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Objectives

• To understand the formation and geometry of river bedforms and 
related influence on hydro and morphodynamic processes.
• Rivers and sediments
• Small and meso-scale bedforms
• Hydrodynamic conditions for bedform
• Effects of bedforms on flow resistance
• Partitioning methods for friction and form resistance and roughness



Rivers and sediment



Sediment production and fate

Val Varuna, Schweiz, after 
landslide in 1987 (Minor)

Course d’eau
Bassin
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mm/an



Questions in fluvial landscape morphodynamics

5

Sediment transport
what are the principles of 
water flow and sediment 
motion in rivers ?

Sediment supply

Channel stability

how can we estimate 
sediment supply from a 
watershed ?

how does the channel adjust 
during water and sediment 
transport ?

implications for river engineering 
and erosion control

IN THESE 
LECTURES



• Sediment is supplied by upland erosion in the watershed (rill, gully 
erosion, mass movement) or by channel erosion within the streams and 
is carried by water flow

Sediment transport capacity is

• capacity limited
- how much water can transport

• supply limited
- how much sediment is available
- how much can be detached
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Granulometric scale (dr=reference diameter, 1 mm)

Geometric mean
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Sediment transport (quick review)



Sediment transport (quick review)
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Porosity

(Komura, 1963)

Wu and Wang, 2006

Wu and Wang, 2006
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Sediment transport (quick review)
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flowing water suspended load
transported in suspension

Sediment transport (total load) is defined by
• type of movement (bedload and suspended 
load)
• method of measurement (measured and 
unmeasured load)
• source of sediment (washload and bed 
material load)

Here the experimental basis is represented by the series
of longitudinal velocity measured near the wall of a hydrau-
lically smooth pipe flow. By means of traditional conditional
sampling techniques, from the original series we extracted
the sequence typical of the velocity during the bursting
events. Finally, we applied to the latter the trajectory
method17 in order to obtain a differential equation that mim-
ics its time behavior.

This may be interesting for various reasons. In the first
place, even if it is the result of conditional sampling and of
ensemble average, the conditionally averaged velocity profile
retains a physically significant amount of the information
contained in the basic signal. Therefore, its description can
probably be helpful in shedding light on the dynamic links
present in the phenomenon, going beyond a qualitative or
merely formal description of the signal. Moreover, a simpli-
fied model that reconstructs at least partially the physics of
this phenomenon can be subsequently used as a constitutive
element of more complex models of bursting, which may
include stochastic components and spatial degrees of free-
dom.

The starting time series is part of an extensive measure-
ment campaign, and is the same as that already used in a
previous work,11 which may be referred to for further details.
The experimentation was conducted in a 0.15 m diameter
Plexiglass circular pipe, which provided a hydraulically
smooth pipe-flow regime. The velocity was measured using a
one-component Laser Doppler Anemometer. The Reynolds
number of the flow examined ~calculated using the average
velocity and the diameter of the pipe! is equal to 7000, and
the measuring point lies at a distance y1515 from the wall
(y15yu* /v is the normal coordinate nondimensionalized
by the wall scale, y is the distance from the wall, u* is thefriction velocity and v the kinematic viscosity!. The mea-
surement was extended for 999 s in order to measure a suf-
ficient number of bursting events; the mean data rate, equal
to 93 Hz, is well above the Kolmogorov frequency at that
point. Because the signals measured with the LDA are not
equispaced, the first step was to construct an equispaced se-
ries. When the data rate is high, it is sufficient to interpolate
the non-equispaced series with a simple interpolator ~in this
case linear! and resample the series at the mean sampling
frequency. The clear distinction in the power spectrum ~see
Ref. 11! between turbulent fluctuations and noise due to in-
strumental disturbance enabled us to eliminate the latter by
applying a common low-pass filter. The subsequent elabora-
tions were carried out on the filtered signal ~the statistics of
which are in full agreement with data from the literature!
subtracted by its mean value.

Being the purpose of the work to extract the equations of
typical velocity oscillations during bursting, it was necessary
to use suitable methods which might enable us to identify the
particular phases of the bursting cycle in the available veloc-
ity series. For this purpose, one of the most traditional con-
ditional sampling techniques, the MULEVEL,18 was used. This
technique is concerned with the moments in which longitu-
dinal velocity is very low, for the formation of near-wall
longitudinal vortices. The sampling begins when u,Lu8 and
stops when u.CLu8, where u8 is the r.m.s. of the velocity

time series, u(t), and C and L are the thresholds of the
method. Since the MULEVEL detections, if suitably grouped
to avoid multiple detections during a single bursting, show
good correspondence with the effective bursting events,18 the
relative thresholds were set on the basis of the values usually
employed in the literature, namely L51 and C50.25,
grouping the detections obtained according to the method
used by Luchik and Tiedermann. The average bursting time
TB was approximately 12 s (TB

15TBu*
2 /v5125), in agree-

ment with the data in the literature. Figures 1~a!–~b! show
the conditionally averaged velocity, obtained by aligning the
various detections at the minimum velocity point. The series
consists of 800 data nondimensionalized with the wall vari-
ables. Note the gradual reduction of velocity in the initial
part during the formation of the coherent structures, followed
by the strong positive gradient which occurs during the co-
herent structure instability and the subsequent high velocity
‘‘sweep’’ of fluid entering from zones further away from the
wall.

The possibility of reconstruction of differential equations
starting from time series was proposed originally by Crutch-
field and McNamara19 and by Cremers and Hübler.20 The
latter, in particular, formalized the flow method, which is
based only upon the analysis of the short-term behavior of
the system. The flow method was later extended, until Eisen-

FIG. 1. ~a! Time series of the nondimensional conditionally averaged ve-
locity. ~b! Comparison between the real time series ~dotted line! and the
reconstructed one ~continuous line! during the bursting event.
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of the reconstruction, which occurred with rapid conver-
gence to very low values of the cost function, is witnessed by
the comparison between the original series and those ob-
tained by integration of the reconstructed model @Fig. 1~b!#.
The behaviors are substantially identical, and thus also the
resulting limit cycle follows strictly the starting one ~Fig. 2!.
As to the equation structure, the terms present in the model
~2! are therefore sufficient to provide an accurate modeling
of the experimental oscillation. On the other hand, the fact
that none of the coefficients is brought to negligible values
indicates nonetheless the need to include a wide variety of
quadratic and cubic nonlinearities.

