Analysis T (English) E P F L

Fall Semester 20242025

Analysis 1 - Exercise Set 12

Remember to check the correctness of your solutions whenever possible.

To solve the exercises you can use only the material you learned in the course.

1. Calculate the following limits:

(a) m (1+ sin(x))l/:lc

li
z—
(Hint: Write (1+ sin(x))l/m - e(%log(mi“(‘”))) and first calculate the limit of the expo-
nent.)

(b) lim,_, 5 —VEZ v\}?:/g Remember that 2% = e?1°8(®),

Solution:

For calculating these limits we apply the L’Hopital rule, but we must check the hypothesis
in each case:

(a) We have (1 + sin(x))l/m _ otlog(14sin(@) We are first going to calculate the limit
of the exponent. Take f(z) =log(1+sin(z)) and g(z) = z. Then lir% flx) =
xT—r
1ir%g(x) =0 and ¢'(z)=1#0. So
z—

. cos(z)
1 1 "Hopita sin(x
oy 1B s(0) Ui | T
z—0 €T z—0 1

Finally, by the continuity of the exponential function we have

: : 1z _ 1 _
;11)%(1 + sin(z)) e =e.

We may apply L’Hépital’s rule since ()’ # 0 V intervals I containing 0.

(b) Take f(z) = 2* — V/3V3 and g(x) = = — /3. Note that we can rewrite f(z) =
evlosw_oV3log V3 We have that lim, , 5 f=1lim, , sg=0andthat g'(z) =1#0.
So the L’Hopital rule applies. We have

% — 3\/5 eTlogz _ 6\/§log\/§
lim —— = lim
z~>\/§> r — \/g a:~>\/§ xr — \/g

. (1+logz)erlos=
lim
z—V3 1

L’Hépital

1
= (145 log3) 3v3

We may apply L'Hopital’s rule since (z —v/3)’ # 0V intervals I containing 0.




2. Find the Taylor expansion of order 5 at x = 0 of the following functions.

(a) f(z)=sin(z)

(b) f(z) =log(1+x)
(c) f(z) = tan(z)

(@) f(x) = rccos( )
(e) f(z) = sinh(x)
(f) f(x) =log(cos(x))
Solution:

The Taylor’s expansion of order 5 around the point a of a function f is given by the

1) = @)+ L@ oy DO oy LD gy
(4) (5)
+ / 44!(a) (x —a)t + f 55!( @) (z —a)’ +e5(x)
f(6)(u) 6 :
where e5(z) = Gl (z—a)® for a certain u between a and x, we can say that u €]a, x|

if 2 > a and that u € |z, a] if z < a.

(a) For sina we notice that all the even derivatives are zero at x = 0 and odd derivatives

are sin**+1) (z) = cos(z) and that cos(0) = 1 and sin***++3) (z) = — cos(z) and that
—cos(0) = —1. If we plug in all the derivatives in the Taylor formula we get
2
sin(x) =z — 5 + 120 +e5(x)

(b) For log(1 + x) we see that the n-th derivative is given by

(=1)" " (n—1)!

log™ (1 + ) =
g ) (1+x)»
So we can now use the Taylor expansion to write

22 23 ozt 2P

. oz g
log(1+2) == 5 + 3 1 + 3 + z’e(x)

(c) By differentiating f(x) = tan(z) 5 times we see that

which yields f(z) =z + 2%+ Z2° + -
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(d) By differentiating f(x) = arccos(z) 5 times we see that

™
f(0) = 3
f(0)=-1
f0)=0
f0) = -1
f(4) =0
f(5) —_9

which yields f(z) =5 —ax — $2° — Za°- -

cosh(z)) 5 times we see that

f(0)=0
F0)=1
f1(0)=0
77(0) = 1
f(4) =0
O =1

which yields f(z) =z + $2° + 352 + - -

(f) Note that f/(z) = —tan(z). Then we can use (c) to see that

f(0)=0
f(0)=0
£0) = -1
£7(0) =0
f(4) - _9
f(5) 0

which yields f(z) = —32% — 552t

(e) By differentiating f(z) = sinh(z) (note that f(?*) = sinh(x) and fZ**D(z) =

3. Use Taylor expansion to find the following limits.

3
r — % —sin(x
(a) llmwg)o GT()
(b) Tim e® + sin(z) — cos(z) — 2z
e x —log(1+ x)

xsin(sin(z)) — sin(z)?

