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Analysis 1 - Exercise Set 7

Analysis I (English)
Fall Semester 2025-2026

Remember to check the correctness of your solutions whenever possible.

To solve the exercises you can use only the material you learned in the course.

1. State if the following statements are true or false. If you think the statement is true, then
prove that; otherwise, provide a counterexample.

(a) If (x,) is a sequence that converges to 0, then the series > x,, converges.
(b) Let (z,) and (y,) be two sequences such that 0 < x,, < y, for all n € N. If the series
>0 o Ty diverges, then the series > 2y, diverges.

(¢) Let () and (yn) be sequences such that z,, < y, for all n € N. If the series Y~ zp
diverges, then the series ZZOZO yn diverges.

(d) Let (z,) and (yn) be sequences. If the series Y.~ z, converges and the sequence (y,,)
converges, then the series Y |z, y, converges.

Solution:

(a) False. Take x,, = % for example.

(b) True. Let S, := > o a, and T, :== >} yk. Then S, < T, for all n € N. Since
T, Yn > 0 for all n € N| the sequences (.5,,) and (7},) are both monotone increasing.
If > , @, diverges, then (S,) is not bounded above. Since S, <T), for all n € N,
then also (7},) is unbounded above, in particular, it cannot converge.

(c) False. Take z,, = —n and y, = - for example.

(d) False. Take for example z,, = y, = (_\/lﬁ)n. Then lim,, o0 y, = 0, the series > o

converges by the Leibniz criterion, and the series Y " Zpyn = > oo on L diverges.

2. For each of the following, determine whether the series is convergent or divergent.

(@) Yoo s
2
(b) Y02, 325

(o) Yoy S5

Solution:

(a) Define the sequence a,, = ﬁ and the sequence b,, = 1 . We know that for all
n we have that a,, < b,. We also know that the series Z o bn converges. By the
comparison criterion (see Exercise 9(b)), we conclude that the series Y m
converges.




2
(b) Define the sequence a,, = %,

series is divergent.

this sequence does not converge to zero. So the

(c) Define the sequence a,, = ﬁ This sequence converges to zero and is monotone.
By the Leibniz criterion alternating series we can then directly conclude that the

fog S0 (D7
series Y ", s converge.

3. For each of the following, determine whether the series is convergent or divergent.

sin(2n?
(a) i o)

oS} —10)™
(b) Y02 e
() Y% o(~1)" oty

Solution:
(a) To figure this out define the new series by

>

n=0

sin (2n?)
nZ+3

We know that absolute converge implies convergence. So if the above series con-
sin(2n2)
n2+3

verges, then the original series ». 7
sin(2n2)
n2+3

must also converge. Define the se-

quence a, =

’ and the sequence b,, = # We know that a,, < b, for all
n > 1. We also know that the series Y~ ; b, converges; by the comparison criterion

sin(20”) converge.

(see Exercise 9(b)), we conclude that the series Y 72 ) —3—=*

(b) Applying the ratio test
10 <1
- 16

So this series is convergent by Alembert’s criterion.

An+1
an

lim

n—roo

(c) Let @, := (=1)" 5. The series diverges. Indeed, if it were convergent, then (z,)

would be convergent and have limit 0. Then also lim,, . |2,| would be 0. This is
in contradiction with

n
li o= lim —— =1+#0.
L s R

4. For each of the following, determine whether the series is convergent or divergent.

(a) 220:1 -

n(n2+43)
(b) 00, o

(k2
(2k)]

(€) 2k
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Solution:
(a) We observe that
1 1
<
n(n? + 3) n3
Therefore, the series is convergent by the comparison criterion (see Exercise 9(b)),

because the series > 7o | - converges as 3 > 1.
n2

0<

S
Njw =

(b) We observe that
vnb 1

n3+1:n%+ 1

n

(SIS

is very close to -, so we expect that the series does not converge, because the
n2
series Y 7 | -1 diverges. We also observe that -1 > % for all n € N. Hence we try
n2 n?2

to use the comparison criterion for the series we are studying. We observe that

(1)

>

N
‘»—l
Sl

1
nz +

3
oo

holds if and only if

+ <1. (2)

3| -
:N)H"_‘

[N

2 2

n2 n
holds for all » > N. Then also (1) holds for all n > N. Hence, we conclude that the
series > 7, % diverges by the comparison criterion (see Exercise 9(b)), because

the series Yo" | L diverges.