The success of the reconstruction of a simple equation
for a typical bursting oscillation extracted directly from the
experimental data strengthens the possibility of a low-
dimension representation of bursting. The structure of the
equation recalls the normal form of Takens-Bogdanov ob-
tained as a local model by Ehrenstein and Koch4 at the end
of their analysis of equilibrium conditions; its subsequent
stability analysis and possible reduction to normal form
might further increase their resemblance and, therefore, al-
low to recover the presence of homoclinic excursions. In the
future, we intend to study the dynamic behavior of the model
obtained, even in the presence of stochastic components and
in systems obtained from spatial combinations of the same.

With regard to the former aspect, some preliminary tests
have shown how, by acting on the known term c1 ~i.e., by
imposing a disturbance on acceleration!, it is possible to con-
trol the cycle triggering. This fact could be interpreted physi-
cally as an external disturbance imposed on the inner layer
by the outer layer, which would work as random triggering
of the deterministic dynamics reproduced by the model. The
model appears to be capable of at least partially attaining
some aspects of the physics of the phenomenon, going be-
yond a mere formal description of the time series.
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TABLE I. Coefficients obtained at the end of the reconstruction process.

Coefficients Values

c1 23.1588114•1022

c2 21.2802034•1022

c3 21.5460149•100
c4 26.9819821•1022

c5 22.9063882•100
c6 1.7715411•100
c7 28.8706621•1022

c8 28.4527259•1021

c9 8.1278942•1022

c10 28.0696154•1021

FIG. 2. Comparison in the $x1 ,x2% plane between the real bursting cycle
~dotted line! and the reconstructed one ~continuous line!.
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After Perona et 
al., 1998

After Garcia and Nino, 1996

bed load
transported in contact with the 
stream bed (by saltating, rolling)



Incipient movement

• The simultaneous movement of fluid and sediment constitutes a bi-phasic mixture 
• The onset of sediment movement in a uniform, stationary stream can be supposed to 

depend on a critical shear stress 𝜏!

• By selecting ((𝜌"−𝜌)), 𝑔, 𝑑 as D.I. variables, then (PI-Theorem)
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𝜏! = 𝜏!((𝜌"−𝜌)), 𝑔, 𝑑, 𝜈, 𝜓, 𝑒)

𝜏∗! = 𝜏∗!(𝑅$, 𝜓, 𝑒)

𝑠 =
𝜌"
𝜌



Bedload transport

Bedload and suspended transport

No transportNo transport GravelSandLime

Bagnold Dependency 
of critical 
stress on bed 
slope

The Shields diagram
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(Brownlie, 
1981)

𝜏∗ > 𝜏∗"



The original Shields diagram
• Incipient motion following Shields

𝑋!% =
𝑢∗𝑑
𝜈



Other effects on the critical shear stress

• Effect of slope on the critical 
shear stress

• Effect of grain size distribution 
(hiding function theory, 
Egiazaroff 1965)
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(e.g., Parker, 1990)

𝜑= angle of repose

(e.g., Lane, 1970)



Other effects on the critical shear stress

• Cohesion (soil types) • Mechanical cohesion (vegetation 
roots)
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(from Julian and Torres, 2006) 𝜏! 𝑧 = 𝜏!" 1 + 𝜎#𝑟 𝑧
Root biomass density

Root 
mechanical 
strength 
coefficient

Basal critical shear stress 
(soil properties only)



Sediment flux (Bagnold hypothesis) 
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Du Boys (1879) 𝑞" = 𝑘&"𝜏'(𝜏' − 𝜏!)

Kalinske (1947)
𝑞"
𝑢∗𝑑"

= 𝑓
𝜏'
𝜏!

= 𝑓(𝜂∗)

𝑞" = ̅𝑐 7𝑉$
Ashida and Michiue, 
1972

𝜙 =
𝑞"

𝑠 − 1 𝑔𝑑( 𝜙 = 17(𝜏∗ − 𝜏∗!)( 𝜏∗ − 𝜏∗!)
𝜏!
𝜏"

𝑞"
𝑢∗𝑑"
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Sediment 
flux due 
to 
advection

Comparison among 
different bedload 
transport models for 
homogeneous 
sediment 



Sediment transport capacity and effective discharge
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Towards a unified scaling for gravel-bed and sand-bed rivers 
Calvani et al., Geomorphology 2025

Problem: find a scaling relationship linking sediment 
size to hydraulic variables and channel geometry

Approach: introduce a modulating grain size diameter 
coarser than the mean grain size, 𝐷50, unclear 
phenomena occurring in sand-bed rivers are 
smoothed and can be taken into account. 

Buckingham, Pi theorem

The expression for the constants =𝐾x is in Calvani et al., 2025

slope

Water depth Channel width
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Concepts and definitions

• The mobile bed of fluvial streams is never really flat;
• Geometrical perturbations are usually present and can either be 

migrating or stationary;
• They can also have spatial size extending over a broad range of scales;
• We call small-scale bedforms those geometrical perturbations that 

have size comparable with the water depth; similarly, large-scale 
bedforms will have dimensions larger than the water depth;

2



Typical small-scale bedforms

3

FLUVIAL REGIME

TORRENTIAL REGIME



Small scale bedforms



Morphodynamics: evolution (1D) equations
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From Seminara G., Meccanica del 
trasporto dei sedimenti. Genova

Flow continuity

Flow momentum
(conservative form)

Sediment continuity (Exner)



Bedform instability and waveform selection mechanisms
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Bedforms mechanism: morphodynamic instability

• We use a simplified scheme to show why bedforms depend on flow 
regime via the Froude number

• Consider Exner’s equation in the form 1 − 𝑝 !" #,%
!%

+ !&!(#,%)
!#

= 0

  𝜂 = 𝜂! + 𝜂"𝑒#$%('#()) + 𝑏. 𝑐.
      𝑄+ = 𝑄+! + 𝑄+"𝑒#$%('#()#,) + 𝑏. 𝑐.
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𝜂 𝑥, 𝑡
x

ℎ(𝑥, 𝑡) 𝑄!(𝑥, 𝑡)

Apply a small perturbation in the form of Fourier 
modes

NOTE: c is a complex velocity;
𝜆 = "#

$
 = wave number

𝛿 = phase between bedform and sediment flowrate
p = sediment porosity   

L



Instability and small bedforms formation

• Insert the perturbation into Exner equation, we obtain

− 1 − 𝑝 𝑐𝜂" + 𝑄+"𝑒# $%, = 0

8

𝑐6 =
𝑄+"

1 − 𝑝 𝜂"
cos(𝜆𝛿) 𝑐$ = −

𝑄+"
1 − 𝑝 𝜂"

sin(𝜆𝛿)

Migration celerity 𝑐%  depends on the spatial phase 𝛿



Instability and small bedforms formation

𝜂 𝑥, 𝑡
x

ℎ(𝑥, 𝑡) 𝑄!(𝑥, 𝑡)

𝐿

𝑐%  

𝜂!