(C) llmwﬁo G

Y1—z—1

(d) lim, ;0 V—z-1
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Solution: We need to choose the order of the Taylor expansion such that the indetermi-

nacies in the denominator are eliminated. Since we are only interested in the limit, it is

enough to keep higher terms as (x — a)"e(z), where il_l’)r{ll e(z) = 0. In particular, if we

= %(1’ - a)n+1’

we want to write it as (z — a)” - €(x), where we set e(z) = W(w —a)

f(n+1)(u)
n!

consider a Taylor expansion of order n and have an error &, (x)
. Then, as

is bounded in a neighborhood of a (we are using that f*1) is continuous and
u is a value, depending on x and a, that is in between a and x) and z —a — 0 as z — q,
we get that e(z) — 0 as ¢ — a.

(a) Since

x> x®

- e i 5
sin(z) =« 5 + 130 + z’e(x),

we have

li 1 féf'() — 1 ii+() _ b
a0 \ e M TR T20 T ) T 120
because e(x) — 0 when z — 0.

(b) We have

2 2
ef”—i—sin(x)—cos(x)—%::1+x+%+x—l+%—2x+x26(x):x2—|—x26(x)

and
2 2

z—log(l+a)=x—a+ % + z2e(x) = % + 2%&(z),

where e(x) (resp. &()) goes to 0 as  — 0, as it has the form C(u(z))z?®, where
C(z) is the derivative of order 3 of e” 4 sin(x) — cos(z) — 2z (resp. & —log(1 + x)).
Thus, we have

. e® +sin(x) —cos(x) — 2z . 2%+ 2%e(x)
im - e
z=0 x —log(1 + ) 7=0 L 4 g2¢(z) @0 5 +e(x)

(¢c) We need to choose the order of the Taylor expansion such that the indeterminacies
in the denominator are eliminated. Since we are only interested in the limit, it is
enough to keep higher terms as (z — a)"e(z), where lim e(z) =0.

Tr—a

For the 6-th order Taylor expansion of the numerator, we need to first find the

5-th order Taylor expansion of sin(sin(z)) and then the 6-th order of sin(z)?.
x> 2®

Since sin(z) =z — ETTI x%¢(z), we have

sin(x)3 N sin(z)®

sin(sin(z)) = sin(z) — al 50

+ sin(z)°e(sin(z) ) . (1)
—_————
=z5e(x)
In the computation, we replace sin(z)’¢(sin(z)) with °¢(z) . We can do this
because sin(0) = 0 and lin%) e(z) = 0, we have limoe(sin(z)) = 0 and so &(sin(z))
— T—

behaves as e(x). Then, % is bounded in the neighborhood of 0 (as its limit as

: ; : 5 _ sin(z)® 5 ; 5
x — 0is 1) and indeed sin(x)’c(x) = = 5~2°¢(x) behaves like 2°¢(x).