Since the sequence (% + %) converges to 0, there exists N > 0 such that (2)

(c) We observe that
(k1) k-(k—1)---1 gy 1\"
< = = = - < —
0_(2k)! 2k-(2k—-1)---(k+1) Jl;[O2k—j H1+L— 2

because % > 1. Therefore, the series is convergent by the comparison criterion

(see Exercise 9(b)), because the series Y -, (%)k converges.

5. (Multiple choice) The series

3 <1> ’
V2

is

a

(a) divergent.

(b) converges to 2 + /2.
)
)

(c) converges to 2 — /2.

(d) cannot be determined.

Page 3



Solution:

(b) is correct. We use the identity
aV—1=(@-1)@ "t +aV 24+ 41)

to see that

So

converges absolutely.
converges, but not absolutely.
diverges to 4o0.

diverges to —oo.

Solution:

(b) is correct. The point of this problem is really just to acknowledge that it is in fact an
alternating series. To see this we need to acknowledge that,

and so the series is really,

n=1 n=1
Now define a sequence b,, = ﬁ The series is convergent, if lim,, ,~, b, = 0 and b,, is
monotone. We see that indeed:

e = B U =0

and also b, is a decreasing sequence. But on the other hand
i cos(nm)
n=1 \/ﬁ

So the series is convergent, but not absolutely.

=1
:;ﬁ:m

7. Terminate the proof that we started in class showing the convergence of Y o<, (_il)l. This is
what we have proven in class and that you can assume:
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(a) the subsequence (yx) of (sn),

2k+1 (_1)2
= S = —_—
Yk 2k+1 ; ;

is strictly increasing;
(b) (yx) is bounded; in particular (yi) converges to a limit y € R.

(Hint: Show that (s, ) is a Cauchy sequence. Use the fact that since (yi) converges, then it
is Cauchy, and that sof — leﬁ = Sok+1.)

Solution:

Since (yi) converges, in particular it is a Cauchy sequence. Hence for any € > 0 there
exists k. € N such that for all k1, ks € N, ki, ko > ke,

|yk1 - ykzl <e

But this is equivalent to saying that for any € > 0 there exists n. € N such that for all
ni,nby € N, nf,n, odd, nf,ns > nl,

|.Sn/1 — Sn/2| < €.

We have to find n, such that
[Sny — Sny| < €.

holds for any n1,n2 > n. and not just the odd ones, for any fixed value of e.
If ny is even and no is odd, then we can write

1
|STL1 - STL2| - |3n1—1 + ’I’Lil - 5n2| S nil + |5n1—1 - 3n2|a

where the inequality follows from the triangle inequality. If nq,no are even, then we can
write

1 1
|sn1 - Sn2| = ‘877471 + nil — Spy—1t n72| < 7?,71 + an + |sn171 - Sn271|7

where the inequality follows from the triangle inequality.

Fix € > 0. Let n/ € N be such that -5, < . Let n’ := n’. be the index in the definition

2
of Cauchy sequence for (yx) with §. Define n. = maxn,n!". Then for natural numbers

n,m,r,t > n., r,t odd, we have that

If nq is even and ns is odd, ny,ne > n. then we can write

1 1 € €
|5n1 _Sng‘ = ‘Snl—l + nil _5n2| < nil + |5n1—1 _Snz| < E + 5 < €.

If ny,n9 are even, then we can write

1 1 1 € € €
|8y — Sny| = |5n1—1+n*1*5n2—1+n*2| < n*1+n*2+\5n1—1 — Sny—1] < Z+1+§ =€
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8. (a) Show that for every n € N~ {0}

n _1\n+1
> (—1)kH kzk =14 )
k=1 4

k+1__k

(b) Use the previous part to compute Y 2 (1)t 5.
4

(c) Is the series absolutely convergent?

Solution:

We observe that

an ’_ a B 1
1| T @1 e/ @
If a < 1, then 2 =

a
Vo~ Ve
increases. So

by, = ¢

Moreover, the sequence a?" decreases, then the

sequence 1 — a?"

Vli—-a< V/1—-a?"<1

for all n > 1. Since (/1 — a) converges with limit 1, the sequence (/1 — a?") converges
with limit 1 by squeeze theorem. Then (b,) converges with limit a. Since a < 1 we
conclude that the series converges by the Cauchy criterion.

If @ > 1, then a=! < 1 and . Repeating the previous argu-

1 — a”!
(LVU_(G—I)ZTL‘ Vl—(a*l)zn
ment with a replaced by a~!, we obtain that (b, ) converges with limit a~!. Since a=! < 1
we conclude that the series converges by the Cauchy criterion.