𝑐6 > 0 𝑤ℎ𝑒𝑛 − 𝐿/4 < 𝛿 < 𝐿/4

𝑐6 < 0 𝑤ℎ𝑒𝑛 𝐿/4 < 𝛿 < 3𝐿/4

𝑐$ > 0 𝑤ℎ𝑒𝑛 − 𝐿/2 < 𝛿 < 0

𝑐$ < 0 𝑤ℎ𝑒𝑛 0 < 𝛿 < 𝐿/2

Growth and attenuationDownstream vs upstream migration



Instability and small bedforms formation
Assuming irrotational flow, it can be shown that there are three 
Froude regimes

• I – subcritical regime 

𝐹𝑟! <
tanh 𝜆 𝑌"
𝜆 𝑌"

• II – Lower super critical

tanh 𝜆 𝑌"
𝜆 𝑌"

< 𝐹𝑟! <
1

𝜆 𝑌" tanh 𝜆 𝑌"

• III – Upper super critical 
𝐹𝑟! >

1
𝜆 𝑌" tanh 𝜆 𝑌"
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Out-of-phase water surface 
ondulation, amplitude smaller 
than bedform ondulation 
amplitude 

Water surface ondulation 
in phase with bedform 
and of greater amplitude

Water surface ondulation 
in phase with bedform, 
but of less amplitude

0.5 1.0 1.5 2.0 2.5 3.0

0.8

1.0

1.2

1.4

1.6

1.8Fr

𝜆 𝑌&

I

II

III



Instability and small bedforms formation

• If the x-axes is on top of the (bed) crest, then 
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From G. Seminara, Fluvial morphodynamics

Regime I
(Dunes)

Regime II

Regime III

x

-L/2 L/2

-L/2
L/2

-L/2

x

x

Flow 
acceler
ates

0

0

0

Flow 
acceler
ates

Flow 
acceler
ates

Small Froude, fine sediment, dominant beadload 
in phase with stress, i.e for − !

"
< 𝛿 < 0; 𝑐#,% > 0 

(downstream migration))

Coarser sediment: delayed transport due to 
sediment inertia, dominant beadload for !

&
< 𝛿 <

'!
" ; 𝑐% > 0; 𝑐# < 0 (upstream migration). Fine 
sediment: supsended load still out of phase with 
tension but both migration directions possible

Transition with mechanisms depending on 
sediment size, formation of chute and pools, 
irregular regime. Stable only for coarse sediment

(Antidunes)



12

𝑢∗
𝑊$

Regimes and (small) bedforms

𝑢∗ 𝑑
𝜈

(Simon and Richardson, 1961)
Van Rijn, 1984

Dunes

Flat bed



Small-scale bedforms geometry



Ripples

SUMMARY
• Form at low Froude numbers in 

turbulent smooth-wall regime for 
• Waves of almost triangular shape;
• Migrate (invariably) downstream;
• Slightly asymmetric with steeper 

front and arcued apex;
• Amplitude smaller than water 

depth;
• Length of O(101) cm

14

𝜏∗ > 𝜏∗(



Geometric characteristics of Ripples

• Ripples form (Sumer & Bakioglu, 1984)

•  Shape factor 𝛿! =
"(
#(

15

𝑢∗ 𝑑
𝜈 < 23 ÷ 25

𝑄!

 

Equ. 3.25 

(ripples disappear
for η*>21)



Dunes

SUMMARY
• Dunes form in subcritical regime, i.e. Fr<1
• They form under the condition
• Flat apex, invariably migrate downstream

• Amplitude ΔD ≈
"
E
𝑌!

• Wavelength ΛD ≈ 5 ÷ 10 𝑌!
• Notice that 𝜏∗ =

G6!

H!(+#") I" #$
 àdunes tend 

to disappear when d is O(100) mm
  

16

𝜏∗ > 𝜏∗(

Almost rectilinear crest à 2D dunes



Dunes degenerates into 3D structures
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3D dunes show 
typically curved crest 

Source: Wikipedia

Barchan dune

Laboratory observations suggest that, in a 
sufficiently wide channel and provided the 
experiment is long enough, 2D dunes evolve 
invariably into 3D patterns. Theory unsettled so far. 



Dunes formation mechanism, x-z axes

• As Fr grows, so does turbulence intensity and vortexes coalesce in gusts

• Large vertical turbulence

 tanθ ≈ 1 / 6   Λd = LV ≈ 6h
Gusts corresponds to the 
evolution of the largest
macro-turbulent vortex. In 
areas of high friction, close 
to the walls, stress 
fluctuations favour the 
formation of vortices. 
These are transported by 
the flow, they diffuse and 
combine by coalescence.
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Wave number 𝜆D =
JK
L"

Source: Seminara, Ann. Rev. Fluid Mech., 2010 

Dunes instability plot



Antidunes

SUMMARY
• Water surface is ondulated and in 

phase with bed ondulations
• Antidunes typically migrate upstream 

(not invariably)
• Quite typical sinusoidal shape for 

upstream migrating forms
• Flow field is not charaterized by 

boundary layer separation

19



Antidunes formation

• Remember the regime 
domains, I, II, III
• Many authors have 

performed experiments 
to validate them
• Antidunes form in the 

unstable domain, i.e. 
Regime II

20

Fr2

𝜆𝑌"

Engelund, 1970;
Guy et al., 1966;
Kennedy, 1961



Large-scale (mesoscale) bedforms



Sediment bars

SUMMARY
• Sand and gravel bars are the result 

of a free morphodynamic instability
• In straight channel (free) bars 

appear typically in alternated and 
very periodic patterns of well 
defined wavelength
• Free bars migrate downstream
• Free bars form in shallow streams
• In erodible banks free bars interact 

with bank erosion until they 
“resonate”   

22

Rhine river Laboratory



Phenomenological process of bar formation, x-y vs y-z planes
• Turbulent gusts in the x-y plane help 

explaining the formation of bars

• The ratio B/Y0 determines special
horizontal turbulent vortexes

 tanθ ≈ 1 / 6

23

  Λa = LH ≈ 6B

 



Phenomenology of multiple bars formation on the plan x-y

 

Development of multible bars

  
LH( )n

= Λn =
6B
n

24

 

Equ. 2.33 

Equ. 2.34 

When B/h is larger than (B/h)0, but smaller
than a certain value (B/h)1, the eddies eH
touch the bed before they reach their size B. 
In this case, the eddies developed from both
banks meet in the middle of the stream and 
double alternating banks are formed (Fig. a)

If B/h > (B/h)1. The next increment of the 
ratio B/h leads to triple alternating banks, ..., 
n (Fig. b, c).