For the powers of sin(z) we have




4. Calculate the following limits:

(a) T—+

(b)

(c)
(d)

limoo z (tanh(z) — 1)

z
n
r—r+00

rule.

lim x™log(x
z—0+ g( )
A Tost@)

o0
lim & where n € N. First find the limit using e” = k—T and then using 'Hopital’s
k=0

Solution:

(a) Here we should apply the L’Hoépital rule several times. For the first time, we have
f(z) = tanh(z) — 1 and g(z) = L. Since grf flz) = Er}rl g(x) =0 and ¢'(z) =

71—12 # 0, the hypothesis is satisfied and we can apply the L’Hopital rule (the
hypothesis for the second and third iterations of L’Hopital rule will be verified
below) :

1
tanh(z) — 1 L'tiopi @) 2
lim z (tanh(z)—1) = lim % FHoptAl gy COSh(le =— lim :c
z—~+00 z—~+00 > r——+00 -2z T—>+00 COSh( L
L'Hopital _ o 2x  L'Hopital im —0
N z—+00 sinh(2x) N z—+00 2 cosh(2x) o
To apply the L'Hopital rule a second time we have f(z) = 22 and g(z) =

cosh(r)? we have xgrfoo f(z) = Ingg(as) =400 and ¢'(x) = 23;inh(x) cosh(z) =

sinh(2z) # 0 for « # 0 (which is the case when © — +00).

Finally for the third time with f(z) = 2z and g(z) = sinh(2z) and so wkl-lr-loo f(z) =
lim g(x) = +oo and that g'(z) = 2cosh(2z) # 0. And so we can apply the

T—+00

L’Hopital rule for the third time.

(b) Here we need to apply the L'Hépital rule n times. We notice that every time we

apply the L’Hopital rule the numerator remains e® and the denominator will be of

the form ma* for some m € N and 0 > k < n. So take f(z) = €* and g(z) = mz*.

We have that lim, 4 f = lim,— 4 g = +00 and that ¢'(x) # 0. So we can apply
L’Hopital rule n times. We have

x x

e x

. e . L’Hépital ~ L’Hépital |, €
lim — = lim = ... = lim — =+o0
z—+Foo g w4oo nn—l z—+oo n!
@ X k-n
Now using the Taylor series expansion we see that & = (z) + > 55— = 6(z) +
k=n

(o)
kzo (kiikn)' > 0(z)+ & + ﬁx — +00 when  — 400 where §(z) is a function s.t.

0(z) = 0 as x — +o0.

1
log(z) LHopital . T

1 - - ”{; __n_
on T Tt

=0

li ™1 = li
Al loelo) =l

. 11" . . 1 _ .
(d) IEI}}OO W = hlig)l+ W = 400 by usmg (C)
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5. Calculate the derivative f’ of the function f(z) = logs(cosh(x)) and give the domain of f and
fh.

Solution:
We observe that | ( h( ))
og ( cosh(z
M= oem
;.\ sinh(z) _ tanh(z) B N
So  fl(z) = log(3) cosh(z) ~ Tog(3) and D(f) = D(f") =R, as cosh(z) > 1 for
all z.
log(x — 1)

6. Calculate the following limit lim,_,o 5
T —

Solution: Let f(x) = log(z—1) and g(z) = v—2. Then we have lim2 f(z) =0, lirn2 g(x) =
z— z—
0 and ¢'(z) = 1 # 0. So the hypothesis of the L’Hopital rule is satisfied, so we have,

1 —1 "Hopita —
Jim 08 — 1) LHopital o FoT
r—2 x—2 z—2 1

7. Let the function f :] —7/2,7/2[— R be defined by f(z) = log(1 +sin(z)). What is the Taylor
expansion of order 3 of f at x = 0.

(a) = — % + -
2 3
(b) o+ 5 2 ..
2 3
() v — 5 + % +-
(d) o+ 5 + 2+
Solution: (c) is correct. We use the following Taylor expansions
2 3
log(1+ )=z — % + % + 2% ()
23
sin(x) = x — 5 + 2%¢(2)
So
3 1 1 2 3
log(1 + sin(x)) = (z — %) - §(x)2 + g(x)g +aie(x) =2 — % + % + 23e(x)

8. Find the Taylor expansion of order n at x = 0 of the following functions.

() f(z) = @), n=14
(b) f(z) =+/1+sin(z), n=3
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Solution:

(a) We use the 3rd order Taylor expansion around the point = 0 of the exponential
function which is valid for all z € R

2 1’3 1’4 3

x 3 -
e :1—1—;10—&—5—&—?—}—1—}—9545(95) and sm(x):x—i—i—x‘lg(x).

