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Abstract

The numerical formulation of a one-dimensional physical snowpack model is presented. The model is operationally
employed on a day-to-day basis by avalanche warners to predict snowpack settlement, layering, surface energy exchange and
mass balance. Meteorological data obtained from automatic weather stations positioned near avalanche starting zones is used as
model input. In this paper, the one-dimensional equations governing the heat transfer, water transport, vapour diffusion and
mechanical deformation of a phase changing snowpack are stated. New snow, wind drift and snow ablation are treated as special
mass boundary conditions. Snow is modelled as a three-component (ice, water, air) porous material capable of undergoing large
irreversible viscous deformations. Phase changes between the components are simulated. Snow layers are defined not only in
terms of height and density, but also microstructure. That is, by the size, shape and bonding of the grains composing the ice
lattice. The governing differential equations are solved using a fully implicit Lagrangian Gauss—Seidel finite-element method.
Example calculations from the catastrophic avalanche winter 1999 are presented to document model performance. The overall
mass balance evaluation shows that the model accurately predicts the build-up and ablation of the seasonal alpine snowcover.
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1. Introduction

An extreme avalanche period overcame Switzer-
land on February 1999. During this intense 1-month
period, over 3000 avalanches occurred; 1000 of these
caused damage to residential areas, agricultural land
and power and transportation lines. Avalanche frac-
ture heights of over 5 m were observed, indicating
avalanche return periods of well over 100 years
(SFISAR, 2000). A total of 17 people were killed,
12 alone in Evoléne Canton Wallis.

" Corresponding author. Tel.: +41-81-417-0158; fax: +41-81-
417-0110.
E-mail address: lehning@slf.ch (M. Lehning).

Although tragic enough, the damage could have
been greater had not a new avalanche warning system
been in operation. An integral part of this warning
system is the numerical modelling of the snowpack in
order to augment information obtained from direct
human observations and a large network of fully
automated weather stations (Lehning et al., 1999).
The model provides avalanche forecasters with sup-
plementary information in cases where digging snow-
pits is impossible (bad weather), too time-consuming
or simply too dangerous.

The purpose of this paper is to describe the snow-
pack model (called SNOWPACK), which numerically
solves the partial differential equations governing the
mass, energy and momentum conservation within the
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snowpack using the finite-element method. The numer-
ical model has been constructed to handle the special
problems of avalanche warning.

1. Since most avalanches occur during or after
periods of intense snowfall, special numerical proce-
dures have been introduced to treat new snowfall.
These procedures add finite elements to the existing
snowpack mesh. To model snowdrift finite elements
can also be added or subtracted from the existing
finite-element grid. This requires a highly dynamic
program data structure. Furthermore, special algo-
rithms are required to determine the initial physical
properties (density, microstructure, temperature) of the
new and drifted snow.

2. For avalanche forecasters, the rate of snowpack
settling provides important insight into the mechanical
stability of the snowcover. The race between increas-
ing strength, i.e. density, and applied load must be
modelled. To determine the densification rate, snow is
treated as a viscoelastic material capable of under-
going large, instationary deformations. The kinematic
description allows for large irreversible, volumetric
strains.

3. The model is presently used in “now-casting”
mode: meteorological data is retrieved from the
weather stations and then used to drive the numerical
model. SNOWPACK can simulate the snowcover for
several hours, days, weeks, months or even years. For
avalanche forecasters, however, the short-term (sev-
eral hours) development of the snowpack is of inter-
est. This means that calculations must be started and,
when no meteorological data is available, stopped.
The calculations can then be “restarted” as soon as
possible. Data from the previous simulations are not
lost since it is required for the next calculation.

4. Avalanche forecasters are interested in snowpack
layering. Layers are defined by their size as well as
their macroscopic and microscopic properties. Macro-
scopic properties include bulk density, mean stress,
water content or temperature. Microscopic properties
include ice grain size and shape, bond size or coordi-
nation number. Sharp layer discontinuities exist. Fore-
casters want to know the location of thin weak layers.
For this reason, SNOWPACK tracks the microstruc-
tural properties of the ice lattice over time using
temperature gradient (TG) and equitemperature (ET)
metamorphism routines. Constitutive relations such as
the creep viscosity, which governs snow settlement,

and thermal conductivity, which governs the energy
transport within the snowcover, are formulated in
terms of both macroscopic and microscopic snow
properties and are, therefore, highly nonlinear. It is
important to note that in order to track snowpack
layers, the numerical model must employ a deforming
material coordinate system, a so-called “Lagrangian”
formulation.

5. The quantitative influence of solar radiation or
strong warm winds (Féhn) on the stability of the
snowcover is difficult to predict due to the complex
energy exchange on the snowpack surface. Determin-
ing surface melting and the transport of meltwater
through the snowcover is essential for predicting the
release of wet snow avalanches. Meltwater refreezes
to form thin ice layers. In SNOWPACK, all phase
changes are mass and energy conserving. Since snow
is modelled as a three-component (ice, water and
water vapour) porous material, phase changes
between the ice and water phases (surface and subsur-
face melting, meltwater refreezing) as well as phase
changes between the ice and vapour phases (deposi-
tion and sublimation to and from the ice lattice) are
accounted for.

6. Mass can be removed from the snowpack by
wind erosion, meltwater runoff or water vapour sub-
limation. Since avalanche formation is strongly
related to drifting snow, the physical treatment of
mass erosion at the snowpack surface is necessary.
From the numerical standpoint, this means removing
finite elements from the surface, based on some
erosion criteria. This information is used to formulate
a drift index which is subsequently used by forecasters
to predict avalanche hazard. Snow ablation is also
predicted in SNOWPACK by removing surface ele-
ments which contain only water (the ice phase has
completely melted). The water flows downward, heat-
ing the snowpack; that is, it refreezes on the subzero
ice lattice. In an isothermal snowpack, water reaches
the bottom and exits the snowcover.