Multiple bars

Alternate bars



Morphodynamic stability analysis and free bar formation

25

Colombini et 
al., 1987

Baerenbold et al., 
2015

Flow-sediment instability can be found 
above a certain threshold for the aspect 
ratio b (Figure 2) ONLY if transverse 
slope effects on sediment transport are 
considered

Development 
of multiple bars

𝛽 =
𝐵&
𝑌&



Resistance to flow induced by bedforms



General considerations

• When the surface of the moving bed is marked by 
the presence of ripples, dunes or other periodic
shapes in the x-direction of the flow, its surface 
(skin) roughness ks is not sufficient to characterise
resistance to flow

• One first defines ̅𝜏" =
%(
&'
= 𝜌𝑔ℎ𝑗

• This fomulation is however not convenient for 
prompt use (j is unknown)

27

 

• Bed friction can better be decomposed in two
parts, one due to (grain) friction and the other
due to bed ondulation:

• The idea is to express the friction coefficient cf
et cD by adopting the friction velocity, u*

and the relationship between mean velocity and 

friction factor 𝑐( =
)
*∗
= +

,

 
τ o = τ o( )

f
+ τ o( )Δ

u*= )!
*

= 𝑔𝑆𝑅O 



Bedform resistance formulations
Several method proposed:

- (Hans Albert) Einstein formulation (1950), we 
do not see it here

- Engelund and Hansen (1967)

Engelund and 
Hansen, 1967

Dunes

Tra
ns

itio
n

Antidunes

Stationary waves 
and flat bed

!∗"#

!∗"

! ∗"#
= ! ∗

"

! ∗"#
=
0.4
! ∗"$

!∗"# = (0.702!∗"%&.( + 0.298)%).**+

!∗"# = 0.06 + 0.4!∗"$

- Van Rijin method (1984). This method is simpler 
and explicit as it bases on the relationships 
(amplitude and length) that characterize 
dunes’geometry

We compute 𝑐+ as for the flat bed and include 
bedform effect in the ks . 

If Λ,and ∆,are known then assess the equivalent 
dimensionless Chézy friction factor as

    𝑐+ = 2.5 ln -"."
/#

,

with

𝑘! = 3𝑑0& + 1.1∆,[1 − 𝑒𝑥𝑝(−25 I∆,
Λ,)]
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River planform styles (or regimes)

3

• Alluvial watercourses tend to develop their own morphology, which is called a regime or 'style’. 
(Regime is here not to be confused with ’hydrological regime’ though the two are related);

• At this stage of development, the watercourse has reached a statistically stable state which, in 
theory, does no longer varies over time in average. 

• The regime situation thus requires minimal intervention for its maintenance, but may change if 
the fluvial system is perturbed (e.g., by changing hydrological flow regime). 





Planimetric styles or forms
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Fig. 2.18  A
 classification of channel patterns, adapted from

 Schum
m

 (1981, 1985)

2.3 
Fluvial Style Source: Ahmari et Da Silva (2011)

B = natural riverbed width or regime
width

h = average water depth

D = chracteristic sediment size (dm)



Morphological changes: recovery time and sensitivity

Physical environment + biological environment = river “health”
6

Challenges for the management of 
riverine systems:

• Long recovery time of the physical 
environment

• High sensitivity of the biological 
environment



Dynamic equilibrium in nature
A stream is in equilibrium (graded stream) when over a period 
of time, its slope and channel characteristics adjust so that the 
available water discharges have just the energy required for the 
transport of the sediment load from the drainage basin

Stability is a condition in which sediment sizes and loads, water
discharges, and channel geometry and slope are in balance

7

Lane’s equation (1955): 𝑄!𝑑! ∝ 𝑄𝑆

This equation 
is by no means 
a quantitative 
equation and 
should not be 
used for design 
purposes!



Evolution of a water course as a function of f(Qs,in)

 
Figure 1. Ajustements de morphologie causés par une diminution des apports 
solides, à partir de trois conditions initiales (A : lit unique « single-thread », 
incluant les rivières rectilignes et rivières sinueuses, en méandres ; B : lit mixte 
transitoire « transitional », entre A et C, incluant les bancs alternés ; C : lit en 
tresses « braided »), en fonction du degré d’incision et de rétrécissement du lit 
(Surian and Rinaldi, 2003). Différents degrés d’incision et de rétrécissement 
(« narrowing ») relatifs à la morphologie initiale peuvent avoir lieu. 
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Figure 1. Ajustements de morphologie causés par une diminution des apports 
solides, à partir de trois conditions initiales (A : lit unique « single-thread », 
incluant les rivières rectilignes et rivières sinueuses, en méandres ; B : lit mixte 
transitoire « transitional », entre A et C, incluant les bancs alternés ; C : lit en 
tresses « braided »), en fonction du degré d’incision et de rétrécissement du lit 
(Surian and Rinaldi, 2003). Différents degrés d’incision et de rétrécissement 
(« narrowing ») relatifs à la morphologie initiale peuvent avoir lieu. 
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Mathematical morphodynamics

9

Equilibrium conditions provide already interesting hints about riverbed morphology 
between two sections 1 and 2 (prismatic channels) 

From Seminara G., Meccanica del 
trasporto dei sedimenti. Genova

Exner

Flow continuity

Flow momentum

At equilibrium



Channel widening/narrowing

10

FLUVIAL REGIME

TORRENTIAL REGIME

• Channel widening: b2/b1>1
àY1>Y2

à if2>if1
Water depth decreases; 
slope increases

• Channel narrowing: b2/b1<1
àY1<Y2

à if2<if1
Water depth increases; 
slope decreasesFrom Seminara G., Meccanica del 

trasporto dei sedimenti. Genova

Widening Narrowing



Planimetric evolution of water courses



Planimetric evolution
• Primary vs secondary erosion

• Primary erosion: widening up to regime river width
• Secondary erosion: creation of different morphologies/styles

 
Figure 1. Diagramme montrant le lien entre les différents paramètres 
influençant la morphologie d’un cours d’eau (Church, 2006). Une 
morphologie naturelle correspond à l’ambition maximale dans la table 
des ambitions de renaturation, pour obtenir un rétablissement des 
processus. Les pentes indicatives pour les différents types de 
morphologie sont reportées en rouge à droite de l’image. 