So

: 3 1 z? ! z® ’
esm(m) =14 <$ _ E + 1‘45(33)) + 5 <1- — E —|—Jj4§($)> + 6 <$ — E + 1‘45(33))

2 4

:1+x+%—%+x45(x).

(b) The 3rd order Taylor expansion around the point 2 = 0 of sin(x) and (1 + y)'/? are

3

Sin(x)zm—%+x35(x) and Vity=1+

2 3
Yy .y 3
3 +16+y e(y).

IS

where by substituting y = sin(x), we get

\/m:1+% (m—f—kx?’s(x)) —;(:E—f—kx?’ﬁ(x))Q
+ % (x— % +x3£(x)>3 + 2% (x)
:1+% (x—x;> —éx2+1—16x3+x35(x)
:1+§—%2—z—;+x3a(x)

. For each one of the following functions, determine whether the funciton is differentiable at
x = 0. If yes, also compute the derivative at x = 0:

z+1, z>0
(@ f(x)—{% I
22, >0
b = ’ o
(b) f() {x e
sin(i)fm’ x>0
(©) fla) =140, z=0.
12
LIS
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Solution:

(a) The function is not continuous at 0, as the limit from the right is 1 and the limit from
the left is 0. As a differentiable function is continuous, then f is not differentiable
at 0.

(b) We claim that the function is differentiable at 0 with derivative f’(0) = 0. Indeed,
we compute

_ 2 _
h—0+ h h—0t h h—0+
Similarly, we have
_ 3 _
i LOFM SO =0 e
h—0— h h—0— h h—0—

Since the left-hand limit and the right-hand limit exist and agree, we conclude that

o 1O+ 1) = £(0)
h—0 h

=0.

Thus, f is differentiable at 0 with f’(0) = 0.

(¢c) We claim that the function is not continuous at 0. Then, if that is the case, we can
conclude as in case (a). One can see that lim, o+ f(z) = 0= f(x). Yet, it suffices
to show that lim,_,q- f(z) # 0 = £(0). To this end, we compute the limit

cos(zx) — 2
lim f(z) = lim 742 = +00
r—0~ rz—0~ x

as the limit of the numerator is 1, while the denominator goes to 0 from above
(hence the sign + for co).

10. Find the vertical and horizontal asymptotes of the function f: R\{0} — R, f(z) = 1.

Solution: A vertical asymptotes cannot exist in a point where the function is defined, so
here potentially x = 0 is a candidate for a vertical asymptote. In fact, we have

1 1
lim f(z) = lim — =400 and lim f(z) = lim — = —o0.
z—0+t z—0t T z—0~ z—0~ T

So f has a vertical asymptote at x = 0.
A horizontal asymptote (if it exists) is characterized by the limit of the function f at
infinity (+o00). Here we have

lim f(z)= lim 1:0 et lim f(z)= lim l:O

Tr——400 r—+oo I T——00 T——00 I

So indeed f has an horizontal asymptote at y = 0.

11. State if the following statements are true or false. Let f,g: I — R be two convex functions,
where I C R is some interval. If it is true, prove it. If not, give a counter example.

(a) The function f + g is convex.
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(b) The function h = f - g is convex.

(c) If g is increasing then the function h = g o f is convex.

Solution:

(a) True. Using the definition we have

(f+9)(Aa+ (1 =Mb) = f(Aa+ (1 = A)b) + g(Aa + (1 — A\)b)
< Af(a) + (1 =) f(b) +Agla) + (1 = A)g(b)
=A(f +9)(a) + (1 =N(f +9)(0)

So f + g is convex.
(b) False. Take for example f(z) = —y/z and g(x) = 1/x on I =]0, +oo[. Then we have

h=f-g= —ﬁ which is a concave function. So in general if f and g are convex
functions, we cannot say much about f - g.

