Analysis T (English) |
Roberto Svaldi and Stefano Filipazzi I

Fall Semester 2021-2022

Analysis 1 - Exercise Set 10

Remember to check the correctness of your solutions whenever possible.

To solve the exercises you can use only the material you learned in the course.

1. Let I be an interval, f: I — R be a continuous function and f(I) the image of I by f. Say if
the following statement are true or false.

(a) If I is bounded, then f(I) is bounded.
(b) If I = [a,00[ with a € R, then f attains its maximum and minimum in I.

(c) If f is strictly increasing and I is open, then f(I) is open.

Solution:

(a) False. Take for example the function f:]0,1[ — R defined by f(z) = <. Then I is
bounded but f(I) =]1, oo is not bounded.

(b) False. Take for example the function defined by f(z) = (z — a)sin(x — a). It
neither have a minimum nor a maximum on I because for all n € N, we have

f(a+g—|—27m):§+27m>nandf(a—g+27m):g—27m<—n.

(¢) True. Let a,b € RU {£o0} with a < b such that I =la,b[. Since the function is
strictly increasing, we have

A= zlggr f(z) =inf{f(z) : z €]a,b]} < sup{f(x): z €la,b[} = IILI?— f(x)=:B
and A, B defined above belong to R U {£oo}. In particular, f(I) C [A, B]. We
observe that if A € f(I), then there exists x €]a, b[ such that f(z) = A. Since f is
strictly increasing, then z < a, which is impossible because 2 > a. Hence A ¢ f(I).
Similarly we prove that B ¢ f(I). So we conclude that f(I) C]A, B[. Now we
observe that by definition of limits we can find sequences (z,), (y,) contained in
|a, b] such that (z,) converges to a and (y,) converges to b and z, < y, for all
n € N, so that (f(x,)) converges to A and (f(y»)) converges to B, and hence |A, B[=
Unenlf(@n), f(yn)]. By the intermediate value theorem, we have [f(z,), f(yn)] C
f(I) for all n € N. Then

]Av B[: UnGN[f(‘rn)v f(yn)] - f(I)

We proved that f(I) is the open interval ]A, BJ.

2. Find, if it exists, continuous extension of the function f :]2, co[— R give by f(z) = % f_2

at xg = 2, or otherwise show that f cannot have a continuous extension at xg.



Solution:
We check if the limit lim,_,o+ f(2) exists. We have:

lim VI V24 x—2: lim ( Vi V2 v=2 )

_|_
z—27+ x2 —4 Vr—2-vVr+2 Vr—2-Vx+2

lim VE-V2 Ve—2 VEave
et \WVr—2-Vr+2 V-2 Jz+vV2 Vo+2

_ lim< (x —2) vz -2 n 1 >
a2t \(z—2) V2 +2 VJz+vV2 Vr+2

So we can extend the function f continuously to the interval [2, 00[. We define the new

function as:
ooy ), x> 2
f(x)_{l/Q, 2 =2

which is continuous on [2, cof.

3. The Bisection Algorithm: Using the intermediate value theorem and successive bisection
of the interval [0,1], find an interval of the length L < & that contains a solution of the

equation
B 4r—-1=0.

Solution:

We search for a root xg of the function f(r) = 2%+ — 1, i.e. 2 that satisfies f(zo) = 0.
The bisection algorithm is an iterative routine that successively restricts the interval that
contains the root zq.

The steps of the algorithm is given below, where L is the length of the interval where we
can find a root xzg.

f0)=-1<0 et f(1)=1>0 — w0 €], L=1
F(3) =-8 <0 — wellil, D=1
f(3)=0172>0 . ve]l i, L=1
f(2)=-0.130<0 — xoe]%,%[, L:%

So xg € ]%, %[ =1]0.625,0.75[. The exact value of the root is o = 0.6823... which is

indeed inside the obtained interval.