>4% 

2-4% 

0.1-2% 

<0.1% 

Ordre de 
grandeur de 
la pente 

>64 mm 

2-64 mm 

0.2-2 mm 

0.02-0.2 mm 

<0.02 mm 

• A first interesting discussion arises already here
• There is no uniform consensus about this definition:

o Regime width (Yalin et da Silva, 2001)
o Equilibrium width
o Natural river(bed) width (art. 41a OEaux)

• The Swiss approach is to consider the natural riverbed width (quite a big 
issue as it requires to know pristine conditions, i.e. historical data, maps, etc.)



Natural riverbed width

• Natural riverbed width (here: 
«Sohle») 
and full channel width (here: 
«Gerinne»)

• Geomorphic relevant 
discharge:
Floods HQ2 à HQ5

13



Natural riverbed width

• How to determine it
• Historical documents
• Spatial references (e.g., 

max erosion, etc.)
• Topographic analiyses
• Empirical formulas

• Homogeneous reaches
• Similar hydraulic

conditions (discharge, 
granulometry, substrate, 
etc.)

14



Regime theory: empirical formulas



Natural river width
• Some empirical relationships

Where

16

Riverbed width after secondary erosion
è Good for braided and anabranching
rivers

Riverbed width after primary erosion
è Good for monocoursual channels



Structure of empirical regime formulae

• The first attempts to formulate the regime
characteristics BR, hR and SR (Regime Width, Depth
and Slope) are to be credited to the English engineers
in India in the early 20th century (Kennedy, Lindley, 
Lacey, Inglis, Blench).

• The purely empirical regime formulae produced by 
these authors are invariably of the form (A is a 
generic variable, Q is the discharge): 

 AR = γ AQnA

Bn
BR QB g=

hn
R hh Qg=

Sn
SR QS g=

𝑉! = 𝛾"𝑄#!

Riverbed width

Water depth

Mean slope

Mean channel velocity



Regime formula parameters
• BR is proportional to 

the square root of Q
(nB =1/2) practically in 
all formulas

  BR ≈ Q1/ 2

• The exponent of Q in the 
relationship for the 
water depth may depend
on sediment size D

for sand

for gravel

 hR ≈ Qnh

  nh ≈ 1 / 3

  nh ≈ 0.43

• The exponent of Q in 
the relationship for the 
velocity may also
depend on sediment
size D (roughness
effect)

for sand nV=0.2

for gravel nV=0.07

𝑉" ∝ 𝑄#!

• The exponent of Q in 
the relationship of the 
slope at regime (nS) 
does also depend on 
the charactersitic grain 
size D

for sand

for gravel

 SR ≈ Qns

Notice how in all the other cases, VR BR et hR increase
with Q, whereas SR decreases when Q increases

Although the regime formulas are empirical they show a 
surprising degree of universality.

Ø Moreover, for simple continuity reasons, notice that

𝑄 ∝ 𝑉! $ ℎ!$ 𝐵! ∝ 𝑄"!#""#"#

i.e., it must be 𝑛$ + 𝑛% + 𝑛& = 1



Morphodynamic theory of river meandering

Miwa, 1974; Whiting and Dietrich, 1993a, 1993b], has
described the main characteristics of meanders and offered
valuable empirical relationships on the planimetric features of
meanders and river bed forms. The fluid mechanic approach
has focused on the mathematical modeling of the physical
mechanisms governing the meandering dynamics. The pio-
neering works of Van Bendegom [1947] and Engelund [1974]
on the flow field and bed topography in a bend were
followed by several important contributions that elucidated
some key fluid dynamic aspects of river meandering. In
particular, Ikeda et al. [1981] proposed the first model of
the evolution of single reach of river bends by linking the
flow field and the erosion rate; Parker et al. [1982, 1983]
described the downstream migration of meanders and the
occurrence of third-order harmonics in Kinoshita’s curve;
Blondeaux and Seminara [1985] clarified the link be-
tween the bend and alternate bar dynamics and pointed
out their possible resonance; Kalkwijk and De Vriend
[1980], Kitanidis and Kennedy [1984], and Johannesson
and Parker [1989b] investigated the role of secondary
currents; Struiksma et al. [1985] observed and modeled
the overdeepening phenomena; Tubino and Seminara
[1990] investigated the nonlinear interaction between bars
and bends; and Zolezzi and Seminara [2001] pointed out the
upstream propagating influence.
[5] After 3 decades of conspicuous efforts the scientific

community has produced a number of different models of
increasing detail and complexity. On one hand, the linear
[e.g., Ikeda et al., 1981; Blondeaux and Seminara, 1985;
Struiksma et al., 1985; Odgaard, 1986; Crosato, 1987;
Johannesson and Parker, 1989a; Zolezzi and Seminara,
2001] and weakly nonlinear [Seminara and Tubino, 1992]

models are strictly valid only for low curvatures of the river
axis and slowly varying bed topography [Seminara and
Solari, 1998] far from resonant conditions. However, be-
cause of their analytical solutions and their good agreement
with observed river evolution [Imran et al., 1999], they
have been extensively used for both theoretical and numer-
ical investigations of river morphodynamics [e.g., Howard,
1984; Stølum, 1996; Sun et al., 1996, 2001a; Seminara et
al., 2001; Edwards and Smith, 2002; Camporeale et al.,
2005; Camporeale and Ridolfi, 2006; Lanzoni et al., 2006].
On the other hand, fully nonlinear models [Smith and
McLean, 1984; Olsen, 1987; Nelson and Smith, 1989b;
Shimizu et al., 1992; Mosselman, 1991, 1998; Imran et
al., 1999; Duan et al., 2001; Darby et al., 2002; Blanckaert
and De Vriend, 2003] have less geometric restrictions and
provide a better quantitative resolution of the flow, but they
require a more demanding computational effort.
[6] Despite the advances produced by these various

models, their formulations are difficult to compare (the
formalisms are often different), and it is hard to evaluate
what the effective role played by different modeling approx-
imations is or whether the increasing modeling complexity
is justified by the results. Apart from the work by Parker
and Johannesson [1989], who performed a partial compar-
ison between some models but focusing essentially on the
resonance, overdeepening, and the dynamics of the second-
ary currents, no other comparative assessment has been
published so far. For these reasons the main objective of the
present work is to review the fundamental morphodynamic
mechanisms that govern the meandering dynamics and to
formulate a general framework from which the previously
proposed linear models can be hierarchically derived and