(¢) True. Note that if f is convex then f(Aa + (1 — Ab)) < Af(a) + (1 — X)f(b) now
take z1 = f(Aa+ (1 — b)) and z2 = Af(a) + (1 — A) f(b). Since g is increasing and
x1 < x5 then g(z1) < g(x2). Finally, using convexity of g we can write:

9(x1) < g(x2) = g(f(Aat+(1=-Ab))) < g(Af(a)+(1=A)f(b)) < Ag(f(a))+(1=A)g(f (b))

Or we can write:
h(Aa + (1 = A)b) < Ah(a) + (1 — N)h(b)

so h is convex.

12. Consider f: ]Ja,b[— R. Let g: Je,d[— R be the restriction to f to the interval e, d[Cla, b], i.e.,

f(z) =g(z) Vz €]c,d]. Show that
(a) If f € C™(Ja,b[,R) then g € C"(]¢, d[, R).

(b) If f is Lipschitz continuous, then g is Lipschitz continuous.

Solution:

(a) Note that Va €]c,d[ we have ¢®)(z) = f*)(x) Vk = 1,---,n which shows g €
C"™ (e, d).

(b) Since f is Lipschitz continuous with constant L we have Va,y €]e,d[, |g(z) —
9(y)| = |f(x) — f(y)| < Lz — y|. Hence, g is Lipschitz continuous.

13. Find the local extrema and the absolute maximum and minimum of f(z) =22 — |z + 1| +1

in [-1,1].

Solution: Before calculating the derivatives, we rewrite f by distinguishing two cases.
we have

(@) 12+x+%, 1<z
€Tr) =
xQ—x—ﬁ—%, —i<x

=

2r+1, —l<z<-—1
) f/(x)z . 1 ! *
1 2r—1, —z<z<1

IAIA
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For xoz—i we have
2 5 5 1
- —T— 16 -3) (43 3
flwo) = tim L@ ZI@) T Ty G 4)(95 0_ 3
zamt T T e M z—-3* T+ g 2
2 3 3 1
- Trt 6 +3)(z+37) 1
fiteo) = tim LOICO -y TR i )@ 4>:§
T—Tg 0 T——3 :L‘—|—4 -1 m_|_4

and so f is not differentiable in this point. Also f”(z) =2 Forallz € |-1,—;[U]—71,1].

So local and absolute extrema are listed bellow:

(a) Stationary points: f/(z) =0 = 3 =—5 or x = 3. Since f(x1) = f"(z2) >
0, 21 and x5 are local minimums. We have f(z1) =1 and f(z2) = 1.
(b) Points where f’ does not exist: The only point is 2o = —% since we have f/(zo) =

f% and f](zo) = % Looking at the sign of the derivative at xy we deduce that

this point is a local maximum. We have f(zg) = % .

(c) Boundaries of the domain: Since f is continuous on [—1,1], we look at the sign of
f’ in the boundaries of [—1, 1] and notice that f has local maximums at a = —1 and
b=1. We have f(a) =5 and f(b) = 3.

~—
I
N

(@), ). (0 {global maximum at == -1, f(-1

global minimum at 2z =3, f(3)=

N[ =

14. Let a,b € R, a < b. Let f :]a,b[— R be a differentiable function. State if the following
statements are true or false. If it is true, prove it. If not, give a counter example.

(a) If f"is bounded, then f is Lipschitz continuous with Lipschitz contstant k = sup,¢jq o |/ (2)]-
(b) If f is Lipschitz continuous, then it is uniformly continuous.
(¢) If f"is bounded then f is uniformly continuous.

