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First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly one
correct answer.

Question 1 : The series

0o
e)xn

Z 1+

n=1 n

converges if and only if A € I, where I is the set
. ]—O0,0[ D [_17+OO[ |:| }—OO,—].[ D ]_0070}

Question 2 : Consider the equation

l2l 2

z  4(cos (3) +isin (%))

Among the complex numbers given below, which one is a solution of the equation ?

[]z=2 cos( =) +1isin (12)) B :=2(cos (?ﬂ)-FISln(?ﬂ)
[]z=va os (17) +isin (£21)) []z=V1 os (§) +isin (§))

Question 3 : Let f: R — R be the bijective function given by
flx)=2>+3z+1
and let f~1: R — R be its inverse. Then (f~1)'(1) is equal to
1 1 1 1
ok U3 ay; U
Question 4 : Let f: [—1,2] — R be defined by f(z) = e**!(22 — 22 + 1). Then, its range, f ([-1,2]) is

W 0] [ [4,¢%] [ ] [0,4] [ ] [0,+00]

1
Question 5 : The integral / 5
e 4

[] —1log(3) [ ] 21og(3) [ ] Llog(3) W)

Question 6 : Let f: R — R be the function defined by

dz equals

2
% ifz <0

f(z) =
x? ifz>0

Then, at x =0, f is

D right differentiable but not left differentiable

[ ] left differentiable but not right differentiable

B is both left differentiable and right differentiable but is not differentiable
[ ] differentiable
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Question 7 : Let f: ]0,1] — R be the function defined by

_ log(|log(a)])

Then
li =0 li - _
W i f() [ lim f(z) = —o0
1. — 1. = _1
L] lim f(x) =-+oo L] lim f(x)
o log(t
Question 8 : The integral / O§;2( ) dt
1
|:| converges and is equal to 2 D converges and is equal to %
D diverges . converges and is equal to 1

Question 9 : The limit

. n?+1\"
hm —
n— o0 n(n + 3)
exists and equals

o [Je Lo [11

Question 10 : Let A C R be the set defined by

1
A:{xER* : >2}.
x

Then
Wit a=0 [JinfA=1
[ JinfA=2 [ ] 4 is not bounded from below

oo ' 2
Question 11 : The radius of convergence of the power series Z (n!) " is
— (2n)!

D i D 400 - 4 |:| 0
Question 12 : Let (u,)n>0 be the sequence defined by ug = V3 and for n > 1, u, = /3upn_1. Then
|:| lim wu, = V3 - lim u, =3 D (tn)n>o diverge |:| lim u, =0
n—oo n—oo - n—oo

Question 13 : Let f: R — R be the function defined by

g if 2 <0
=y
o8 +1) ooy
3z

Then

B / is continuously differentiable on R
D f is differentiable but not continuously differentiable on R
[ ] 7 is not continuous on R

[ ] 7 is continuous but not differentiable on R
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3
Question 14 : Let f(z) = log (2 + x) Then, the Taylor expansion of order 2 of f around xy = 0 is
given by

[ 10g (3) + 3 + 322 + a%ea(a) [ 10g (5) + 2~ 5 +2°ea(w)

3
2

[ ] log (2) +1log (%)m—%ﬁ—f—x?ag(tﬂs) [ (2) + 22 — 222 + 2%e5()

(-1
i

D does not converge but converges absolutely D converges but does not converge absolutely

Question 15 : The series Z

D does not converge and does not converge abso-
- converges and converges absolutely lutely

Question 16 :
Let f: [0,+o00o[ — R be a continuous function and let (ax)r>0, (bx)x>0 be two sequences defined by

= f(2k) and by = f(2k +1).

If
lim apy =—-1, and lim by =1,
k—o0 k—o0
then, the equation f(z) =0
B bas an infinite amount of solutions [ ] has exactly one solution
D has exactly two solutions D has no solution

Question 17 : Let (a,), >, be a sequence such that lim a, = 2, and let (by),,, be the sequence given by

n— o0
T
bn:1+ancos(n§), n>0.
Then
- liminf b, = —1 and limsupb, =3 D hm mf b, =3 and limsupb, =3
n—o00o n—oo n—oo
|:| liminfb, =1 and limsupb, =3 D liminf b, = —2 and limsupb, =2
n—oo n—oo n—oo n—oo

Question 18 : The integral dz equals

1 X
vr+1
8 —2v2 4-2V2 []4-2v2 V2+1
L] 3 o 3 L] 3
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Second part: true/false questions

For each question, mark the box (without erasing) TRUE if the statement is always true and the box
FALSE if it is not always true (i.e., it is sometimes false).

Question 19 : Let (ay)n>0 be a bounded sequence such that for all n € N, a,, > 3. Then liminf a,, > 3.

n—oo
[ ] TRUE B rALSE
Question 20 : There exists a function f: R — R which is both bounded and injective.
B 1RUE [ ] FALSE
Question 21 : Let f: R — R be a continuously differentiable function. Then
TR O LV
S =2f O+ [ f@f @i vieR
0
B TRUE [ ] FALSE
Question 22 : If the power series Z ay (x — l)k converges at x = 0, then it converges for x = 2.
k=1
[ ] TRUE B rALSE

Question 23 : Let f and g be two functions with taylor expansion of order 1 around zy = 0 given by

flz) =142z + ze(x),
g(z) =1+ %.73 + ze(x) .

Then, the Taylor expansion of order 1 of f(g(z)) around xy = 0 is given by
flg(x)) =3 +x +we(x).

[ ] TRUE B rALSE

Question 24 : The roots of the polynomial 2% + 23 — 222 + 2z + 4 are {-2,-1,1,1 4 i}.

[ ] TRUE B rALSE

Question 25 : Let f: ]0,1] — R be a continuous function. Then there exists a continuous function
g: [0,1] — R such that g(z) = f(x) for all z €0, 1].

[ ] TRUE B rALSE
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Question 26 : Let A, B C R be two bounded nonempty sets and ¢ € R. Then,
sup{x +c: z € A} —sup{x +c¢: x € B} =sup A —sup B.

B TRUE [ ] FALSE

Question 27 : Let f: R — ]0,00[ be a differentiable function. Then the function g : R — ]0, co[ defined
by g(z) = f(2)f® is also differentiable on R.

B TRUE [ ] FALSE

Question 28 : Let (an)n>0 and (by)n>0 be two sequences surch that for all n € N, 0 < a,, < b,. If the

o0
. . . 1
series E an diverges, then the series E ™ converges.

n=0 n=0 "

[ ] TRUE B rALSE
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Third Part: open questions

Answer in the empty space below. Your answer should be carefully justified, and all the steps of your
argument should be discussed in details. Leave the check-boxes empty, they are used for the grading.

Question 29: This question is worth 7 points.

|:|0 |:|1 |:|2 |:|3 |:|4 |:|5 |:|s .7 Do not write here.

(a) Give the definition for f: I — R to be uniformly continuous for interval I.
(b) Write, with justification an example of a continuous f: R — R but not uniformly continuous function.

(c) Does there exists a function f: [—1,1] — R that is continuous but not uniformly continuous ? Justify.
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Question 30: This question is worth j points.

Show by induction or otherwise that

" 1
Vne N, > k(k+1) = gn(n+ 1) +2).
k=1
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Question 31: This question is worth 5 points.

(a) Let (an)n>1 be a sequence and [ € R. Give the definition of "The sequence (ay)n>1 converges to I".

(b) Let (z,)n>1 be a sequence such that both subsequences (z2x)r>1 and (2a41)k>1 converge to the same
limit {. Show that (x,,),>1 converges to I.
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