Snowpack models have been developed for many
different snow science and snow engineering applica-
tions. Probably the most advanced is the French
SAFRAN-CROCUS—-MEPRA chain which is used
for avalanche warning in France and Switzerland
(Brun et al., 1989, 1992). Snowpack models based
on the mixture theories of Morland et al. (1990) have
been proposed to model snowpack behaviour. These
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models are based on the rigid application of Trues-
dell’s theory of mixtures and postulate conservation
equations for the ice, water, water vapour and air
constituents of the natural snowpack. However,
because of the mathematical complexity of this gen-
eral theory, reduced models have been derived by
making simplifying assumptions such as a rigid ice
matrix (no settling) (Gray and Morland, 1994), no
water content (dry snowpacks) (Gray and Morland,
1995), or no snow metamorphism (Bader and Wei-
lenmann, 1992). We stress that for our operational
applications, no such simplifications are allowed. The
full complexity of the natural snowpack must be
modelled. At the same time, we are in complete
agreement with Gray et al. (1995) that snowpack
models must rest on a sound theoretical foundation
and not ad hoc implementations of snow physics.

In the following, Part I, we first discuss the under-
lying physical assumptions of the model and the
finite-element solution of the governing differential
equations, including the numerical treatment of phase
changes, new snowfall and snow ablation. We discuss
the differences between our model and other existing
snowpack models such as the French model (Brun et
al., 1989), the mixture theory models of Morland
(Morland et al., 1990), the CRREL model (Jordan,
1991) or the earlier SLF model, DAISY (Bader and
Weilenmann, 1992). The paper ends with a modelling
of the catastrophic avalanche winter 1999 and a
detailed mass balance evaluation of the instrumented
test site, Weissfluhjoch.

No description of a physical snowpack model is
complete without a detailed discussion of its constit-
utive laws. We have placed this discussion in a
separate paper, Part II (Lehning et al., this issue a),
in order to emphasize the importance of thermome-
chanical microstructural constitutive formulations in
snowpack modelling. However, since the constitutive
laws employed in the model are based on snow
microstructure, we first must discuss snow temper-
ature gradient (TG) and equitemperature (ET) snow
metamorphism algorithms that predict snow grain and
grain bond growth. In Part II, we present our micro-
structural constitutive laws for snow viscosity and
heat conduction. They will not be discussed in this
paper.

In a separate and final paper, Part III (Lehning et
al., this issue b), we present aspects of the model

pertaining to operational avalanche forecasting as well
as the results of our extensive validation work. This
includes a detailed treatment of the energy exchange
at the snowpack surface. The algorithm to determine
snow precipitation rates which is required to drive the
model—especially in hazardous situations—is also
presented. The validation in Part III includes the
modelling of thin weak layers and a statistical evalua-
tion of the snow profile simulation.

The present work is, thus, the first part of a
snowpack modelling triptych composed of numerical
modelling, snow microstructure and constitutive mod-
elling and operational model evaluation. The last part
contains meteorological boundary conditions and
thin-layer formation.

2. Snowpack modelling

Consider Fig. 1 which shows a multilayered snow-
pack and many of the physical processes we want to
model. Let z be the coordinate perpendicular to a
slope with angle ¢; z=0 defines the snowpack base
and z = h the snowpack surface. At some time ¢, we are
interested in finding the physical properties of the
snowpack, for example, the vertical temperature dis-
tribution Ti(z, ¢) or the density of the snowpack layers
Py(z, f). In our one-dimensional model, we assume
that all slope parallel velocities (creep movements and
water flow) are zero. In addition, all lateral gradients
(temperature and vapour pressure) are likewise zero.

Similar to mixture theory, we describe each snow
layer using three constituents: ice, water and moist air.
Each snow layer is defined by the volumetric fractions,
0;, 0, and 0, (i=1=ice, w=2=water, a=3 =moist
air). By definition, the volumetric fraction is between 0
and 1 and

6i+0w+ga:1~ (1)

The above relationship is rigidly enforced for all
settling, phase change and mass transport operations.
Intrinsic constants are defined per unit constituent
volume, for example, ice density, P;, and are used to
define all macroscopic partial variables, i.e.

Ps:Pi0i+Pwow+Pa0a7 (2)
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Fig. 1. Important physical processes in snowpack modelling.

where P; is the snow density, P,, and P, are the water
and moist air densities, respectively.

At any given time ¢, we assume that the ice, water
and moist air constituents have the same common
temperature, which we refer to as the snow or bulk
temperature, 7. This assumption is made since the
meteorological boundary conditions (short- and long-
wave radiation, sensible and latent heat transfers) are
defined as bulk energy exchanges at the snowpack
surface. To define energy exchanges for each constit-
uent phase (at the snowpack surface or between
phases) would be theoretically possible, but would
be difficult, if not impossible, to experimentally
verify, especially in the field. The automatic weather
stations measure a single temperature. Thus, a single
bulk energy equation is postulated to determine the
vertical temperature distribution, Ty(z, ¢), within the
snowpack. Basically, we assume that the energy
exchange between the snow constituents occurs at a
much faster rate than the meteorological energy
exchange at the snowpack surface. This assumption
also reduces the computational demands of the model.

All meltwater phase changes and interlayer water
vapour transport processes are subsequently energy
and mass conserving. When the ice constituent phase

melts (7;=0 °C, 6;>0) or meltwater refreezes (7;< 0
°C, 0,>0) energy sink or source terms, respectively,
are placed on the right-hand side of the bulk energy
equation which are proportional to the constituent
mass changes. This process will be described in more
detail in Section 6. The energy from the mass changes
constrain the temperature field 7y(z, /) to the melting/
refreezing 7,=0 °C temperature. A similar procedure
is also applied between the ice and moist air phases:
water vapour mass is either deposited onto the solid
ice phase such that the snow vapour pressure p,(z, f) is
never greater than the fully saturated vapour pressure
sz, ©). Moreover, we calculate the mass changes (in
the form of crystal growth) and energy supply which
are required to enforce the pressure constraint, p,(z,
f)=ps(z, £). The snowpack can be undersaturated and
the vapour pressure distribution is governed by the
vapour diffusion equation.