Figure 1. An aerial photograph of the Colville River (Alaska). Enlargement and continuous migration
of meanders as well as the formation of cutoffs can be observed.
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Meandering channels
• Meandering is the result of a 

planimetric (bed-bank) instability 
of monocrsual rivers whereby 
erosion on the outer bank is 
compensated by deposition (and 
sediment stabilization at the inner 
bank)

• Main characteristics:
• Bend amplitude growth
• Cutoff
• Meander belt

• Meandering channels are scale 
invariant



Meander evolution
• The instability leading to bar formation “interacts” 

with the tendency of the stream to form bends, 
which force the bars to localize at the inner bend 
(point bars)

• The two mechanisms “resonate” to determin a 
typical selected wavelength with which the 
meander evolves

dynamics is reviewed in section 8, and the conclusions
follow in section 9. A brief glossary of the typical expres-
sions herein adopted closes this review.

2. PHYSICAL PROCESSES

[13] We refer to the conceptual scheme of Figure 2 to
describe the interrelationships among the physical processes
that act in meandering rivers and to discuss their role in the
context of the hierarchy of models that will be developed.
Readers who are already familiar with the basic physics of
meandering rivers may wish to skip to section 3. An
orthogonal curvilinear reference system {~s, ~n, ~z}, sketched
in Figure 3, is used where ~s is the longitudinal coordinate
along the channel axis, ~n is the transverse coordinate, and ~z
is the upward vertical coordinate. We also define the mean
flow depth, ~D0, and the channel width, 2~b.
[14] The two key elements necessary for meandering

dynamics are the curvature, C = C(~s), of the channel axis

and the erodibility of the bed and banks. The longitudinal
curvature has two direct effects on the stream: It induces
additional shear stresses and drives the secondary currents.
Assuming inviscid fluid and constant curvature, it is easy to
see, from Euler’s equations, the existence of a free irrota-
tional vortex with transversal profiles of the streamwise
velocity, ~U = ~U (~n), and surface level of the flow, ~h = ~h(~n)
[e.g., Henderson, 1966; Callander, 1978]. Adding viscosity
gives rise to shear stresses (i.e., vortex-induced stresses,
Figure 2) that are responsible for the inside-bank erosion
and contribute to straightening small-radius bends. The
presence of friction on the bed also induces a vertical profile
~U = ~U (~n, ~z). A tangential stress ~t~z~n is thus required to
satisfy the momentum balance, and this, in turn, implies the
formation of a streamwise secondary vorticity that produces
the secondary currents (with vanishing net flux [Seminara,
1998]). The secondary currents cause a transversal flow
field, which, in turn, produces inward bed stresses and a
redistribution of the downstream momentum. This latter

Figure 2. Scheme of the main processes involved in the meandering dynamics and their interactions.

Figure 3. Scheme of the geometric variables: (a) planimetric and (b) section views.

RG1001 Camporeale et al.: HIERARCHY OF MODELS FOR MEANDERING RIVERS

4 of 28

RG1001

• Empirical models

• Morphodynamic models (see Camporeale et al. 
2005 for a Review)
• Analytical determination of the excess bank 

velocity usb

• Curve evolution and renormalization problem

𝜈 = 𝑘$𝑢%&

The Ikeda et al. (1981) model 



Short-term and long-term evolution
• Bend hydro- and morphodynamic are key to obtain 

the correct bend evolutive dynamics before a 
cutoff occurs because of the “spatial memory” 
effect

• The erosion rate is made of two terms: a local one 
and a non-local one

2.2 Numerical implementation 

 The numerical model has been implemented as-
suming the river behaves as a planar curve that 
moves onto a sloping plane {x, y} by a normal-to-
the-curvature driven instability (see, for example 
Perona et al. 2002). This latter is obtained by inte-
grating the Ikeda et al. (1981) model over the cur-
rent river shape. This furnishes the value of the ex-
ceeding bank velocity for all the points of the river 
and, then, once it is multiplied for spatial soil erodi-
bility E, the corresponding erosion velocity. Being 
the simulations mainly devoted to investigate the 
short-term behaviour of a given reach downstream 
of the constraint, it is reasonable to assume that the 
local soil erodibility is both temporally and spatially 
constant. In particular, the parameters of the sedi-
mentary environment, i.e. the valley length and 
width (10000 m  and 6000 m, respectively) and the 
coefficient of erodibility E (1.85 ·10-8) have been 
chosen equally for all the simulations presented in 
this work. The numerical scheme that has been 
adopted here (see Figure 1) is similar to that already 
proposed by Sun et al. (1996) (see also Howard 
1996), except for the fact that, at each temporal step 
and according to the current river sinuosity, we up-
date both the bed slope and the steady hydraulics 
quantities. The points of the river centreline are 
sampled at a distance equal to b/2 and moves at 
temporal steps of 5 days. Each point, in particular, is 
then moved in two times, i.e. following a procedure 
that allows to consider the variations that will occur 
in the exceeding bank velocity usb while the curve is 
moving between the current and the next configura-
tion. Moreover, at each temporal step, the whole 
curve is re-sampled at the abovementioned spatial 
interval in order to reduce as much as possible nu-
merical instabilities. This allows avoiding the pres-
ence of points where the local curvature would in-
crease too much. An example is that of cutoff 

events. These are always rather delicate to consider 
and there is the risk that numerical instabilities can 
occur. To our purposes this problem is not relevant 
here, however it has equally been dealt with by ap-
plying a suitable numerical procedure, the details of 
which will be reported elsewhere (Camporeale et al. 
2004).     