4. Let the function f: [0,00) — R be defined as

322 — 10z + 3

22 -2 —3 z>3
f(z) = a, =3

Br—4, T <3
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Find «, 8 € R such that the function is continuous at z = 3.

Solution:
For the function to be continuous we require lim,_,3- f = lim,_,3+ f = f(3)We first
compute the right limit at x = 3:

lim f(z) = lim 32 —10z+3 . (z—3)(3z—1)

- = -~ =2
z—3+ o3t 22— 22— 3 aoat (x =3)(x+1)

This implies that f(3) = o = 2. Also for the limit from the left we have:

lim f(z)= lim Bz —4=35—-4
3~

z—3~

So 38 —4 =2, and we get 5 = 2.

5. Show that if f(x) is continuous on [—1,1] and f(—1) = f(1), then there exists § € [0, 1] such
that f(0) = f(6 —1).

Solution:

First, consider the function g(x) = f(z — 1) — f(x), which is continuous on [0, 1]. Now we
know the following:

and
9(1) = f(0) — f(1)

But we know that f(—1) = f(1), so we can manipulate the second equation to get

o If g(0) =0, then f(—1) = f(0) by the first equation. Hence, 6 = 0 € [0, 1].

o If g(0) > 0, then g

)=
(1) < 0 so by the intermediate value theorem there exists a
0 € [0, 1] such that g(d) =
(1)
(%)

0, meaning f(§ — 1) = f().

> 0 so by the intermediate value theorem there exists a

. If g(O) < 0, then g(1
€| 0, meaning f(§ — 1) = f().

0, 1] such that g(§

6. Find, if it exists, continuous extension of the function f : [—7w/4,0[U]0,7/4] — R given by
flz) = 1@5135; at g = 0, or otherwise show that f cannot have a continuous extension at xzg.
Solution:
We check if the limit of f exists as z — 0. We have
. 1—cosx . 1l—cosx 14 cosx
lim 5 = lim —— .
=0 tan®w e—0 stz ] 4 cosw
Ccos“
. 1—cos?z cos’z
= lim

-0  sin? 1+ cosz

sin? x cos?x
=lim —— ——
z—=0gsin“yr 14 cosx




So we can extend the function f continuously to the interval [—m/4,w/4]. We define the

new function as:
o 1@, c#0
f(x){l/z z=0

which is continuous on [—m /4, 7/4].

7. Let us define the functions

et +e* ef —e " sinh(x)

cosh(z) = 5 sinh(z) = 5 tanh(z) = cosh(z)’

(a) Find domain and range for each of the 3 functions.
(b) Show that
cosh(z)? — sinh(x)? = 1.
(¢) Find a suitable domain, for each of the 3 functions, over which the function is invertible.

(d) Compute

lim cosh(z), lim cosh(z),
r—+00 T——00
lim sinh(z), lim sinh(z),
r—+00 T——00
lim tanh(z), lim tanh(z).
r—+00 T——00

Solution:

(a) Ase® e " are defined over all of the real numbers, that is, Dom(e®) = Dom(e™%) =
R, then the same holds true for sinh(z),cosh(z). Moreover, cosh(z) > 0, Vz € R,
hence also Dom(tanh(z)) = R.

Let us examine the ranges. Let us notice that cosh(z) is even, while sinh(z) is odd,
and tanh(z) is odd, as well.
sinh(z) is strictly increasing on the interval [0, 4o00[: in fact, taking s > ¢ > 0, then
e® > e! (or, equivalently, e* —ef > 0), e7* < e~ (or, equivalently, e™* — e™t < 0),
so that

sinh(s) > sinh(t) <= e® —e " >el —e = e’ —e' >e7F —e 7.

But finally, e™% — e™t < 0, while e®* — e* > 0, which show that the last inequality

above indeed holds.