We assume that the self-weight of the snowpack is
carried entirely by the solid ice lattice. The snow
stress, og(z, f) is the mean stress which can vary
significantly from the microstructural grain-bond
stress, gp(z, #). The air or water surrounding the ice
lattice does not directly resist motion. Grain bond
strength, however, is directly related to water content,
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0., and bulk temperature, 7. The coordination num-
ber and the free space between grains, which is
proportional to the air content, 0,, is also decisive
for snow strength (St. Lawrence and Bradley, 1975;
Kry, 1975; Gubler, 1978; Hansen and Brown, 1987;
Mahajan and Brown, 1993; Bartelt and von Moos,
2000). These considerations lead to the assumption
that only a single momentum conservation equation
for the solid ice lattice is required. Momentum con-
servation for the air and water phases is not consid-
ered. The influence of air and water on snow
deformation is not treated via interconstituent momen-
tum exchanges, as in mixture theory, but rather via
constitutive equations for snow elasticity and viscos-
ity. The primary reason for this assumption is that it is
much easier to experimentally verify constitutive for-
mulations, for example via triaxial testing than inter-
constituent momentum transfers.

Mixture theory models, like most fluid dynamic
applications, usually employ a Eulerian coordinate
system, meaning that the constituents move relative
to a stationary computational grid. This approach is
not followed. A Lagrangian coordinate system that
moves with the ice matrix is employed. There are four
important advantages of formulating the ice constitu-
ent momentum equation in Lagrangian or material
coordinates.

1. If the calculated displacement field is continuous
(which it is in the finite-element method), the mass
continuity equation of the ice phase is automatically
fulfilled. Moreover, in the three-constituent system,
only two mass conservation equations are required—
one for the water phase and one for the water vapour
phase.

2. Since the only requirement in a Lagrangian
formulation is displacement field continuity, discon-
tinuities in layer density are possible (one finite
element can have another density as an adjacent
element). In a Eulerian formulation, the mass con-
servation equation enforces the continuity of the
density field at the solution nodes. This is physi-
cally unrealistic.

3. The position of the top snowpack surface is
known exactly because it corresponds to a displacing
finite-element node. Thus, the treatment of thermal
and mass (new snow) boundary conditions is greatly
simplified (see Gray and Morland, 1994 for the
alternative Eulerian procedure).

4. The history of the material is known. It is
impossible to track snow microstructure parameters
using a Eulerian formulation since material history is
lost. Eulerian based snowpack models cannot be used
for the avalanche forecasting since the most relevant
information regarding stability—the existence of
weak snowpack layers is difficult, if not impossible,
to predict.

An important consequence regarding the fourth
and final advantage is that it is possible to formulate
constitutive laws which are based on snow micro-
structure. Since all mechanical and thermodynamical
properties of the snowpack are a function of snow
microstructure (grain and bond size, grain shape, grain
history), microstructure-based constitutive equations
for both snow viscosity and heat conduction are
necessary in order to model real snowpacks. We have
found in our investigations that constitutive models
which are based solely on continuum parameters
(density, temperature, volumetric water content) are
inadequate for operational avalanche warning because
they cannot accurately model snowpack layering. For
example, if nonmicrostructure-based viscosity laws
are applied, the calculated density profile increases
with depth. This does not agree with snowpit obser-
vations where smaller densities can exist in the
interior of the snowpack. However, the prerequisite
to model this behaviour is that snow microstructure is
parameterized and laws exist that describe how these
parameters change as a function of temperature and
temperature gradient (Part II).

3. Governing differential equations

A strict application of the principles of mass,
energy and momentum conservation for each of the
constituent phases (ice, water and air) would lead to a
system of nine governing differential equations. How-
ever, because of our modelling assumptions listed
above, only four differential equations are required.

1. All three constituents are assumed to be at the
same bulk temperature, Ty(z, f). Heat transport is
described by an effective conductivity, k.(z, £); surface
energy exchanges by bulk heat fluxes. One, instead of
three, energy equations is, therefore, required.

2. A single-momentum equation governs Snow-
cover settlement since the entire self-weight of the
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snowpack is assumed to be carried by the ice lattice.
Momentum conservation of the water and air phases is
not considered.

3. The equation describing mass conservation of
the ice phase is not required because a Lagrangian (or
material) coordinate system is employed in the numer-
ical solution of the ice-phase momentum equation.
Since the numerical solution for the displacement
field, Ui(z, t), is continuous, mass conservation of
the ice phase is automatically fulfilled. A mass con-
servation equation for the ice phase is subsequently
not necessary.

In summary, snowpack behaviour is described by
two mass conservation equations for the vapour and
water phases, one bulk temperature equation and one
momentum equation for the ice phase, which, because
of our choice of coordinate system, automatically
fulfills the third mass conservation equation.

We state the equations below. The spatial coordi-
nate, z, is defined normal to the slope surface (see Fig.
1). The symbol, ¢, represents time. All variables with
the subscript s refer to bulk snow quantities. All
variables are listed in the Appendix of Part II.

3.1. Bulk temperature equation (energy conservation)

The conservation of energy leads to the following
bulk energy equation:
0Ts(z, 1)
at
02Ty(z, 1)
—ke(0, z, I)T

= QpC(Z7 )+ Osw(z, 1) + Oum(z, 1), (3)

Py(z, t)es(0, z, 1)

where P; is the snow density and c; is the specific heat
capacity of snow at constant pressure,

Pscs = Picil); + Pycy Oy + Paca0,, (4)
ke is the bulk conductivity, which is usually written as,
ke = k0; + ky, 0y, + k,0,. (5)

In our numerous validation studies, we have found
this formulation for k. to be inferior to empirical or
microstructural thermal conductivity models. A
detailed discussion of k. will be presented in Part II.
The right-hand side contains Qp, an energy sink or
source term accounting for melting and meltwater
refreezing, respectively (Section 6), Q.. the short-

wave radiation energy source term (Part III) and Oy,
a vapour diffusion energy sink or source term (Section
7) representing the latent heat contribution of sub-
limation and deposition of water vapour on the ice
matrix. This effect is usually considered by modifying
the thermal conductivity, k., (Jordan, 1991), especially
when assuming that the water vapour does not move.
In our current operational version, we take this
approach (Part II) while for research purposes, we
model instationary water vapour transport directly.
This is described in the following paragraph.