Solution:

(a) True. We use the Mean Value Theorem as follows. For every x < y in |a, b] there
exists ¢ € [z,y] such that f(y) — f(z) = f'(¢)(y — z). Hence

[f(y) = f@)| = (Olly — =] < kly — x|

(b) True. Let k > 0 such that f is Lipschitz continuous with constant k. Let ¢ > 0 and
x,y €la,b]. We compute that

[f(@) = fy)l <klz -yl <e

holds if |z —y| < £. So f is uniformly continuous with ¢ := £.

(¢) True. Combine the previous statements.

T
15. Study the function f(z) = pOpE] and sketch its graph (domain, range, symmetries, roots, con-
72 _

tinuity, differentiability, stationary points, extrema, convexity, inflection points, asymptotes).
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Solution:

a

( ) R\{_lvl}v Im(f) =R
0Odd, non-periodic
(c

d) f is continuous since it is composition of continuous functions on D(f).

(a)
(b)
) fz) =0 & z=0
(d)
)

(e) f is differentiable on D(f)

/ _ x2+1 A an /,x_21‘($2+3)
f(x)_ (1271)27 D(f)_D(f) d f()_

(f) e f'(x) <0 for all z € D(f’), so there are no stationary points.
o f"(z) =0 < x =0. We also calculate f":

6(z* + 622 + 1)

f”’(a:) _ ($2 = 1)4

<0 forall z € D(f).

Since f"(0) = —6 # 0, f has an inflection point in z = 0.

(f)

] — o0, —1] |—-1.1] J1, 00
(g) e Monotonicity: Vi <0 <0 <0
f decreasing decreasing decreasing

Note that f is strictly decreasing in the intervals in the table but not on the
entire domain D(f).

e Convexity and concavity:

] — o0, —1] |- 1,0[ 10, 1] J1, oo
Nl <0 >0 <0 >0
f concave convex concave convex

(h) e Vertical asymptotes: f is not defined in x = +1 and we have lim+ flz) =
rz——1
lim f(z) = oo also lim f(z) = lim f(x) = —oo, so there of vertical
z—1+ z——1— z—1—
asymptotes at = =£1 .

e horizontal asymptotes: lirﬂrzl f(z) =0, so one horizontal asymptote at y =0.
Tr—r 00

16. Let f :[0,1] — R be defined by f(z) = e*. Compute the upper and lower Darboux sums for

the regular partitions o,,. Is f integrable?

Solution: The regular partition o, of the interval [0, 1] is 0 ol = =1. Since

) n’ n’ n
the function e” is increasing, we have

- i i—1 L T |
= f A - =
s, Z(J“ 1]f(x)>(n )=y —n

i=1 w o i=1 i=1 nen —1
i i—1 i1 emN, 1, en oe—1

Z( sup I )) (n_ - ): enE:?Z(en)z 1:7 —

-1 \ze[51 4] i=1 i=1 er —
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We want to compute the limits lim,, oo ﬁan and lim,_, 4o S5, , but we compute first
limy, 4 oo n(e% —1). We observe that since the function f is differentiable, we have

. 1 . (;)—fO) .,
Then
1 e — 1 1
lim S, = lim — =(e—1)( L 1) t=e—-1
S S, = lm oo (e~ 1)( Lim n(e ) e
lim S,, = lim i ezl _ (e —1)( lim el)( lim n(el 1)) t=e-1
n—-+oo On n—+oco n 6% —1 B n—-+oo n—-+oo B
Since

lim §, <S<S< lim S,,

n—-+o0o

we obtain that S = S and the function f is integrable.

17. State if the following statements are true or false. If it is true, prove it. If not, give a counter
example. Let f: R — R be a continuous function on [a,b] C D(f), a < b, and differentiable
on Ja,b[.

(a) If f'(z) > 0 for all « € ]a, b, then f is increasing on [a, b].

(b) If f is increasing on [a, b], then f’(z) > 0 for all z € ]a, b].

(c) If f is strictly increasing on [a, b], then f/(x) > 0 for all x € ]a, b][.

(d) If f'(x) > 0 for all  €]a,b[, then f is strictly increasing on [a, b].

