—o" +2mrdr
0 NI
=0
1
1 1 3
:271' |:4T4 + 2T2:| . = 57]'.
Parameterization A :

The boundary of A is the circle of radius 1 centered at (0, 1), parameterized
with 7: [0, 27] — R? defined by 7(t) = (cost,sint).

~

This parameterization leaves the domain on the left and is thus positively

oriented.

Computation of F-dl:
OA



We have,

F(y(t)) = (—cos® t — cos® tsint, cost + 2 costsint + cost sin® t)
v'(t) =(—sint, cost)

27
F-dl =/ <(_ cos?t — cos® tsint,cost + 2 costsint + cost sin? t) , (—sint, cos t)> dt
O0A 0
27
= / cos? tsint + cos? tsin? ¢ + cos® t + 2 cos? tsint + cos? ¢ sin® tdt
0

27
= / 3cos?tsint + 2cos® tsin? t + cos? tdt
0

We find the primitive of cos?¢sin?¢ and cos? ¢t using Euler’s formulas :

it —it\2 /it —it\ 2
cos? tsin’t = e te ¢ ‘e
2 21

:TGI ((eit + efit) (eit _ efit))z

1

16
=1 ait —4it

=16 (e —2+4+e )
1 1 64it + 674it

2t —2it)2
(€™ —e™)

1
8 8 2 -8

/0052 tsin® tdt o1 sin(4t)
8 32

it —it\ 2
1 . )
0052 t = (W) = Z (62” + 24+ 6_2”)

1

2

/(3052 tdt :E +
2

Finally,

27

t 1 t 1
/8AF-dl: [—cosst+4—msin(4t)+2+4sin(2t) . =5

2. Computation of the curl of F :

rot F'(z,y) = a% ly] — 6% [zy] = —x.

Parameterization A and computation of // rot F(x,y)dzdy :
A



y=a>—4

To compute the integral, we therefore compute it over
Aoz{(x,y)e]R2 : m2—4§y§2}
which is y-simple and subtract the integral over the disk at the center
A ={(z,y) eR* : 2® +y* <1}
Be careful to check that the disk does not touch the other curves mathe-

matically as well. Particularly when drawing things by hand, finding the
points of intersection is important :

Intersection between y — 2 and y = 22 — 4

= 2
{"’ -, = 22-4=2= 2=4V6
y: —4

8

and thus the two curves intersect at (—+/6,2) and (v/6,2).

Intersection between y = 2% — 4 and 22 + 3% = 1

-1y 1-12
- 2

y= a%>-4 2 2
1= 24,2 7 Tyt = vy =0 =y

which has no solution and thus the curves do not intersect.



Intersection between 22 + y?> = 1 and y = 2

z? 4 y?

1:
y= 2

=

1=2244 =22=-3

which has no solution and thus the curves do not intersect.

An alternative to compute // rot F'(z,y)dzdy = //
A

A

rot F(z,y)dzdy —
0

/ / rot F(x,y)dzdy is to split A into four y-simple or a-simple parts:
A

y-simple zr-simple
77 )
d k|
%/ % o/
% F4
Variant 1: A = Ap\A;

We use Cartesian coordinates for Ay which is y-simple :

AO:{(x,y)€R2 T x € [—\/6,\/6],;52—4§y§2}.

We thus have

V6

V6 2
// rot F'(z,y)dzdy :/ / —xdydr = / —6x 4 23dx = {
Ao 7\/6 22274 7\/6

=—18494+18-9=0

1
—3.’£2 + ZLB4

We use polar coordinates for Aj, (z,y) = (rcosf,rsind), r > 0, 0 €
[0,27]. The condition becomes 2% +y?> <1 <« r < 1. Thus,

1 2
// rot Fx,y)dzdy = = / / rot F(r cos @, rsin 6)rdfdr
Ay o Jo

1 27 1 1
:/ / —r? cos 0dfdr = — [r?’] [sin 9](2)7T
o Jo 3 1o

|

V6

-6



and finally

// rot F(x,y)dzdy = // rot F'(z,y)dzdy — // rot F(x,y)dzdy = 0
A Ao Ay

Variant 2: A= FE{UFEyUE3U Ejy.
We have
By ={(w,y) eR? : we [-v6,-1],2* —4<y <2}

—1 2 —1 —1
, 1
// rot F(z, y)dzdy :/ / —wdydr = / —6x + 2’dr = {—3& + 1:4}
B V6 Ja2-a 6 4 1_

1 1
= — — 18 — = —
3+4+8 9 6+4

EQZ{(x,y)6R2 : ze[_1,1}7m§y§2}
1 2 1
1 :
// rOtF(”““’y)dxd?/:/ / —xdydx=/ V1= a2z — 2ude = [—(1—3:2)
Ea —1Jvi=az —1 3