3.2. Vapour diffusion equation (mass conservation of
air phase)

The pore air is modelled as a binary mixture of dry
air and water vapour. The pore air pressure P, is the
sum of the partial pressures of the component parts
(Dalton’s Law)

Pa:Pv+Pda (6)

where P, is the partial water vapour pressure and Py is
the partial pressure of dry air. Because the vapour and
dry air occupy the same volume, a similar relation
exists for the air density

P, =P, + Py. (7)

Assuming that the air is an ideal gas, the relation
between densities and pressures are

p, =8 (8)
RT,
and
Pdaly
Py = 9
d RTS ) ( )

where u, and g are the molecular masses of water
vapour and dry air, 1, =0.0180152 kg mol ~' and
1ta=0.028967 kg mol ~ ', respectively. R is the molar
gas constant. The volume percentage of water vapour
in the air is relatively low and ranges from 0% to as
high as 4—5%. Subsequently, the partial pressure of
dry air dominates.

The partial pressure of water vapour in air is
commonly expressed in terms of the relatively humid-

ltY:v

th =2 100. (10)
Ps
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The pressure pj is the saturation pressure of water
vapour at the same temperature. It is defined using an
approximation for the Clausius—Clapeyron equation

ps(T) =PsoeXP[R£V (TLO—%)] (11)

where py and T, are the triple point pressure and
temperature. R, is the gas constant for water vapour.
The water vapour flux is often given by Fick’s law

P,

Jv =-D )
0z

(12)
where J, is the water vapour flux and D is the
diffusion constant. Theoretically, Fick’s law is only
valid for isothermal processes and a more general law
is required. According to Kestin et al. (1988), the
diffusion of a gas in a binary mixture may be given as

oPy
Jy =—-D, 8— — Uth
z

PyPa(p, + 1g)* 1 0T,
(Py + Pa)upy Ts 0z

(13)

where D, is the diffusion constant for the concen-
tration gradient and Doy, is the diffusion constant for
the thermal gradient. This law has the advantage that
when no concentration gradient exists, vapour mass is
still transported because of temperature differences.
Imposing the conservation of mass on the air phase
leads to the differential equation:

a(Py oJy
0 08P 0 02 M 0, 9)

where M., is a mass sink or source term due to
deposition or sublimation of water vapour onto the ice
matrix. It is the mass term which accompanies Q,,,, in
the energy balance equation. Substitution of the ther-
mal flux term leads to

oP 9P 0
6a M - GaDe V_ QaDe _—
ot 0z2 + 0z

1

PP, 21T
x o d(:uV + :ud) - TS _ Mmm- (15)
(Py+ Py)puypg Ts 0z

3.3. Water transport equation (mass conservation of
water phase)

The water phase mass (volume) conservation equa-
tion is written in general terms as

00y 0Jy
—7_7Mpc> (16)

ot dz
where J,, is the rate of water flow per unit area and
M, is a phase change sink our source term (per unit
volume) arising from meltwater refreezing or subsur-
face melting, respectively (Section 6). Often, Darcy’s
law relating water flow and matrix pressure

op

Jw = Dy " (17)
is substituted into the above equation to arrive at a
diffusion equation. This approach is not adopted here
because Darcy’s law is not valid for an unsaturated
porous medium like snow. The volumetric water
content is seldom higher than 0,,=0.15. The constit-
utive laws governing unsaturated homogeneous water
flow in the snowpack are highly nonlinear, for the
most part unknown and require a temporal resolution
that is much finer than the energy or settlement
equation. They are not computationally tractable for
an operational snowpack model. Furthermore, water
flow is not homogeneous, rather dominated by so-
called preferential flow paths (Schneebeli, 1995).
Subsequently, water discharge is modelled poorly
using Darcy’s law.

For the above reasons, we define the gradient in
water flow as

d
% =0 for 0y<6,, (18)
0Jw .
— =10 for 0, > 0,. (19)
0z
with
. 3(0y — 0;)
— w7 2
Hf 3¢ ) ( 0)

where 0, is the residual water content; that is, below
this volumetric content, free water remains fixed
within the ice matrix. No transport is possible. Above
this value, the excess water is transported immediately
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to the adjoining layer at the rate 0. Presently, a
constant value of 6,=0.08 is employed in our simu-
lations based on experimental observations (Kattel-
mann, 1986). As will be shown in the example
simulations in Part III, this formulation allows intense
melting periods in Spring to be correctly modelled. In
the future, 0, will be a function of snow microstruc-
ture.

3.4. Settlement equation (momentum conservation of
ice phase)

The settlement equation is:
dos(z, 1)

5 + Py(z, t)gcosp =0, (21)
zZ

where o, is the stress normal to the slope, g is the
gravitational acceleration and ¢ is the slope angle.

A one-dimensional model is statically determinate.
In an n layer snowpack, the stress in layer / is given by
(layers are numbered from the bottom up)

os(z) = lP;g z—2) Z

J=I+1

zjl)] cosq,

(22)

where P, is the density of layer /. On an infinite slope
of constant slope, the shear stress is defined exactly as

ZPjg

J=I+1

‘Es( ) Plg Zl—Z

Zjl)] sind).

(23)

Any change of the snowcover in the x- or y-
directions (slope changes, different layering) would
disturb this stress state. The one-dimensional model
represents an idealized, but fully defined, stress state.

Theoretically, it would be possible to break the
intrinsic mean stress into different partial stresses, as
proposed in mixture theory,

o5 = 0,0; + Oy0oy + 0,0,. (24)

However, there is little practical incentive for doing
so since the water and air partial stresses o, and o, are
not of interest. These equilibrium stresses should not
be confused with the pore and air matrix pressures, p,,

and p,, which are of great importance for snow
metamorphism and water transport. Note that g; also
differs from the microstructural grain-bond stress,
0,0 0.

Snow is in a continual state of deformation.
Whereas the state of stress is known (in a one-dimen-
sional model), the rate of deformation and the total
state of strain are unknown. The deformations are
both large and instationary. Snow density (P;) will
increase from <30 to >400 kg/m®, implying volu-
metric strains of well over 1000%. In general, the
deformations occur at a much faster rate for lower
density snow (strains rates € = 10 ~*s ! than higher
density snow (strains rates € = 10~ " s~ ).

The complete mathematical description of defor-
mation requires in addition to the single momentum
conservation equation: (1) a kinematic description of
snow that relates the state of deformation to the total
state of strain €(z, 7); (2) a constitutive formulation for
Young’s modulus that relates the mean stress to the
elastic strain, €.(z, #) and (3) a constitutive formulation
for the viscosity relating the stress to the viscous
strain, €,(z, f).

