
Chapitre 7.

Calcul integral
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Integrate drune function continue .
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Dif. Sommer de Darboux. Soit f: (a,67+ IR Xo X
,

X 2 Xn

ontinue
Soit 5 = Exo = a < X,X ...Xu = b) f(x)
Ex

. Gregulere d'ordren = [a
,+E-a), ...+

-

Tas de subdivision J(0) = max(xi - X: -13

Alors 5s(f) difMr(-X on Mr = maxf(x) Fi
(Xk-1

,
Xk]

est la somme de Darboux superieurs def T
relativementa o

Soff)difM(X-X on Mr = min f(x) ! (

[Xk - 1
,
Xx]

est la somme de Darboux inferieure do f ·
relativement de 5

-

a X
, Xz Xn-

,

8
m (b- a) < So(f)[Jr(f) > M1b-a)
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M
=maxf(x) ,

m

=minf
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m (b - a) = So(f) = Jo(f) -M18-a)
,

5 = 29
,
X

,, X2 , 8]
82 = Sa , y, ye ," ,ye,

6

Remarque. Si G
, CG2 Xon ajoute despoints

=> So
,
(f) = Ss(f) Salt) = 5,

(f)

de 19
,
6]3 ·Proposition. Soit 5(f)dIntE5r(f)

,

osubdivision

S()) & Sup &Su(f) ,
w subdivision de la, 133

There Alorsif est continues our 19.
63

,
5(f) = S(f) [Voir DES9 .

1
.5]

Def Soit acb, et F: (a .
67 -> R Corne

,

telle
que 5(f)

=S1f)
-

borne sup -> O

Alors Sfidd 5(f) = S() est l'integrate de Riemann

forne inf-
> a variable dintegration de la function fsur(, 6)



Def. Si bafdxd - Jfwdx ;fdx = 0.
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"O fcontinue 8 a

Calcul dintigraleSfxdx =m ()=If ,
on est une site a

de subdivisions de 19.
6) telle que Plan) ngO

Exxdx In = 50, 22
.....

(n
,
3) Xn=.*, Xn -X = 2 (k = 1

....
n

X
, X2 Xn-1

⑧

maxf(x = X = 3 ; minf(x) = X- =3
(Xk+, Xk] (Xk- 1

,
Xk] f(x) =X

5r(t)=Mix) =kn
& (f)=Mix

j i
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!

S
&

= (xdx= = iihimSin(flim-a
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Propritetes (1) a < 6
. f(x continue sur (a .

8].
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Soit <(a ,
b) => Pdx=Sfxdx+fixx

(2) m(b - a) = S(t) = 5(f) = M(b-a)
oi m = minf(x) M = max f(x) · ↳(2

, b) b [9
, 6] A

=> m(b -a) = (f(xdx = M(b - a)
a

13) Theorems de la moyenne : act
,
fix continue sur [a,b]

Alors il existe un point CE (a
.
b) tel que

b

Sf(x)dx = f( - (b - a)
C

Rem: m(6-a)ff(xdxMIS
= m [ saff(xdx M Nin
m = minf(x) M = maxf(x)

(a , 6) (9 . 6)



f est continue => Par TFF sur 19. 8] FC E 19. 87 : telque
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b

f(x = Ea(f(xdx = f(x -)f-a)
=(f(xdx

Relation entre l'integrale et a primitive def sur 19.
63.

Rapel:He primitreFdnfonchoncentefilea
F(x) = f(x) #x ]a .

8)
.

Si F(x) et Fz(x) cont deaxprimitives de f(x)
sur (a .b) alors F

,
(x) - Fi(x) = C

.

CERRVxe (a. b] ·

Proposition. So it an6
, fune fonction continue sur 19 .

87.

Alors la fonction FIX)
=ffHdt

est la primitive de fix scr la, 8)

telle
que

F(a) = 0

Dem : Soit xof Ja .
S( f(t)

ConsideronsEF)HHdt) = "
↑

X b



X Xo
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**fltdt +Sf(t)dt-f
* (fidt) Ef(cm) on <(x) est entre , "* et X

hm de la moyenne a Xo((x) 8

fcontinue
=> F(x) =lim) = limfxf(x)

=> F'(x) = f(x) fxo Ja, 8)

Il faut aussi dimontrer quelim F(x) = Fa = 0
,limF(x

= Fl

-
exercise

-0- f(a)

m F(x) =limfd =(x-af = O = Fl
((x) entre a etx

#



Corollaire Theorems fondamental du calcul integrate.
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Soit ac6
, fix continue sur 10.