=0-14+0+1=0

wleo

By~ {(w) e : we 11,0 1<y < /= a2}

1 =122 1
// rot F'(z,y)dzdy :/ / —xdydr = /
Es —1Jg2-4 —1

—0-14041=0

E4:{(m7y)€R2 T € [1,\@],x2—4§y§2}

V6 2 V6 1 1ve
// rot F'(x, y)dzdy :/ / —zdydr = / —6z + 2Pdx = [—3332 + xﬂ
By 1 Ja2—a 1 4 |

1 1
=—184+943—-=—6—-
+94+3 - 1

// rot F'(z,y)dzdy :// rot F'(z,y)dzdy + // rot F'(z,y)dzdy
A Eq Eo

+ // rot F'(z,y)dzdy + // rot F(z,y)dzdy =0
E3 E4

Variant 8: A= F; U Fy U F3U Fy.

This variant is omitted.



Computation of [, , F -dl.

We find that
OA=ToUT;U(-T9)

where

Lo = {a(t) = (~t,2),t € (—V6,V6)}
I = {B(t) = (t,t* —4),t € (-6, x/é)}
'y = {v(t) = (cost,sint),t € (0,2m)}

The computation of the line integrals gives

V6
/F~dl:/ (=24,2) - (—1,0)dt = 0
T'o -6

NG

/F-dl:/ (t(t*—4), 1 —4) - (1,2t)dt = 0
ry -6
2m

/ F~dl:f/ (costsint,sint) - (—sint,cost)dt = 0
~T2 0

The final result is therefore

/ F~dl:/ F~dl+/ F~dl+/ F-dl=0
0A To Iy —I'y

Exercise 3.



1. We have

L) =gyt ] =e
T =) = e

o ) =g o+ e =1
L) =gl =
Af(z,y) =e*

The domain is either z-simple with 0 < 2 < 1—y for y € [0, 1], or y-simple
with 0 <y <1—z for z € [0,1].

Variant 1 for the computation of // Af(x,y)dxdz: z-simple.
Q

We have

1 11—y 1 1
/ Af(z,y)dxdy :/ / e“drdy = / [em]izé—y dy = / eV _ 1dy
Q 0 0 0 0

:[761*y7y]é:7171+6+0:672.

Variant 2 for the computation of // Af(z,y)dzdz: y-simple.
Q
1 pl-z 1 1
// Af(z,y)dxdy :/ / e*dydr = / (1 —=z)e"dx = [e:”](l) 7/ xe®dx
Q o Jo 0 0
1
Hipe—l—[mem](l)—i-/ efdr=e—1—e+0+e—1=e—2
0

2. The boundary of 2 splits into 3 parts:




which we parametrize respectively by:
Fl Y1 [0, 1] — Rz ct '—)’yl(t) = (t,O)
To:ye: [0,1] = R? 1t () = (t,1 —1t)
Fg Y3 [0, ].] — R2 it i—)’yg(t) = (O,t)

Moreover, we have

Vi(z,y) = (e",1)

Variant 1 for the computation of // (Vf(z,y),v)dl: find the outward
29
normal by inspecting the figure.
o= (2

v)
V2

S

v=(-1,0) «——

v=(0,-1)
Thus,

(Vfmn(®@),v) = <(et7 1), (0, _1)> =-1
7i(t) =(1,0)
@) =1

1
/r] (Vf(w,y),u)dl:/o —1-1dt = -1

2 () =v2
1 1 . -
/F2 (Vf(x,y),v)dl :/o 7 (e"+1)V2dt=e

(Vf(vs(t)),v) =((1,1
74 (1) =(0,1)1

/r (Vf(z,y),v)dl /”I ;1 o



Finally,

/BQ (Vf(z,y),v)dl = ./1“1 (Vf(z,y),v) dl—i—/rz (Vf(z,y),v) dl—i—'/ (Vf(z,y),v)dl =e-2

s

Remark.
Since (V f(z,y), V) is scalar, there is no need to worry about the orientation
of the boundary.

Variant 2 for the computation of // (Vf(z,y),v)dl: use the formula
o0
for integrals of the type |, o (Fyv)dl

We observe that I'y is oriented positively while I's and I's are oriented
negatively.

We have



Finally, taking into account the orientation of our curves:

[ @tenmd= [ ©iepd- [ G-
o0 JI'

JTy

Exercise 4.

1. By Green’s theorem, we have

}/ F.dl = /rotF(x y)dxdy
2 Jog
1 0 0
D) % @[_y] dxdy
:%/ 2dxdy

:/ ldxzdy = Area ().
2. By Green’s theorem, we have

Gy -dl :/ rot G1(x, y)dxdy
Ele) Q

:/ ldxdy = Area(Q2).
Q
3. By Green’s theorem, we have

Go - dl :/ rot Ga(z,y)dxdy
19) Q

— [ 50— 5 1=l dody

:/ ldzdy = Area(Q).
Q

=e—2