(b) By the definitions,

(em + e—;E)Q 62w _'_6—21 + 2e%e~® 6293 + e—2z 4 2e%% 621 + e—2zv +9

h(z)? = = = -
cosh(z) 1 1 1 I ,
) h( )2 (ex _ e—;v)2 e2w + e—2w — 2e%Te~ % e2a: + e—2w ) P 62(E + e—2x —_9
sinh(x)* = = — _
4 4 4 4 ’
2z —2z 2 2z —2z 2 4
= cosh(z)? — sinh(z)? = e 64 t2 et 64 == 1.
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(¢c) As cosh(z) = /1 +sinh(x)? and over the positive real numbers the functions
f(x) = sinh(z), g(x) = 1 + 22, h(x) = /z are all strictly increasing and cosh(z) =
h(g(f(z))), then cosh(z) is strictly increasing on [0, +oo[. As cosh(z) is even, this
is the largest interval over which the function is injective (hence, invertible when we
take the arrival set to coincide with R(cosh(x)) = [1,+o0], since cosh(0) = 1 and
lim, 1 o cosh(z) = 400, and, again, cosh(z) is even).

As sinh(z) is odd, and strictly increasing on [0, +oo[, then it is strictly increasing
over all of R and it is therefore invertible on R and R(f) = R, since sinh(0) = 0 and
lim,_, 4 o sinh(x) = 400, and, again, sinh(x) is odd.

(d) Let us note that cosh(z) > |z|, V& € R. Hence, the squeeze theorem implies im-
medaitely that
lim cosh(z) = +o0 = lim cosh(z).
T—>+00 T——00

Since limg_, 4 o, €* = 400, then lim,_, o e™* =0 and

) sinh(x . eloe ” . e et
lim (z) = lim 2 = lim &£ —¢ —_,
T—+00 ex T—+00 e’ x—+00 2 2

Hence sinh(z) > fe”! for z > 0, hence

lim sinh(z) = +oo.
r——+o0

As sinh(z) is odd, then

lim sinh(z) = —oo.
r——00
Finally,
inh T _ —T
lim tanh(z) = lim sinh(z) = lim — =
@0 e—+oo cosh(xz) a—+oo e® + 77
) e~ . (eac _ e—x) ) 1— e—2$
lm ————2% = lim —— =1,
z—too e (e¥ +e7%)  zotoo l4e72®

since lim, 400 ™% = limy 4 o0 e% =0.
As tanh(z) is odd, then
lim tanh(z) = —1.

r—r—00

8. Calculate the derivative f’ of the function f and give the domain of f and f’.

5x + 2
() F2) = ooy
(b) f(z) = tan(z)

(¢) f(z) = zsin(z) + cgggz

Solution:

5322 — 1) — 62(5x + 2) 1522 + 122 +

(a) We use the quotient rule to obtain f/(z) = =

(322 — 1)2 (322 — 1)2
D(f) = () =R\ {5, %}
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sin(x)

(b) We apply the formula for the derivative of a quotient on f(x) = tan(x) = cos(z): O
obtain ()2 (@) ( ( ))
cos(z)” —sin(z) - ( — sin(x 1
fl(z) = 2 = 2
cos(z) cos(x)
— — . _ _ (2k+1)m |
So D(f)=D(f) =R\ {z € R: cos(z) =0} =R\ {T  k ez}.
c¢) We use the rules for product sum and quotient of derivatives.
() p q
(xzsin(z)) = x cos(z) + sin(z),
(cos(z)?)" = (cos(z) cos(z)) = cos(x)(—sin(x)) — sin(x) cos(x) = —2sin(z) cos(z) = — sin(2z),
(2 +2) =22,

(22 + 2)(—sin(2z)) — 2z cos(z)?
(2P
2

f'(x) = x cos(z) + sin(x) +

_ sin(2z)  2zcos(z)

= z cos(z) + sin(x) 212 (2127

So D(f) = D(f) = R.