6). Si G(X) est uneprimitive de f(x) our 19,8)
b

alors Sf(x)dx = G(b) - G(a)

Demi On sait
que

F(x) =Hdt est la primitive defeur 19. 6)

tella
que

F(a) =0.

Alors F(x = G(x) + C (x + (
,
b) = G(b)= G(a)

= F(b) - F(q) =

b

=Sfdt-fHdt =At
-O

b

(f(xdx = F(b) - F(a)

ou f(x) est continue sur (a . 8) et F(x) est une primitive de feur 19.87I
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f(x) F(x)

ex ex + C

- cX + CJinx

cos X Sinx + C

sinhx coshX + C

cosh X sinhx + C

at
,
a - 0

,
a + 1 Ena + 2

*, X + 0 (n(x) + C

xr
,

r + - 1 # X ++ C

tanx + C

↳ - cotX + C

arctanx + 2

i arcsinx + 2
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Ex.
sinxdx = - cSi-(-cos(o) =S =

- CoSX I
.

= 1 + 1 = 2 I'll/1,
8 π

6

Proprietes (1) Lisairit
:S(f( +pg(x))dx = a+(xdx +pg(x)dx

puisque (dF(x)+G(x)= 2 f (x+g(x) .

(2) Si f (x 0 Vx + (9
,
b)

,

ce Ja .
6 (

b

=> OLSf(xdxf(xdx parae a "F'(x) = f(x)) 0 = F(x) =Sf(t)dt
est croissante
sur (6, 6]

6 la C ↳
=> Si fixfxdxOetsifdx = O = fOExl



(3) Corollaire : Sif(x1g() Xxe (6] = 9 f(xdgdy
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14) . Integrale fonction de ces borne.

5 : (96] + R continue
, g i

h : I - 19, 6) dirirables surI

Alors(Hdt) = ((g(x) - g((x) - f(h(x) - 4(x) i
DemiHid =Hint= -Hdt = F(g() - F(a) - F(h(x) +F(x)

-dt
F(x)fHdt

=>t = (Fg(-F) =Egg-FCh
= f(g(x)) -g'(x) - f(h(x)) - h'(x) #I

.

Ex
.&(dt) = e(3x+3)

. (x+3) -e = eB**+3)6x
"O



Techniques d'integration.
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Proposition Formula de changement de variable.
f : (a

,
6) - IR continue

,
4 : /

.B] -19 .6) continument derivable sur Is (p]

Y(p) = 6

Alors

xdx =F -YA ou x = Y(t)

Ex1
.

1methode Exe*dx =Yetcdt = -Yetdt = tet)"= (( *- e)
.

Soit x = = = Y(t) = 4 : 1
, 478(1 , 23 ,

%H=
-

4

Ex2
.

zinemethodeinde= Sedu = tel
,

"

= Ie"-e

Soitu = x
=

= du = (x4'dx = 2xdx ; x((1,
2) = u =x (1

, 4]

u = f(x) = du = [f(x)dx
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Exemple
.S du)=!
= Soitu = 1 + * = > u = -( = du = (x)dx

=

x = 5 = u = 1 + y = 1 + + = 4·i.



Proposition. Formule de changement de variable .
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f: (9. 67 -> R continue
,
Y: (a) -> 19, 67 continument drivable sur Ip].

③
Alors efxdx =SfYH . Y'SI ou x = Y(t)

Y(t)

Dim : Soit G(t)
=Sf(xd

= G'(H = f(Y(t)) - Y'() *g(t)
E

=> G(f) est une primitive de g(t)=fgH(dt
= G()

- G(a)

B S I ↓

&F(YHD . Y'Hidt
=yx(dx =

= (UH)Y'Hdt= dy -Maxd
()

I



Question 2 % I

Sixens) vant

↳

# en (1+ (nz) xB
.

(n(1+ (n3) - In (5)

C
.

In (3) (nx)'= y = Ydx = d(lnx)
1

D. 1 + (n3 + In(fn3)

E
. Fenz =Sex

+3) = In + en3+-
(1 + 2n3)= 0

= (n(1 + 2n3) - 2n(1+ 2n3 + 2nz) =

I

- en3
=In (1+ (n3) - (n(1) = (n(1+ (3)

.


