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Exercise 1.

1. Let’s start with F;. We have
o0F;

67(1”73/7 z) =y’z cos(zz)

r

%le(z, Y, z) =2y sin(zz)

O (0,9,2) =ay? cos(a2)
z

and therefore

VFi(z,y,2) = (y*z cos(zz), 2y sin(zz), zy* cos(z2))

Let’s move on to F5. We have

%(w, y,2) = — 2xeY sin(x? + 2)
O (0,0.2) e cos(a? +2)

F:

%(JL‘, y,2) = — e¥sin(2? + 2)

and therefore
VEy(z,y,2) = (—2ze? sin(2® + 2), e cos(z” + z), —e¥ sin(z” + z))

Let’s finish with F3. We have

%( ) = 2 [2+ cos(zy)] _ —ysin(zy)
oz Y Ty cos(ry) 2+ cos(zy)
%( B a% 2 +cos(zy)]  —asin(xy)
y SYE =TT cos(zy) 2+ cos(zy)
o (w2 =0

and therefore

—ysin(zy) —xsin(zy)
F =
v 3(;57y,z) (24,(305(Iy)7 2+COS(I’y)7O



2. We have

. _0F | 0F; | 0F3
leF_ax + dy + 0z

=y?z cos(xz) + e¥ cos(z® 4 2) + 0

3. We have
_lo 2 9
rot F' = ox Jy 0z

_ ( —zsin(zy)

—ysin(zy)
2 + cos(xy)

+e¥sin(z? + z), zy? cos(xz) — 2 + cos(zy)

, —2xeY sin(x? + 2) — 2y sin(mz))

Exercise 2.
The goal is to use the following rules:

e V applies to scalar ﬁeldsﬂ
o V gives a vector field
e rot and div apply to vector fields.

e rot gives a vector field (since we are in R3. If we were in R? it would be
a scalar field.)

o div gives a scalar field.
1. OK: V is defined for scalar fields. We obtain a vector field.

2. OK: Vf is defined and is a vector field. We can then multiply the vector
field Vf by the scalar field f: we use pointwise scalar multiplication of a
vector.

3. OK: F and V[ are vector fields, so we can take their dot product.

4. Oh hell nah!: The divergence only applies to vector fields; f is a scalar
field.

5. OK: f - F, obtained by scalar multiplication of the vector field F' by f, is
a vector field. The divergence indeed applies to vector fields.

6. OK: f-F, obtained by scalar multiplication of the vector field F' by f, is
a vector field. The curl indeed applies to vector fields.

1Here we interpret V as the gradient. In reality, V also applies to functions g: R™ — R™
and is interpreted as the Jacobian matriz.



7. Oh hell nah!: The curl only applies to vector fields; f is a scalar field.

8. OK: F is a vector field and, since we are in R?, rot F is also a vector field.
Then, we multiply by the scalar f.

9. Oh hell nah!: div F is a scalar field and the curl requires a vector field.

Exercise 3.
We have that f is the composition of several functions. Therefore, by proceeding
step by step,

af 0 B 5 Or

oz, @) o PO 7] = @@ =
_ —1 1 ! 9 i(m-—a')Q
_2?21($i_ai)22mazj i=1 ' Z

- 3 E N [(:cl - ai)z]
2 (0 (2 —a;)?)? 15 9%

Note at this stage that if i # j, then (z; — a;)? does not depend on x5, and

therefore % [(xl — ai)Q] = 0, whereas if 1 = j, % [(xZ — ai)Q] =2(z; — aj).
Thus,
ﬁm = ! +2(x; aj)zaj_g;j
O0x;j 9 (Z:L:1(xl —a;)?)? r(x)
We move on to the second-order derivative,
62f (9 a; — Ty 1 8 _3 1
520 ) =5 | 2] = v 0 g @ =~ ) ()




Finally,

n_ o2
Af) =Y 5 @)
B “ B 1 (;Cj—aj)2
‘Z( o )
n 3 «— 2
== + (zj — a;)
P e
—r(2)?
3—n
r(x)3

Exercise 4.

For the first three points, we carry out the demonstration in the more general
case where ) C R™ with arbitrary n. For the last two, they are only valid for
n = 3.