A log strain or natural strain measure is employed
since it is valid for large strains and deformations
(Crisfield, 1991). Given a snow layer with height 4,
and original height 7, the total strain, €, is defined as

hu dn . (h

Bader and Weilenmann (1992) and also Brun et al.
(1989) employ a small strain measure. Therefore, the
constitutive laws employed in their models cannot be
directly used in SNOWPACK.

The total strain is divided into an elastic, €., and
viscous, €,, parts,

€ =€+ €. (26)

The viscous strains are large and irreversible and in
general €,>>€.. The constitutive law relates the elastic
mean stress to the elastic strain,

os = Ese, = Es(e — €), (27)

where E is the density- and temperature-dependent
bulk modulus of elasticity of snow (see Mellor, 1975).
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A simple rheological Maxwell law relates the viscous
strain rate, €, to the mean stress,

. O-S

&y . (28)
where 7, is the snow viscosity. As shown by Mellor
(1975), the viscosity of snow can vary by several
orders of magnitude over the density range we are
interested in, 50 kg m ~*<P,<400 kg m ~>. Pres-
ently, laboratory triaxial tests are underway to deter-
mine the viscosity not only as a function of density,
but of microstructure as well (Bartelt and Von Moos,
2000). The microstructure-based viscosity formula-
tion will be discussed in Part II of this paper.

An error would be to define snow as a plastic
material since the deformations under loading are
irreversible. Plasticity theory, however, cannot be
applied to model snow behaviour since the two basic
tenets of plasticity theory, (1) a time-independent
yield surface exists and (2) the direction of plastic
flow is defined in some relation to the yield surface
(associative or nonassociative flow) have never been
experimentally verified. Besides, a viscoelastic mate-
rial also accounts for nonelastic irreversible defor-
mations. As shown in Bartelt and von Moos (2000),
even a simple rheological Maxwell law (Eq. (28))
using a density-dependent viscosity function can
accurately model snow behaviour, especially during
a loading phase. The law becomes inaccurate during
unloading.

4. Initial and boundary conditions

Initial and boundary conditions are an essential
part of snowpack modelling.

In SNOWPACK, “initial” implies the specification
of a new snowfall mass that occurs within some time
interval At beginning at time, #,. The mass is
expressed in terms of new snowfall height, Ak, and
new snowfall density, P,. The existing height of the
snowpack, #, is then updated. The new snowfall
height is discretized into finite elements which are
added to the existing finite-element grid. The deter-
mination of Ak, and P,, which is based on measured
meteorological data (air temperature and wind speed),
is discussed in detail in Part III of this paper. Knowing
the density, the volumetric contents, 6, of the new

snow can be determined. At present, we usually
assume that new snow at high elevations is dry in
January and February:

Ow(th, z) =0 for h<z<h+ Ah,. (29)

Mixed rain/snow events at lower elevations where
0y (t,, z)#* 0 are also possible, especially in late
Winter and Spring. The initial temperature of the
new snow is

T(ty, z) =T, for h<z<h+ Ah,. (30)

T, is the air temperature which can change during
the course of a snowfall. The initial vapour pressure is
determined by assuming that the moist air within the
new snow ice lattice is at the fully saturated vapour
pressure, p,, which is a function of the temperature,
T.:

Paltn, z) = ps(T) for h<z<h-+ Ah,. (31)

Over the snowfall time interval, Az, new snow falls
in an undeformed state,

Ui(ty, z) =0 for h<z<h+ Ah,. (32)

U; represents the displacement of the ice matrix.
The initial strains are all zero. The initial stress o is
easily determined from the overburden pressure.
Because new snowfall periods are usually much
greater than Af, new snow mass is introduced into
the system over many time intervals. Deformations in
the underlying snow layers, therefore, begins instanta-
neously. Egs. (29)—(32) define the initial conditions
for the four governing differential equations.

Not only do the continuum parameters have to be
initialized. The microstructure of the new snow—
most importantly the initial grain size—must also be
specified. The microstructure of new snow is pre-
sented in Part II.

By far, the most important boundary condition
governs the energy exchange on the snowpack sur-
face. In SNOWPACK, two possibilities are possible.
The first is the usual Neumann boundary condition,

0Tu(z=h, 1)

k.
s dz

=qiw + gsh + g + g (33)

where ¢y, is the net long-wave radiation energy, g, is
the sensible heat exchange, ¢y, is the latent heat
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exchange and g, is the heat flux from rain. A heat
exchange is positive when energy is put into the
snowpack; negative when energy is withdrawn. The
heat fluxes are discussed in Part III.

The automatic weather stations measure the surface
temperature, 7;, directly. Therefore, the second pos-
sibility is to specify the Dirichlet boundary condition
directly

Ts(Z =h, t) = Th(t) (34)

The Dirichlet boundary condition cannot be used
during ablation periods, since the temperature at the
snowpack’s surface is then always 0 °C. Specifying
the Dirichlet condition in this case would underesti-
mate the true energy input. Thus, SNOWPACK
employs both conditions. When the surface temper-
ature is well below the melting temperature, the
Dirichlet condition is used; when the surface temper-
ature approaches the melting temperature, the pro-
gram automatically switches to the Neumann
condition. At the ground interface, an additional
Dirichlet condition is specified,

T(z=0, f) = T,(f) (35)

where T, is the measured ground temperature, which
does not vary significantly from 0 °C.

The only constraint placed on the settlement equa-
tion is that the displacement at the snowpack’s base is
always zero,

Ul(z=0, 1) =0. (36)

Two Neumann boundary conditions are specified
for the vapour diffusion equation:

oPy
D = qn (37)
0z
P,
D =0 38

where ¢, is the vapour mass flux at the snowpack
surface. The mass flux is determined by noting that
q1w=Lgy. The latent heat flux g, is discussed in Part
1L

5. Numerical solution

The four governing differential equations are
solved with the finite-element method. The finite-
element approximation leads to the following matrix
system

[C]{S} + [K{T} = {Q} (39)
where {S}" is the vector of unknown field variables,
{S}T = {Tsv Ow, uj, Pv}~ (40)

The unknown variables are defined at the N finite-
element nodes. For example, the snow temperatures at
the N nodes are {T\"™={T,,, Ts, ..., Ten}. The
matrices [C] and [K] and right-hand side vector
{Q} are defined according to

[Cr 0 0 0]
0o C, 0 O
[C] = (41)
0 0O 0 O
0 0 0 G
[Kr 0 0 0
0O 0 O 0
K] = (42)
0 0 K, O
[0 0 0 K,]
{Q}"={Q;, M,,, F,, M, } (43)

where [Kr], [K,] and [K,] are the finite-element heat
conductivity, vapour diffusion and stiffness matrices,
respectively. The matrices [Cr], [C,] and [C,,] are the
specific heat, water vapour and water capacity matri-
ces, respectively. The right-hand side vector {Q}
contains

1. the energy sink or source terms per unit volume per
unit time, {Qr}, containing contributions from



P. Bartelt, M. Lehning / Cold Regions Science and Technology 35 (2002) 123—145 133

short-wave radiation, Qs,, phase changes, O and
snow metamorphism, Qmm,

2. {My}, the mass of meltwater produced or refrozen

per unit volume per unit time.