9. Prove the quotient rule for derivatives:
it f:1 >R, f(x) = #5, 20 € I and both g and / are differentiable at o, with h(zp) # 0,
then, f(zo) = g’ (zo)h(zo)—g(xo)h' (z0)

h((L‘o)Q

Solution:
For all zg € I\ {z : h(x) = 0}, we have

f’(ﬂco) — lim f(xO + S) — f(l'o)

s—0

g(zo+s)  g(xo)
— lim h(zo+s) h(zo)

s—0 S
—lim g(zo + 8)h(zo) — g(xo)h(x0 + )
50 sh(zo)h(zo + ) '

Here we are relying on the continuity of h: indeed, if h(x¢) # 0, by continuity, h(zo+s) # 0
for s small (cf. Exercise 2 in this worksheet).

Since g, h are differentiable at xg, then they are also continuous at that point, hence
: 1 1
lim h(z)h(z+s) — h(z)2" Moreover,

s—0
iy 90+ 8)h(x0) — (o) h(xo + 5)
s—0 s
= lim g(xo + s)h(zo) — g(xo)h(zo) + g(xo)h(x0) — g(z0)h(z0 + 5)
s—0 s
= lim (h(xo)g(xo + 52 —glwo) b0t sz - h(xo)>

= (gl(xo)h(ﬁo) — g(z0)h(x0)) -

Hence,
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10. For each of the following functions, find the inverse function and the derivative of the inverse
function.

(a) f(z) =cosz, z €0,

Solution:
(a) The inverse function is given by g(x) = f~!(x) = arccos(x). Since f'(z) = —sinz,
f'(g(z)) = —sin(arccos(z))

To find sin(arccos(x)), let § = arccos(z). We want to find sin . We have

0 = arccos(z) = cosf = z = sinf = \/1 — cos? 6 = \/1 — a2,

where in the last step we used that 6 €]0,7[, which guarantees that sinf > 0.
Putting everything together

1 1

IO =T - i

(b) The inverse function is given by g(z) = f~!(z) = arctan(z). Since f'(z) = 21—,

f'(g(x)) = cos®(arctan(z))

To find cos?(arctan(z)), let § = arctan(z). We want to find cos§. We have

sin 6
0 = arctan(z) = tanf =z = =
cosf
sin? 6 9
— =z
cos? 0
sin® 0 + cos? 6 — cos? 0,
cos? 6 N

— —1=2
cos? 6

= cos’f = L

142
Putting everything together
1 1

9@ = @) T

11. Calculate the derivative f’ of the function f and give the domain of f and f’.
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Solution:

(a) We use the derivative rules of quotient and of composition of functions

B 21‘\/1—5E2—£E22\/11_7(—21') Cz(2-a?)
fla) = 1—22 (1 —a2)3/2 7

D(f)=D(f") =] - L1[.

(b) We use the derivative rules of multiplication and of composition of functions

f'(z) = 2sin(z) cos(z) - cos(z?) + sin(z)? - ( — sin(z?)) - 2z
= 2sin(z)( cos(z) cos(2?) — z sin(x) sin(z?) ) ; D(f)=D(f') =R.

(c) We use the derivative rule of composition of functions

f(x) = ! cos( sin(x)) ; cos(z)

cos(x)

N—

cos( sin(z)

4, /sin(\/sin(m)) - /sin(z) |

The domain of f is

D(f) = {x € R :sin(z) > 0 and sin(@) > O} = U [2km, (2k + 1)7] .

kEZ

in fact, sin(z) > 0 <& x € [2km, (2k 4 1)7| and for these values, we have
V/sin(z) € [0,1] so sin(\/sin(x)) > 0, which means f is well defined.
For the domain of f’, we need to exclude the points where sin(z) =0, so

D(f') = | 12km, (2k + D)= .

keZ

f'(z) = cos(x)log(sin(z))e*®) + sin(z) sinl(sc) cos(x)ecs(®)

+ sin(z) log(sin(z)) e (— sin(x))
= @) (log(sin(z)) (cos(z) — sin’(z)) + cos(z)).