1. We have

Jj=1 j=1 J
= Of 0y g
Z dz; 0z ; fz oz?’
Jj=1 J
—_———— ——
=(Vf,Vg) =Ag
which is the desired result.
2. Since
0 of
oz; [f9] = f* +9g 87:%
we have
dg 8f dg af
ng)_( or1 982, 0w Vo0,

g dg of of
f< ). ”’81‘n) +g (83:1’“"(9In>

=ng+gi



3. We have

: 90 ) LN~ 0f OF;
O WA W ATIEDS (52r+152)
N NOF
_;5%@”;5%’
N—— ——
=(Vf,F) =div F

which is the desired result.

4. We have
€1
rot F' = a%
Py

€3

0
0z
F:

0F3

0Fy 0F;

OFs 0F; OFy OF; 0F, 0hR
Oy 0z Oz Oz’ Oz oy )

o0F,

Thus, (note that since F is C?, when we take second-order partial deriva-
tives, the order of the variables with respect to which we differentiate does

not matter)

rotrot F' =

On the other hand, we have

€1 €9 €3
0 0 0
ox Jy z
OF; _ OF, OFy _ OF3; 0OFy _ OF1
oy 0z Oz ox ox oy
[ 0°F; B 0*Fy 3 0*F, 0°F3
\0zdy Oy 2z  9r9z)
O*Fy,  O*Fy  0*Fy 0P
+ (- + — ()
0zx2  Oxdy Oydz 022
0*F,  0*F3 0°F3y  0*F,
+ - - es.
0xdz  Oz? oy2  Oyoz
0 ... [OF), O0F, OF3]
< =2 (¥ Y72 98
Ox [div F] Ox | Oz oy 0z |
g3 N 0°F, 0°F3
022 Qxdy  0x0z
. [O0F, OF, OF3]
T avF) =2 | &L &2 0
ay Wl =515 t oy T8z |
_0°Fy | 0°F,  O0%F%
S 0xdy - Oy Oydz
) 0 [0Fy OF, OF3]
I divF] =2 £ 22 958
o: Wl =52 % T oy T as |
_0*Fy | 0°F, | 0%F3
S 0x0z  Oydz 022



Thus,

’F  0*F,  0*F3 0*Fy  0*Fy,  0°F3 0°Fy  O°F, 82F3)

W F =
v div ( Ox2 * Ox0y * 0x0z’ 0xdy ~ Oy?  Oydz’ Oxdz  Oydz 022

and therefore

0*°Fy n 0’°Fy n O°Fy, 0*°F, 0°F, O0%Fy, 0°F3 O%Fy O°F4
Ox2 Oy? 022 Ox? Oy 0227 Ox2 Oy? 022
=AF.

Vdiv F — rotrot F' = (

By rearranging the terms, we obtain the desired result.
5. We have

el €9 €3
9 1o} o)
I‘Ot(fF) =1 9z aiy Dz

fFy [Fy [F3
5 9 ) B 9 9
= <8y[fF3] - &[fFﬂ,&[fFl] - %[fFS]v %UFQ] - 8y[fF1])

(2P or oR_oF, or, om
Oy 0z’ Oz Ox ' Oz Oy
of of , of of , of of
* <8y Fs 0z B, 0z B 33:F3’ 8xF2 dy Fl)
of of 3fF of 3fF2 B afF1> '

—rrot Fo (Y, Y Yp 9
o +(8y P00 0P o oy

On the other hand,
€1 €9 €3
_|of of of
B R F3

af af af af of of

By comparing with what we obtained in the calculation of rot(fF'), we

indeed get
rot(fF)=VfAF+ frotF,

which is the desired result.

Exercise 5. 1. Version 1 : Direct calculation.