(e) If lim f'(x) = ¢ exists, then f is differentiable from right at a and the right derivative

z—a™t

is fl(a) = ¢.

Solution:

(a) True. Direct consequence of f'(x) > 0 and MVT.

(b) True. For all x € ]a, b[, the derivative of f is defined by

) — g LD =)

h—0 h

Since f is increasing on [a, b], f(z+h)— f(z) has the same sign as h. So the quotient
inside the limit is always positive so f'(x) > 0.

(c) False. Take for example f: [-1,1] — R defined by f(z) = 2®. This function is
strictly increasing on [—1,1] but f/(0) = 0.

(d) True. Direct consequence of f/'(z) > 0 and MVT.

(e) True. We want to compute fj(a), which by definition is

i @) = (@)

r—at r—a
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By the mean value theorem, for every = € ]a,b| there exists ¢ = ¢(x) € Ja, x| such

that
f(z) — f(a)

= f'(c(x))

(Let us notice that ¢(x) is a function of z, a fancy function but still a function; and
let us stress again that a < ¢(z) < x).

To conclude the exercise we just have to show that

lim f'(z) = lim_f'(c(z)),

z—at z—at
This follows from the definition of limit and the fact that a < ¢(z) < z. Indeed,
we have to show that for every e ther exists a § such that if |a — 2| < d then
[¢ — f(c(z))] < e. We know that there exists § such that if |a — x| < § then
|6 — f(z)] < €, but for this very same § we also have that |a — ¢(z)] < 4§, so
|¢ — f(c(x))] < €, and this prove the claim.

18. Using the definition of convex functions, show that the function f(x) = 22 is convex.

Solution: We must show that for any A € [0,1] and a,b € Dy = R we have
fra+ (1 =X)b) < Af(a) + (1= N)f(b)

for convex functions and
fa+(1=2)b) > Af(a) + (1 = A)f(b)

for concave functions.

We have
fAa+ (1 =2)b) = (Af(a) + (1 = A)f(b))
= A%a% + (1 = N)20? +2X(1 — N)ab — Aa® — (1 — \)b?
= X1 —=XNa? = X1 = \)b%+2X(1 — Nab
=-A1-XN(a—b?<0

The last equality is true for all A € [0, 1]. So the function is convex.

19. Find the local extrema and the absolute maximum and minimum of f(z) = (r—1)2-212 — 7|
in ]2,3]

Solution: Since 2 — z < 0 for all z €]2,3[ =: I, there is no need for distinguishing two
cases for f. We have

f@)=(@x-1)2+22-2)=2>-4x+5 and f'(z)=2x-2) forallzel
The local and global extrema are listed below:

(a) Stationary points: f'(z) # 0 for all = € I, so no stationary points.

(b) Points where f’ does not exist: f’ exists on I.
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20. Study the function f(x) =

(¢) Boundaries of the domain: The domain I is an open interval and so f does not take
any extrema.

So the function f does not have any local or global extrema on [

322 —
2z -1
continuity, differentiability, stationary points, extrema, convexity, inflection points, asymp-
totes).

and sketch its graph (domain, range, symmetries, roots,

Solution:
(a) D(f) =R\ &, Im(f)=R\]1- %2 1+
(b) not even, not odd and not periodic.

(

(c

d) Continuous on D(f) (composition of continuous functions)

)

)

) fla)=0 & 3a?—-2=0 & wz=0orz=3.
)

)

(e) f is differentiable on D(f)

_ (6z—1)(2z — 1) —2(3z% —z)  62® — 6z +1

fiz) = TRt =Mt DU =D0)
(e = (122 = 6)(22 = 1)° — 4(62® — b + 1)(2x — 1)
2z — 1)
(122 — 6)(2x — 1) — 4(622 — 62 + 1) 2
- (22 — 1)3 T2z -1)3" D(f") = D(f)
f) e fl(z)=0 & 622-62+1=0 <« xzwzéi§
Sp f has a stationary point at 21 = 1 + % and 23 = 1 — %~ Since
f”(l‘l,g) _ 2 _ 2 _ 4 2 _ :|:6\/§ ’

CexH-1) (2§

It follows that z; is a local minimum (since f”(z1) > 0) and x2 a local maxi-
mum (since f”(x2) < 0) of f.

e Since f”(x) # 0 for all z € D(f), f does not have an inflection point.