 
 
 
 
 
 
 
 
 
 
 

y 
(m

) 

2.3 Schemes of constraints 

In order to simulate a suitable constraint scheme 
we overlapped a grid of square cells (size, 25 m x 25 
m) to the river. Each of them account for possible 
variations in the spatial erodibility; in this way, the 
presence of a constraint has been described by sim-
ply setting to zero the erodibility value of the corre-
sponding cells located along the river centreline. It 
must be said here that little adjustments of the point 
of the river usually occur during the re-sampling 
process. This fact, therefore, can induce those points 
of the river that lie close to the corners of a bound-
ing cell to shift toward a nearer cell, thus becoming 
actually unbounded. This risk was avoided at occur-
rence by extending the value of zero erodibility also 

Figure 1. Sketch of the numerical procedure used here to
simulate the evolution of meandering patterns. (�) Current 
pattern; (--) one temporal step later. 

x
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n 

Figure 2. Example of constrained reach. The bound has been
simulated by imposing zero erodibility to the cells along the
river centreline. 
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Figure 3. Shifting in cartesian coordinates 'x and 'y among
the free (--) and the bounded (�) configurations.  

x (m) 
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• For long-time analyses, the cutoff introduces 
“noise” in the system 

• This is due to the lost of part of the bend

• The non-local term suddently change

•  average quantities description is enough
downstream and upstream influence of the meander-
ing river (Zolezzi & Seminara 1998, 2001).  

As a result of these noteworthy researches, the 
basic mechanisms that regulates the short term evo-
lution of a meandering river are now quite well un-
derstood and detailed expressions for the velocity V 
are available (see, for example Ikeda et al. 1981, 
Blondeaux & Seminara 1985, Johannesson & Parker 
1989, Zolezzi & Seminara 2001).  

3 LONG TERM DYNAMICS 
 
Differently from the short term evolution, the 

long term dynamics of a river, subject to the cutoff 
process and the forcing of the external factors, still 
presents several open problems such the mechanism 
of pattern formation, the confinement of the meander 
belt, the dynamical characteristics of the possible 
statistical steady state, etc. 

Basically, two types of cutoff events have been 
recognised (Allen 1965): the neck cutoff, and the 
chute cutoff. The first happens when the sinuosity of 
the river is large enough to cause two bends touch 
(Figure 3a), while the second occurs when a bend is 
rounded off to leave a softer curved reach (Figure 
3b). In both the cases, the river loses a part of a bend 
or a complete reach and the abandoned channel 
forms an ox bow lake. The new configuration is that 
of a river which has locally shortened its path and 
increased its slope. 
 When cutoff occurs, the spatial terms existing in 
the equation of motion and in the velocity V play a 
key role, since points of the system that were dy-
namically far from each other become suddenly 
close (Figures 3). This introduces a strongly nonlin-
ear and non-local component in the dynamics, so 
that the sudden change in the river geometry may 
deeply modify the subsequent river evolution to the 
point that further cutoffs may be induced and even-
tually a cascade process may be primed. This 
dynamics continuously eliminates part of the curve 
arguably maintaining statistically constant the length 
and sinuosity of the river, as some numerical simula-
tions seem to confirm (see subsection 3.3). 

The overall picture resulting from the continuous 
elongation and cutoff recalls the mechanism of 
stretching and folding characterizing the phase-space 
dynamics of chaotic systems (Schuster 1995). The 
growing instability of the river corresponds to the 
divergence of neighbouring trajectories in the phase 
space due to the positive Lyapunov exponents 
(stretching) responsible for the sensitivity to initial 
conditions, while cutoff, which contributes to main - 

 (a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 
 
 
 
 
 
 
 
Figure 3a,b. Basic mechanisms of different types of cutoff: (a) 
Four steps of a neck cutoff and (b) chute cutoff rounding off a 
bend reach.   
 
tain the river statistically stable, would correspond 
instead to the folding mechanism responsible for the 
confinement of the trajectories in the phase space. 
(As will be seen below, the same picture also resem-
bles the dynamics of systems in Self Organized 
Critical State (SOC; see Bak et al. 1987, 1988; see 
also Stolum 1996)).  

The elongation-cutoff dynamics is also strongly 
influenced by the external actions (see Figure 1). 
Only the spatial variability of soil erodibility and the 
interaction with the processes of sedimentation and 
cohesion (see next subsection) have been investi-
gated (Sun et al. 1996, 2001b-c), while the other are 
still substantially unexplored: the interaction with 
the riparian vegetation that can condition greatly the 
bank erodibility; the influence of the strong spatial 
and temporal fluctuations of streamflow which may 
give rise to intermittent mechanisms of erosion at the 
bank; the effects of human activity like the construc-
tion of hydraulics structures and excavations which 
causes geomorphological modifications.  

Such actions are widespread, ever-present and 
with both deterministic and stochastic components. 
Because of the extreme sensitivity of the intrinsic 
river dynamics, these external actions are expected 
to contribute considerably to the long term river dy-
namics. 

1 2

3 4
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sj(t3)si(t3)
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Long-term statistics
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of the sinuosity, S, the tortuosity t, the probability density
functions (pdfs) of the linear and curvilinear wavelengths
(l and lc respectively), and the pdf and the autocorrelation
of the local curvatures along the river. The sinuosity is
defined as the ratio between the river length and the length
of the broken line joining the inflection points. The
tortuosity is defined as the ratio of the river length to the
linear distance between its endpoints. The linear wave-
length is assumed equal to twice the linear distance
between the zero crossings of the curvature, while the
curvilinear one refers to the distance along the river [e.g.,
Allen, 1984].
[26] Figure 2 shows the evolutions of the mean wave-

length, !l (the overbar refers to the spatial averaging), the
mean curvilinear wavelength, !lc, and the mean absolute
curvature, j!Cj. They refer to two hydraulic conditions,
each simulated using the three different models. We can
easily distinguish three phases in the river evolution. A
first phase takes place before the occurrence of cutoffs,
where strong differences among the models are evident,
due to the different fluid mechanic processes included in
the modeling. A second phase sets in when cutoffs start to
appear and the differences between the models tend to
phase out. Finally, a third phase occurs when a statistically
steady state (that is substantially independent of the
morphodynamic model adopted) is attained. This type of

evolution that is common to all the other geometric
quantities analyzed in all the simulations represents the
key point of our analysis.
[27] The statistically steady state reached by the long-

term river geometry (Figure 2) is controlled by the sole
action of the internal dynamics of elongation and cutoff.
Thus the external forcings (e.g., geological constraints,
pedological processes, riparian vegetation dynamics, etc.),
although influencing the steady state in real rivers, are not
necessary to obtain it. This confirms the results of
previous investigations [Howard, 1984; Liverpool and
Edwards, 1995; Stølum, 1996] and clearly shows that
cutoffs are sufficient to give stochastic stability to the
system (i.e., self-confinement of the meander belt; see
subsection 4.3), independently of the fluid dynamic model
used to describe the elongation phases (i.e., the erosion
rate, V).
[28] The convergence to a model-independent steady

state implies that the most simplified (but physically based)
meandering model (i.e., the IPS model) already contains
all the necessary ingredients to describe the long-term
dynamics. Some of the fluid dynamic processes described
by the more complex models (in particular the ZS model)
do not exert any relevant influence on the statistical
properties of the long-term steady state (at least those
investigated here). The sequence of the three phases
observed in Figure 2 clearly suggests that the cutoff
is responsible for such a dynamical simplification. By
removing the oldest river reaches, the cutoffs lead to a
progressive elimination of the cumulated geometric differ-
ences resulting from the use of different morphodynamic
models and leave only the essential dynamical character-
istics common to all models.
[29] Notwithstanding the statistical similarity among the

long-term simulations, it should be noticed that the single
instantaneous planimetric configurations at steady state can
be also very different among the models. An example,

Figure 2. Evolution of (a) the river mean wavelength,
(b) the mean curvilinear wavelength, and (c) the mean
absolute curvature for simulations S7 and S9, (dotted line,
IPS model; dashed line, JP model; solid line, ZS model).