So D(f) = D(f") = Upezl2km, (2k 4 1)7[, because log(z) is defined only for = > 0.

o0
12. For z € R, e” has been defined as )  %+. Hence, this definition gives rise to a function
n=0

fi R—=R, f(x) = e*. Prove the following properties of the exponential e®:

(a) " =1;

(b) e®-e¥ = e*Y; [For this part of the exercise you can assume the following result:
(o]

o0
Let (an), (by,) be sequences. Assume that both Z a;, Z b; converge to a finite limit, and,
i=0 =0

Page 8



(oo} (oo}
moreover, that at least one ofz a;, Z b; converges absolutely. Then the sequence (zy),
i=0 =0

00 00 9]
2 bi=) x
=0 =0

Zn = Do by satisfies

eT

(d) €® is a strictly increasing function of x; e

is a strictly decreasing function of z;
(e) Use the definition of log(x) as inverse of the function e” to show that
(i) log(ab) = log(a) + log(b) for all a,b > 0.
(ii) log(a®) = blog(a) for all @ > 0 and all b € R.
(iii) log(x) is a strictly increasing function of z.

Solution:
(a) f(0>:€0=1+%+%—?+...:

oo
(b) By D’Alembert’s criterion, for any x € R, ) %7 is absolutely convergent, since

n=0
\907:\ | |
lim ‘wf;ll lim — =20
n—ro0 n—oo M
(n—1)!

Hence, Vz,y € R,

= S

n=0 n=0 k=0
but the latter term is exactly equal to

0 k n k
Zzn, where z,, := Z X m

n=0

The result that was cited in the text of the exercise and we are free to assume then
implies that
n' n! |’
n=0 n=0 n=0

(c) By (a), we have ¢’ = 1. Now, fix z € R. By (b), we have

that is, e*TY = e® - e¥.

So, this proves that e £ 0, e”* # 0, and that e™% = e% As a byproduct, it follows
that e® > O for all x: indeed, this is clear from the definition if x > 0, as each
summand 2 —, > 0. Then, the case x = 0 follows from (a), while the case < 0
follows from the case > 0 and part (c) we just proved.
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(d) If a,b € R such that a < b, then e® < e® holds if and only if €®~ > 1 by using (c).
But

bea = (b—a)f — (b—a)k
=3y o =1+) o> 1
k=0 k=1

because b —a > 0. Now to show that e~ is a decreasing function it suffices to note
that e~ is a the reciprocal of an increasing function.

(e) (i) eloslab) = gp = elos(@)elos(b) — clog(a)+log(®) ~ Since e is strictly increasing, it is
injective; thus, we conclude that log(ab) = log(a) + log(b).
(i) eloe(a”) = gb = (elosla)yb = ¢blog(a)  Since e® is injective, we conclude that
log(a®) = blog(a).
(iii) log(x) is the inverse function of a strictly increasing function, hence, it is strictly
increasing.

13. For each function, calculate f(™), the n-th order derivative of f.
(a) f(z)=a™ (meZ)
(b) f(x) = sin(2z) + 2 cos(x)
(c) f(x)=log(x)

Solution:

(a) We identify three cases for m:
em=0: f"(x)=0forall ncN*

mm—1)(m—-2)---(m—n+1z™"™, n<m

07 n>m
first case follows immediately, while the second and the third can be proved by
induction on m (resp. —m).

em<—1: fM(@)=mm-—1)(m—=2)---(m—n+1)z™ " for all n € N*

em > 1. f(2) = The

(b) We start by calculating the first four derivatives of f:
f'(x) = 2cos(2z) — 2sin(x) f"(x) = —4sin(2z) — 2 cos(x)
" (x) = —8cos(2z) + 2sin(z) F@(z) = 16sin(2z) + 2 cos(z)
We need to distinguish two cases for n € N*:

O (z) = {(_1)75 (2" sin(2x) + 2cos(x)),  n even
(71)%1 (2” cos(2x) — QSin(ac))7 n odd

(c) Since f'(z) = 2!, we can use the result in part (a) with m = —1 to obtain f(™).
We have,

(=" (n—1)! .