. {Fy}, the self-weight of the snowpack and

4. {M,}, the water vapour mass arising from
sublimation (positive sign) or deposition (negative
sign) of water vapour to and from the ice matrix,

(%)

The matrices [C] and [K] are diagonal and, there-
fore, the system is only loosely coupled via the
constitutive relations and right-hand side vector
{Q}. For example, phase changes couple {Qr}, the
right-hand side of the energy equation containing the
latent heat energy of the phase change, as well as
{M,,}, the mass of water generated or refrozen. Phase
changes modify both the volumetric water content 0.,
and ice content 0; and, thus, the finite-element matri-
ces [Kr] and [K,], i.e. the temperature distribution
and settlement of the snowpack.

Each equation of the matrix system Eq. (39) is
solved independently, using a block Gauss—Seidel
method.

6. Melting and refreezing (O, and Mp,)

The link between meteorological energy input,
primarily from intense short-wave radiation in the
Spring, and surface and subsurface melting is valuable
information for both avalanche forecasters and snow
hydrologists. In this section, the numerical procedures
to model phase changes at the snowpack surface
(sublimation, condensation, melting) and snowpack
interior (meltwater refreezing, subsurface melting) are
explained.

Meltwater refreezing and subsurface melting are
treated at the finite-element level as volumetric heat
sources and sinks, respectively, that correspond to
changes in an element’s volumetric ice and water
contents. The procedure is mass conserving. In this
section, we describe only the generation of meltwater
and do not discuss the transport of water across
element boundaries.

Subsurface melting is treated as a constraint on the
temperature field: the temperature T(z, f), can never
be greater than 0 °C. Even if the numerical heat
transfer solution produces temperatures which are

Ty(z, ©y>0°, say from intense short-wave radiation,
the snow temperature must remain at 7y(z, )=0°.
The “excess” energy is used to drive the melting
process. Moreover, the energy input is used to melt
the ice matrix, and not to raise the temperature of the
snowpack to some unphysical value.

Let AT be the difference between the calculated
snow temperature 7/ and the melting temperature,
Tm=0 °C,

AT =T/ — Tn. (44)

For melting to occur, 7y >T,, or AT>0 °C. The
mass of meltwater Am,, that can be produced is

CimiATs

A =
My L

(45)
where L=334,000 J kg~ !is the latent heat of fusion,
¢; is the specific heat of ice, m; is the ice mass. Since
the volumetric ice and water contents are used
throughout the computations to describe the snow
matrix, the above equation can also be written,

_ 0P AT

A0y = ——F— 4
O L¢Py, (46)

Since mass is at all times conserved, Am,, = — Am,;.
The change in volumetric ice content is then

 P,AG,

AO;
P;

(47)
The latent heat energy per unit volume required for
the phase change is

Opc = Lt AO;P;. (48)

Note that in the case of melting A0, is negative and
Oy is consequently a heat sink. This term is added to
the governing differential energy equation at the next
time step to enforce the Ty(z, t)=T,, temperature
constraint.

Meltwater refreezing is treated similarly to subsur-
face melting. For meltwater refreezing to occur, two
conditions are required. Firstly, meltwater is present
(64>0) and secondly the calculated temperature of the
snow, Ti(z, 1), is below 0 °C. Since the temperature of
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the meltwater is always assumed to be 7,,=0 °C
(which is also the bulk temperature), the temperature
difference between the water and ice phases is

AT =T, —T,. (49)

Unlike the subsurface melting case, in the refreez-
ing case AT is negative. The changes in volumetric
contents are likewise given by Eqs. (46) and (47). The
heat energy released during refreezing is also given by
Eq. (48). This time, however, A0; is positive and Q.
is a heat source that raises the bulk temperature of the
snowpack.

An important assumption of the algorithm is that
the phase change occurs during the time step Az, that
is, the temperature difference AT is constant over the
entire time step. Depending on the energy input, this
might be a poor approximation. The time step length
will certainly influence the model results. Typical time
steps lengths are 15 min.

Phase changes do not directly alter the stress state
of the snowpack. However, since the viscosity and
heat conduction are both functions of the volumetric
ice and water contents (as well as the snow micro-
structure), phase changes will directly influence the
settlement velocities.

7. Mass and energy exchanges due to interlayer
diffusion (Qnm and M)

For any given temperature, the calculated vapour
pressure cannot be greater than the saturation pres-
sure. Similar to the case discussed in the previous
section, where the melting temperature is a constraint
on the temperature field, the saturation pressure is a
constraint on the vapour pressure field, p,. Mass and
energy exchanges are derived that impose this con-
dition.

The difference between the calculated vapour
pressure (p% ) and saturation pressure is given by,

Ap =p{ —ps. (50)

The excess mass of vapour in the pore air (Am,)
that must be deposited on the ice lattice (Am;) to
enforce the saturation constraint is

Valt
Amy, = —Am; = — =LY Ap. 51
my = —Ami = =g X Ap (51)

The change per unit volume over the time step At
is

_Amy Oup, %

M, =— . 52
B ALY RT, At (52
The associated energy exchange is

Qmm = LsMnm~ (53)

For the case when the p,<ps (undersaturated),
My = Omm=0. The change in volumetric ice content
is

Oapty

8. Comparison between simulation and
measurement

8.1. Simulation of the catastrophic avalanche winter
1999

The catastrophic avalanche winter of 1999 will be
used to demonstrate the main features of SNOW-
PACK. The purpose of this section is to provide a
general overview of the program: input, calculation
results, calculation times and output features.