We have

gi( ,0) zg[f(rcos&rsirﬂ)]
. 0 of . 0, .
_a—x(r cos@,rsm@)g [rcosf] + a—y(rcos@,rst)—r [r sin 6]
_of . of o
_%(rcose,rsme)cose—i—a—y(rcos&,rsm@)sm@
d%g o [0f of
ﬁ(rﬁ) o {8 (rcos,rsinf) cos@—i—a—y(rcosﬁ rsm@)sm@}
o0 [0f o [of . .
=5 L? (rcos@, rsm&)} cosf + — o {By(rcose,rsm@} sin 0
92 2
f 9 o°f o9
(8 5 (rcos?, rsm@)ar [rcos@]—l—a " (rcosH,rsmG)E[rsmﬂ cos 6
o f , 0 O*f 9. . .
+ (8x8y(rC089’T81n9)3 [rcos 6] + W(TCOSQ rsm@)ar [rsm@]) sin 6
i 0, 6 6 262f 6,7sin6 6sin 0
=522 -5 (rcosf,rsin )cos? 0 + away(rcos ,7sin @) cos 6 sin
2
+ %(r cos ), rsin 0) sin? 0
%(r,@) :% [f(rcos@,rsinf)]
. 0 . .
_a—x(’rCOS&TSIDQ)%[TCOSH]+@(TCOSQ,TSIDQ)%[TSIHQ]

=r (gf(r cos @, rsinf)sinf + ?(r cos 0, rsin 0) cos 0>
Y

2
0 g(r 0) = _9 [ < (rcosf,rsinf)sinf + %(TCOSQ rsm@)cos@)}
Y

B 0 f . . of .

=r (89 {8 rcos 6, rsin 0)] sin @ — %(r cos @, rsin 6) cos 0
na
3

{(af rcos B, rsin G)} cosf — %(r cos 0,7 sin 0) sin 0)

= —rsinf ( (rcosé 7‘51119)839 [rcosf] + a;ay(rcosﬁ,rsinﬁ)aae [rsin0]>
—rcos@a—i(rcosﬁ 7 sin )
+ rcosf (aa;gy (rcos@,rsin 9)% [rcos 6] + g;(r cosf, rsin 9)% [r sin 9])
frsinﬁg—g(rcosﬁ,rsinﬂ)
2 2

=72 sin” Qﬁ (1 cos B, rsinf) — 2r? cos O sin O
Ox?

(rcosf,rsinf)
Y
2

+ 72 cos? Gg—yjzc (rcosf,rsin6)

of . . Of :
— rcos 9%(7" cos B, rsinf) — rsin Ga—y(r cos B, rsinf)



Thus,

0% 10g 1 0%
or?2  ror r2062
= (cos® 0 + sin” 0) &(r cos,rsin6) + (cos® 6 + sin® 0) of
| — Ox? ’ N —— ayQ
el =1

=Af(rcosf,rsinf)

(rcosf,rsinf)

Variante 2 : With physicists’ tricks.

If 2(r,0) = rcos @ and y(r,0) = rsinf, we have

ox T

or —esf=1
9 o
90 rsin y
Jy . Y

E —Sln@— ;

oy B

20 =rcos =x

Thus,

Og Of 0z  Of Oy lxﬁJr of
or Oz or 8y8r77“

Oor ay
oy 1 (0r, o
or? Oox yay

oz df Oyaf 0?foxr  O*f oy 0%f ox  O*f oy
Sttt e |ty | e 2
Or 0x  Or Oy 0x? Or  Oxdy Or Oxdy Or  Oy? Or

1 [ of  of
<3w+ 0y>

+<xaf+yaf+ (a2fx+ o y)+y(82f x+82fy>>

rdx roy O0x? oxdy r oxdyr  Oy?r
1 [ ,0%f Pf | ,0%f
_( a7 Y gy T 5y?>

dg Ofdx ofdy  df _ of

90 9200 " oyoo - Yor “oy
2 2 2 2 2
ag_ Oy of (8f6x+8f8y>+8x8f+ (8f8x+8f8y>

802~ 90 0z 82200 = 0z0y 00 ) ' 90 oy dxdy 00 9y 00
Lof  of f O’ f *f O’f
Tor Yoy y( Youz T az0y ) Y\ Vasoy T o2
2 2
__9r g+ 7f_2 L

ar Yoy D2 Y oroy Ay



And therefore we conclude

Oy 100 L0y S BSOS
or2 " ror 2002 2 Ox? r2 oy?
=1 =1
. Let us define
sind\?
g(r,0) = f(rcosf,rsinf) = r+ (arctan 9) = r+(arctan tan)® = r+62
cos
Then,
0% 109 1 0% 1 1 247 )
W ;E TEW:0+;1+T722: 7"2 :Af(T’COSQ,TSIHG).
Thus,
2+ a2+ y?
Af(z,y) = —FH 75—

x2+y2