() = (f)" V() = (~1)(=2)(=3) -+ (—(n—1))a~ """V =

14. Let f: R — R be a differentiable function. State if the following are true or false.
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ffeven = f odd,

Solution:

(a) True. We have f(—x) = f(x). Using the derivative of composite functions we
obtain —f'(—xz) = f'(z), so f’ is odd.

(b) True. We take the derivative of f(—z) = —f(z) to obtain —f'(—z) = —f'(z) &
f'(=z) = f'(z). So [’ is even.
(c) False. Take for example f(z) =z + 1.

(d) True. For a periodic function f, there exists T' > 0 such that f(z +T) = f(x) for
all z € R. By taking the derivative, we have f'(z + T) = f'(z) and so f is also
periodic.

15. Calculate (g o f)’(0) for the functions f,g: R — R defined by
(a) f(z)=2x+34 (e® —1)sin(x)" cos(z)* and g(z) = log(z)3.

z2sin(L T, x
(b) f(o:){o S R R R

Solution: Since (go f)'(0) = ¢’(f(0)) - f/(0), we need to find the derivatives of f and g.

(a) To find f'(z), we write f(z) = 2x+3+ (e® — 1) u(x) where u(z) = sin(z)" cos(z)?.
Then

fl(x) = 24+e®u(z)+(e” — 1)/ (z) and u/(x) = Tsin(z)® cos(z)®—4sin(x)® cos(x)

We have u(0) = »/(0) = 0 and so f'(0) = 2.

B 3log(r)?
n T

Then we have  ¢'(z) . Since f(0) = 3 we finally show that

~ 3log(3)?

S 2= 21og(3)2.

(g0 £)'(0)=¢'(3)- £(0)

(b) For calculating f/(0), we must use the definition of derivative:

F(0) = tim L&) SOy, #Psin(G) #2020 (wsin() +2) =2

z—0 x—0 z—0 x x—0 z

1

5)) = 0, as the function sin is bounded, and so x sin (%)

This is because lim (x sin (
x—0
is squeezed to 0 by the factor x as x — 0.

Since ¢'(z) = 4(x — 1)3 and f(0) = 0, we obtain

(g0 £)(0)=g'(0)- f'(0) = (~4)-2 = -8.

3
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16. Calculate the derivative f’ of the function f and give the domain of f and f’.

(3) £lx) = §f (2t + e’
(b) f(x) = eVieelie®
_ IOg (4Sin(z))ecos(4m)

Solution:
12 (21,3 _ 67(4m+3))

(a) f(x) = & (2% + e~ 4t) 77 (823 — ge=(149) = :
5{’/(2:#1 + e~ (42+3))

Y

D(f) = D(f") = R (The denominator of f is nonzero since e~(4*+3) > 0 and 2* > 0
for all x € R.)

(b)
2 ¢ {/1og? (4x)

T 32 {/log(4x)

The domain of f is |0, +o00[ because log(z) is defined only for > 0. For the domain
of f’ we have to exclude all the points where the denominator vanishes, that is

z = 1, because log(4z) = 0 if and only if 4z = 1. So D(f") =]0, 1[U]%, +o0|.

/(@) = eV 2 log(40)H - 4

1
4x

(c) We have f(z) = sin(z)log(4) e®°(#) by Exercise 5. We obtain

f'(x) =log(4) cos(z) e=*4*) 1 log(4) sin(z) - (— 4sin(4x)) - ecos(4e)
=log(4) eos(4) (cos(x) — 4sin(x) sin(4:r)) .

17. State if the following are true or false.

(a) If f is differentiable at @ € R, Then there is § > 0 such that f is continuous on Ja—d, a+4].
(b) If f is differentiable from left and right at a € R, then f is differentiable at a.
(c) If f is differentiable on R, then g(x) = /f?(z) is differentiable on R.