(g) e Monotonicity:

1_ V3 1_v/3 1 11, V3 1, V3
r ] o003 = %I J3 %3l ]33+ %] J3 45l
f! >0 <0 <0 >0
f increasing decreasing decreasing increasing
e Convexity and concavity:
1
z J-oesl 5ol
bl <0 >0
f concave convex
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(h) e Vertical asymptotes: f is not defined in z = % and

. . xz(3x—1)
1 =1 — =4
w—tgli f(x) I—lfgi 2z — 1 >

Since z(3z — 1) > 0 for x close to % So f has a vertical asymptote at x = %

e Horizontal asymptotes:

x(3z —1) im 3r—1

wll}I:Eoof(m) - mgrinoo 20 — 1 - r—+oo 2 — % o :l:OO,
So f does not have any horizontal asymptotes.
e obliqued asymptotes:
-1
a= lim M: lim 3z :3 et
r—+too rx—+oo 200 — 1 2
. . z(x—1+z) 3 ) x z?

b= lim (f()—az)= lim_ <2x_1 B zx) =, lim <2 M

I T 1
= lim —— ==
z—Eoo 2(22 — 1) 4

So f has an obliqued asymptotes with equation y = ax + b = %x + i.
(i) We find the value of f at x1 2 = % + ?:

14 V3 1y v3y _
iy - LAY (1, 48) (1,)

j:3_1/2
_<iﬂ+1> <1iﬁ>_<1iﬁ> IR
2 2 2 2 2 2 2

Since f(z1) > f(x2) and knowing the nature of the local extrema of f in z; and zo
that Im(f) = R\ J1 - 3,14 ¥3[.

21. State if the following statements are true or false. If it is true, prove it. If not, give a counter
example. Let f,g: R — R be differentiable functions on R with ¢’(x) # 0 for all z € R.

(a) If lim f(z) = lim g(x) = oo, then lim % = lim L&)

(b) If lim L) does not exist, then lim £ does not exist.
=500 9'(@) 500 9()

Solution:

(a) False. Take for example f(z) = = + sin(z) and g(z) = z. In this example we have
lim £2) = Jim (1 + Sin(‘”)) =1but L& =1+ cos(z) does not have a limit

z-y00 9() T—00 z g'(x)

(One of the hypotheses of L’Hopital rule is not satisfied).
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(b) False. Take the same functions of the previous exercise.

22. Using the definition of convex functions, show that the function f(x) = =, =z €]0,+o0] is

convex.

Solution: We have

FOa+ (1= X)) — (Af(a) + (1= A\ F(B))

B 1 A1-)

T Xa+(1-XNb a b

~ab—bA(Aa+ (1 - \)b) —a(l — N(Aa+ (1 — A)b)
(Aa+ (1 —A)b)ab

_ab—X2ab— A1 —\)b? — A1 — N)a® — (1 — \)%ab
(Aa+ (1 —=X)b)ab

(1= 22— (1= A)2)ab— A1 — A)b2 — A(1 — A)a?
(Aa+ (1= A)b)adb

_ - A2 42X — (1= X)?)ab — A1 — A)b? — A(1 — N)a?

- (Aa+ (1= A)b)ab

(= XN2 =1 =XHab— A1 —N)bp* — A1 — N)a?
(Aa+ (1 —=X)b)ab

AL = B — A1 = N)a?

ST et - aa =0

The last inequality holds since the denominator is always positive and the numerator is
strictly negative. So the function is convex.
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