The winter of 1999 was highlighted by three
extreme snowfall periods that occurred in late January
and February. The development of the snowpack at
SLF’s field test site is shown in Fig. 2. This figure
depicts the microstructural development of the snow-
pack from dendritic new snow grains (shown in green
and denoted with the symbol ++) to melt forms (red
and denoted with OO). Faceted crystal layers are
shown in blue. Layers of buried surface hoar are also
depicted.

The diagram depicts some general results that
agree with observations. For example, the layers of
faceted crystals at the base of the snowpack or the
time it takes to break down the dendritic structure of
the new snow. Note also the change of the crystals to
melt—freeze types in Spring.

The calculated and measured snow heights are
compared in Fig. 3 and are in good agreement.
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Fig. 2. The microstructural development of the snowpack during the catastrophic avalanche winter 1999. The colour green depicts new snow
which changes to well-rounded grains (red) or faceted grains (blue).
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Fig. 3. Calculated and measured snowpack heights.
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However, this result is misleading, since the measured
snow heights are being used to drive the new snowfall
amounts. As soon as the measured and calculated
heights are not in agreement, then new snow is added
(finite elements are added to the existing grid). This
procedure will not work if the snowpack settles too
quickly; that is, when the snowpack layers densify too
quickly. In this case, too much mass will be added to
the snowpack. Therefore, not only must the calculated
snow heights agree with measurements, but also the
density of the snow layers. The density of the snow-
pack is shown in Fig. 4.

Note that the densities (P) range between 30 and
400 kg m >, with the higher densities occurring
during the Spring melt period. Note a generally good
agreement between measured and calculated snow
heights with the exception of a small systematic
underestimation of snow ablation.

The physical parameter which controls the densi-
fication of the snowpack is the viscosity. The elastic
deformations are small. Irreversible viscous strains
can be very large, sometimes as high as 500%. As
shown in Fig. 5, the viscosity will range over several
orders of magnitude over the course of the winter.

Note the change in viscosity as the grains change form
and during the Spring melting period.

It is important to emphasize the highly nonlinear,
complex and fragile interaction between the temper-
ature and settlement fields. The viscosity is a
function of the layer microstructure (see Part II)
which is determined by the thermal regime of the
snowpack (temperature and temperature gradient).
The thermal regime is primarily a function of the
surface energy exchanges and heat conductivity.
The heat conductivity, however, is not only depend-
ent on the microstructure but also on the density—
the settlement of the snowcover. Thus, the fields
are strongly coupled and if one field provides
erroneous results—either the temperature or settle-
ment—then the calculated values will immediately
depart from the real solution.

The temperature in the snowpack over the entire
winter is depicted in Fig. 6. Recall that the temper-
ature field is being constrained by two Dirichlet
boundary conditions—the measured ground and sur-
face temperatures—as long as the temperatures
remain under — 1.3 °C. As soon as the surface
temperature approaches the melting temperature, then
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Fig. 4. Snowpack density during the winter of 1999.
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Measured and Calculated Snow Temperature S0cm @ DVF
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Fig. 7. Measured and calculated snowpack temperatures at 50 and 100 cm above ground. The measured oscillations at the beginning of the
winter are due to the fact that the temperature probe is in the air.
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is not used to drive the model (as the measured
surface temperature), rather to validate the thermal
calculations. Specifically, the microstructure based
heat conductivity model. Fig. 7 presents a compar-
ison between the measured and calculated temper-
atures at 50 and 100 cm. The oscillations at the
beginning of the comparison are due to the fact that
the probes are measuring air temperature because
the snowpack has not covered them yet. Note that
the model correctly predicts the temperature varia-
tions in the snowcover during the Winter and the
onset of isothermal conditions.

The volumetric water content is shown in Fig. 8.
This diagram shows clearly the isothermal snowpack
in April—June. It also shows that the model predicted
two small melt periods in mid-November, where the
meltwater eventually refroze on the ice lattice.
Another melt/refreezing period occurred in the middle
of March. Both these events agree with observations.
For more detailed evaluations, see Part III.

Of special interest are the two new snowfall
periods that occurred in late April and May. These
snowfalls deposited nearly 50 cm of fresh snow but
began to settle and melt almost immediately. Note also
that new snow was deposited in September, but this

snow melted entirely. This event demonstrates the
practical importance of running the model when no
or very few finite elements exist. In this case, the
model is awaiting the next new snowfall event. The
snowpack in October also underwent a melting phase.
The model predicts that free water stayed in the lower
depths of the snowpack until beginning of November,
when the temperatures cooled significantly.

An important application of snowpack modelling is
to predict cumulative water runoff, shown in Fig. 9.
This graph shows some runoff in September, followed
by a period of no runoft for the high winter snowpack
and the subsequent melting period which began
around the 5th of May 1999.

8.2. Mass balance check

It is beyond the scope of this paper to evaluate the
individual model components. However, we want to
assess the overall performance. This is best accom-
plished by evaluating the mass balance of the seasonal
snow pack because the snow mass balance depends
not only on the dry snow mass balance (snow fall,
wind drift), but also on the energy balance (melting,
sublimation, rain).
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Fig. 8. Volumetric water content.
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Fig. 10. Mass balance winter 1992/1993.
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Mass Balance Evaluation Weissfluhjoch 1995/96
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Fig. 11. Mass balance winter 1995/1996.

The Versuchsfeld Weissfluhjoch experimental site are collected. We present the evaluation of the
is a very well-equipped high Alpine measurement overall mass balance for 5 years. These evaluations
station where a wealth of snow and weather data extend and supplement the evaluations presented in
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Fig. 12. Mass balance winter 1996/1997.
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Mass Balance Evaluation Weissfluhjoch 1997/98
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Fig. 13. Mass balance winter 1997/1998.
Lehning et al. (1999) and are also done with a the total water equivalent of the snowcover as
much more recent version of the model. Figs. 10— calculated by the model (Model Water Equiva-
14 summarize the mass balance results. Shown are lent—MWE), the sum of the manually measured,
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Fig. 14. Mass balance winter 1998/1999.
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daily new snow water equivalents (Sum Hand
Water Equivalent—SHWE), the manually measured
(twice per month) total water equivalent (Hand
Total Water Equivalent—HTWE) and the sum of
the official weather service rain gage (Sum Rain
Gage—SRG). Also shown is a comparison between
measured and modelled snow depth.