Solution:

22, z€Q

. This function is continuous at
0, zeR\Q

(a) False. Take for example f(z) = {

x = 0 because,
0< flx) < x?

for all z € R. So by the squeeze theorem we have lin% f(x) =0= f(0). On the other
T—r

hand f is not continuous at any point other than 0. In fact, let zg € R, zy # 0.

For n € N*, The open interval ]xo — %,xo + %[ contains rational and irrational

numbers. We take a,, € ]330 — %,xo + %[ﬁ@ and b, € ]xo — #mo + %[ﬁ R\ Q)
for each n € N*. Then the two sequences (a,) C Q and (b,,) C R\ Q both converge
to xg, but

i, f(an) = i an =25 > 0= lim f(bn)
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so f is not continuous at xg.

But f is differentiable at x = 0. Indeed, we have

fle)=f0)  fx) Jz, z€Q
0, z€R\Q

and since —|z| < @ < |z| for all z € R, the squeeze theorem gives

fﬂn:mnﬁﬂ

z—=0 X

=0.
(b) False. Take for example f(x) = || which is not differentiable at 0. But the left and
right derivatives exist (Look at the lecture notes).

(¢) False. By taking f(x) = x, we have g(z) = Va2 = |z| which is not differentiable at
0.

18. For each of the following functions, find the inverse function. Find the derivative of the inverse
function once by direct calculation and once by the inverse function derivative.

(a) f(x)=va2+9,2>0.
(b> f(l’) = H%’ z 7é —1.

Solution:

(a) To find g(z) = f~1, solve y = Va2 + 9 for . This yields x = +/y? — 9. Because
the domain of f is restricted to x > 0, we must choose the positive sign in front of
the radical. Thus

9@) = [ @) = Va2 =9

By the formula for the derivative of the inverse function we have

") = 1
)= @)
with "
fi(z) = o
S0
22 -9 V22 -9 V2?29

f'g(x)) =

a9y Vel @

since the domain of g is > 3. Thus,

- flg(x)  VaZ—9
This agrees with the answer we obtain by differentiating directly:

2z T

9@ = 222 — 9 - Va2 -9
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(b) To find g(z) = f~1, solve y = ﬁ for x. This yields x = 1773’ Thus

g(w) = Lo

X

By direct calculation we can rewrite g(z) = 2! — 1. So we see that ¢'(z) = —2 2.

Also we see that f/(z) = —(1+ )72, so

X

flg(@)) = - (1 T x)_Q =—(z71)? = —2?

and

19. Find maximum and minimum of the following functions

(a) f(x) =2 —5in [-7,7]
(b) f(z) = ¥/(z—1)(z - 2)? in [1+ 55,2 — 5]

Solution:

(a) The derivative is 2z, and vanishes at 0. We compute

So the minimum is at 0 and there are two maxima, at —m and 7.

(b) The derivative is
(x —2)(3z —4)

(Bl — 1)@ —2)2)3
This is zero at o = 4/3. We compute

(@)% 10 (3-8

3 3 10 10

f'z) =

1

So we have a maximum at 3 and a minimum at 2 — {5.

20. Calculate f’

(a) f:(0,00) =R, f(z)= Hsfsifl(aig‘l,)
(b) £ R\ {0} > R, f(z) = log(alal), a > 0

() f:R—R, f(z)=ev sine

Solution:

(a)

—sin(z) (2 + sin(log z)) — 1 cos z cos(log x)
(2 + sin(log x))?

f'x) =
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(b) If > 0 we have f(x) = log(ax) and so,

1
’ _* _ 2
fla)=— =~
If x < 0 we have f(z) = log(—ax) and so
/ _ _a_l
fla)=—=~

So, we can say that that f/(z) = 1 for all z € R\ {0}

() f'(z) = (2zsinz + 22 cosz)e® Sine
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