9. Compute lim +v/n!
n—oo

Solution:

First note that n! > n(n — 1)(n —2)---[2] > [2|l2). Thus, ¥nl > L%JL%J%. We can
also see that |%2]L > {5 for sufficiently large n. Thus, Un! > 5] l2ls > | 5] and the

latter diverges to +oo. Hence, lim /n!= +4oc.
n—oo

10. Let (z,) be a sequence.
(a) Show that if nh_}rr;o /|, = p, with p > 1, then (z,) is unbounded. In particular, it
diverges.
(b) Show that if nl;n;o Vx| = p, with 0 < p < 1, then (z,,) converges to 0. In particular, it
is bounded.
(c) Provide two sequences (y,) and (z,) with the following properties: (y,) converges and

lim {/|yn| =1, and (z,) diverges to +oo0 and lim {/|z,| =1
n—oQ

n—oo

Solution:
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(a) Note that we have lim 7Vlf‘ =1.

n—roo

Suppose that (z,,) is bounded, say |z,| < C Vn € N for some positive constant C.

Thus,
n n n 1
§ =t Tl oy, VO

since p > 1. This is a contradiction and therefore (z,) is unbounded and it must
diverge.

(b) Note that we have lim {/|z,| =p with 0 < p < 1.
n—roo

Let € = PTP. Then, by definition of convergence, there exists N € N such that,

for evey n > N, |{/]zn| — p| < 52. In particular, for every n > N, we have

0 < |V/|zn| < izp. Also, notice that HT” < 1. Then, by raising the inequality to

the n-th power, we have
1 n
0< || < (?) .

(1+p <a, < 1+p
2 2
14p

for every n > N. Since 0 < =5£ < 1, its geometric sequence converges to 0. Then,
by the squeeze theorem, also (z,) converges to 0.

In turn, we have

(c¢) Consider the constant sequence y, = 5 for all n and the sequence z, = n.

11. Let (t,) C R* be a sequence. Assume that lim ¢, = 0. Show that lim bmt(it”) =1
n— oo n— oo n
(Hint: recall that for x € [0, §],

1 .
0 <sin(z) <z <tan(z) = 1< x < = cos(z) < sin(z) <1
sin(xz) — cos(z) x
9 sin(x) 9 sin(x)
= cos(z)* < <1=1-sin(z)° < <1
T T
9 sin(z) 2 sin(z)
>1-z << ) <1=4V1-22< <1)
T T
Solution:
As lim t, = 0, then there exists N € N such that Vn > N, then |t,| < T. Moreover, as

n—oo
sin(z) is an odd function, then

sin(tn) _ sin(|fn\)_

tn [t
Then, by the hint, Vn > N,

T < sin (|tn]) _ sin(t,,) <1
Tl th T

Page 7



As lim ¢, =0, then

n— oo

lim /T—12 =1.

n— oo

[Prove this!! Hint: for0 <z <1,1>+vV1—22>1-2?>1-—1x]
Hence, the squeeze theorem for sequences implies the desired conclusion.

o0
12. Show that if lim 222l — 1, then anything can happen for > x,. That is, it is possible to

xT
w3 Toul s

find sequences () such that:
(a) (z,,) is unbounded;

(b) (zp) is bounded and Y x, diverges;

n=0

(o)
(¢) (z) is bounded and > z, converges absolutely;
n=0

(o)
(d) (zp) is bounded and Y z, converges but not absolutely.

n=0

For each item above, provide an example.

Solution:

(a) Take x,, = log(n).
( 1
Take x,, = #

(c

)

b) Take z, =
)

(d) Take z,, = (—1)"

13. For each of the following, determine whether the series is convergent or divergent.

) k

—
&
~~—
=
Il
—
o
l\'):‘
B

—~
=
18
3
+
N
|
3
+
DO

3
Il
_

A
o
=
ol
11078
_
ol Bl
‘ [
|1
~|—
wj

Solution:

(a) We observe that
k

re=(3)

for all £k > 1. So the series diverges by the comparison criterion, because the series
> peq ¢ diverges.

> >0

el
il

Page 8



2 p—

(b) We observe that
O<\/n+4—\/n+2_ n+4—(n+2) 2 <
- Cn(Wntd+vnt2) a(Wntd+vnt2) " n(yn+yn

Therefore, the series is convergent by the comparison criterion, because the series

n

3
3>

- converges as
n2
k+1 1
s =20,

3
S e

21
(c) We observe that
k-1
(k-1 (k—1) =
So the series diverges by the comparison criterion, because the series Z:i1 % di-

verges.
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