In agreement with our field experts (SLF, per-
sonal communication), we consider SHWE as the
best reference up to the yearly maximum snow
depth. HTWE is less reliable because the measure-
ments are done during the snow profile assessment,
which requires that every profile is done at a new
location, moving away from the place of the
automatic meteorological measurements during the
course of the winter. This judgement is partly based
on the inspection of the time series of HTWE,
which shows a significant scatter, e.g. the consid-
erable decrease of water equivalent on April 1 in
Fig. 10. Since the snowcover is usually completely
dry at Weissfluhjoch until the end of March, the
only two processes responsible for a possible dis-
crepancy between SHWE and HTWE during the
accumulation period would be wind erosion or
sublimation. Wind erosion is not of significance at
this site and even very high assumed sublimation
rates can not explain the observed disagreement. In
addition, the disagreement is different from year to
year, being largest in 1997/1998 (Fig. 13) and
being very small in 1998/1999.

For the different years with a range of the
maximum total water equivalent from 540 (Fig.
11) to 1260 mm (Fig. 14), MWE agrees very well
with SHWE for the accumulation period. A small
systematic overestimation of MWE exists, which is
more pronounced in 1995/1996 and 1996/1997.
This small overestimation has to be compared to
the known snow fall underestimation from the rain
gage, which can be very severe (Figs. 10 and 12)
at those high Alpine sites. In general, also the melt
period is well captured by the model. As can be
seen from the snow depth comparison, a systematic
underestimation of the melt rate exists during the
final stage of the melt season. In summary, the
overall mass and energy balance appears to be
correctly modelled by SNOWPACK in its opera-
tional version, where only measured snow heights
are used to determine snow precipitation.

9. Conclusions and outlook

The SNOWPACK software has been applied for
the three winters 1998/1999, 1999/2000 and 2000/
2001 in now-casting model to predict snowpack
settlement and stratigraphy. The model is embedded
in an operational system containing automatic weather
stations, databases and network visualization software
(INFOBOX). The model is front-ended by an auto-
matic system that checks the integrity of the incoming
measurements. Calculations are performed for eighty
alpine locations. The model results are sent to a
central data bank where they can be accessed by
avalanche professionals at remote locations through-
out the Swiss alps.

During the designing of SNOWPACK, special
attention was placed on choosing numerical proce-
dures that allow a more accurate and rational descrip-
tion of snow. These include:

1. A Lagrangian coordinate system to model history-
dependent material behaviour (microstructure).
The location of the top snowpack surface is known
at all time. Layers—discontinuities in density—are
accounted for.

2. A multicomponent description (ice, vapour, water)
of snow that allows for mass and energy conserv-
ing phase changes between components.

3. A large strain description of deformation that
accounts for large volumetric deformations of
new Snow.

4. Highly nonlinear and time-dependent thermal
boundary conditions based on meteorological
measurements.

5. The addition of finite elements to account for new
snow; elimination of elements to account for
surface melting.

6. The transport and refreezing of meltwater in the
snowpack.

7. Constitutive laws for heat conductivity and vis-
cosity based on grain microstructure.

The finite-element model sequentially solves four
differential equations governing the bulk temper-
ature, displacement, water content and vapour con-
centration in the pore air. The finite-element
solution automatically ensures the conservation of
the ice mass.
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The solution schemes are stable; typical time steps
for the implicit time integration are on the order of 15
min. These are based on the fact that meteorological
data (air temperature, surface temperature, radiation,
wind speed) are measured at 30-min intervals. In
addition, new snow settling can be accurately mod-
elled with this time step.

Additional equations governing the energy and
momentum balance for the air and water phases could
be introduced to create a “full” mixture theory model.
This would allow, for example, different temperatures
in the air and ice phases to be simulated. However,
this also requires that energy and momentum
exchanges between the phases be defined. This level
of detail might be required in future when simulating
laboratory experiments and advancing microstructure
theories. Presently, however, we believe it is not
required in an operational model, especially since it
would increase the computational demands of the
model.

One of the clear disadvantages of numerical cal-
culations is that a tremendous amount of data is
created that must be easily visualized. The modelling
data is not easy for avalanche forecasters who are not
familiar with the finite-element method. For this
reason, rules that attempt to describe the bulk state
of the snowpack are under development. An example
is a stability index. This work is similar to the French
MEPRA program (Brun et al., 1992). But before a
stability index can be formulated, intensive validation
studies of the snow layering (density and microstruc-
ture) and surface energy balance are required as a first
step. This step will be discussed in the second and
third parts of the paper. The validation of a stability
index will take many years since the relation between
avalanche activity and snowpack layering with
regards to mechanical strength must be derived from
field and laboratory studies.

The SNOWPACK program is now being applied to
study ecological and hydrological problems involving
the snowcover. An example is to find the difference
between natural and artificial snowcovers on the
thermal regime of the ground vegetation layer. Ecol-
ogists want to study the environmental consequences
of using snow canons to prepare ski runs. Another
example is to investigate the influence of the snow-
cover properties on permafrost ground. It is feared that
the melting of ice in the permafrost layer will weaken

the foundations of many avalanche defense structures.
Here, too, model calculations are being performed
(Phillips et al., 2000).

Many problems in snow science are not one-
dimensional. For example, avalanche formation
involves shear forces on weak layers that must be
treated with two- or three-dimensional snowpack
models. Several modules of SNOWPACK have been
directly implemented into a two-dimensional snow-
pack program called HAEFELI (Bartelt and Christen,
2000). This program was primarily designed to deter-
mine the creep forces exerted on avalanche defense
structures. It employs the same metamorphism and
phase-change routines. Furthermore, the one-dimen-
sional constitutive laws have been extended to two
dimensions. The energy exchange at the snowpack
surface is modelled using the same convective and
radiative boundary conditions. Finally, three-dimen-
sional snowpack models, which simulate the creep
and glide movements in complex alpine terrain, are
now being projected. It is our plan to model the full
three-dimensional stress and deformation state of the
snowpack. However, in order to reduce computations,
the snowpack layering, microstructure and temper-
ature distribution will be based on one-dimensional
SNOWPACK calculations.
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