Figure 3. Configuration at time t = 30,000 years for (top)
IPS, (middle) JP, and (bottom) ZS model, run S10.
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of the sinuosity, S, the tortuosity t, the probability density
functions (pdfs) of the linear and curvilinear wavelengths
(l and lc respectively), and the pdf and the autocorrelation
of the local curvatures along the river. The sinuosity is
defined as the ratio between the river length and the length
of the broken line joining the inflection points. The
tortuosity is defined as the ratio of the river length to the
linear distance between its endpoints. The linear wave-
length is assumed equal to twice the linear distance
between the zero crossings of the curvature, while the
curvilinear one refers to the distance along the river [e.g.,
Allen, 1984].
[26] Figure 2 shows the evolutions of the mean wave-

length, !l (the overbar refers to the spatial averaging), the
mean curvilinear wavelength, !lc, and the mean absolute
curvature, j!Cj. They refer to two hydraulic conditions,
each simulated using the three different models. We can
easily distinguish three phases in the river evolution. A
first phase takes place before the occurrence of cutoffs,
where strong differences among the models are evident,
due to the different fluid mechanic processes included in
the modeling. A second phase sets in when cutoffs start to
appear and the differences between the models tend to
phase out. Finally, a third phase occurs when a statistically
steady state (that is substantially independent of the
morphodynamic model adopted) is attained. This type of

evolution that is common to all the other geometric
quantities analyzed in all the simulations represents the
key point of our analysis.
[27] The statistically steady state reached by the long-

term river geometry (Figure 2) is controlled by the sole
action of the internal dynamics of elongation and cutoff.
Thus the external forcings (e.g., geological constraints,
pedological processes, riparian vegetation dynamics, etc.),
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Figure 2. Evolution of (a) the river mean wavelength,
(b) the mean curvilinear wavelength, and (c) the mean
absolute curvature for simulations S7 and S9, (dotted line,
IPS model; dashed line, JP model; solid line, ZS model).

Figure 3. Configuration at time t = 30,000 years for (top)
IPS, (middle) JP, and (bottom) ZS model, run S10.
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controls the free response of the system and g* ! f*.
Consequently, since ub is the main ingredient of the
evolution equation (3), D0 regulates the spatial response
of meandering dynamics (i.e., the prevailing harmonic !*).
The other sediment and fluid dynamic processes are
contained in some multiplicative coefficients of the evo-
lution equation and only affect the timescale of the
dynamics at timescales that are larger than the time to
reach cutoff. As a result, the dominant action of the cutoff
overwhelms the effect of the higher harmonics related to
the eigenvalues !j 6¼ !* that therefore are not able to
contribute to the long-term statistical properties.

4.2. Link With Empirical Laws

[33] The universal behavior obtained using the scale D0

is in substantial agreement with some empirical geo-
morphologic laws. The reason for the good scaling of
such empirical laws is probably due to the choice of
quantities that contain D0 or that directly depend on it.
For example, the well-known Hansen’s law [Hansen,
1967; Jansen et al., 1979], !l = 14H0/f (where f is the
friction factor of Darcy-Weisbach), which is in very good
agreement with the results of Figure 4 and thus confirms
the reliability of the simulations, can be written in terms
of D0 as !l/D0 = 14.

[34] More recently, Parker and Johannesson [1989]
reported the dimensionless ratio

Hk

bCf
¼ 2pb

!l
2D

b
¼ 4p

D
!l
¼ O 1ð Þ; ð13Þ

where k is the wave number made dimensionless with b.
Such a relationship implies a ratio between !l and D of
about 13, which is very close to the value of the Hansen’s
law. For example, previous theoretical works [Parker and
Andrews, 1986; Parker and Johannesson, 1989] report the
values of H = 1 m and Cf = 0.0064 for the Pembina River,
from which we can evaluate a ratio !l/D0 = 13.1. Also, the
results reported in Table 1 are also in agreement, with a
relative mean error of 13%, with the empirical law !l =
170Q0.46 (Q is the mean annual discharge) proposed by
Carlston [1965].
[35] The one-to-one link between D0 and !l indicates

that !l has the same physical meaning of D0 and thus
justifies the use of !l in place of D0 as a characteristic
length scale. This explains the good collapse obtained in
some empirical geomorphologic laws using !l (e.g., the
celebrated formula !l = 4.7!r0.98 of Leopold and Wolman
[1960] where !r is the mean radius of curvature). The use
of !l has the advantage that, in practical applications, it can

Figure 4. Evolution of (a) the river mean wavelength,
(b) the mean curvilinear wavelength, and (c) the mean
absolute curvature nondimensionalized with D0 and T0 for
different hydraulic conditions using all three models (D0

and T0 range in the intervals [45, 500] m and [100, 1000]
years, respectively).

Figure 5. Scaling of physical quantities characterizing the
river geometry with !l: (a) pdfs of the curvatures,
(b) autocorrelation functions of the curvatures, and (c) pdfs
of the river wavelength. The black lines refer to data from
real rivers, while the red lines mark the envelope of the
curves obtained by simulated rivers.
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corresponding to the same initial condition, is shown in
Figure 3. Thus the long-term statistical spatial properties
investigated here must not be confused with the details of
the single planimetry that reflect the short-term evolution
and thus the fluid dynamic differences between models,
such as the role of the turbulence closure, the presence of
higher harmonics, and the spatial distribution of the
friction factor (Camporeale et al., submitted manuscript,
2005).
[30] The fact that the IPS model is sufficient to fully

describe the steady state statistical properties also implies
that the same dimensionless groups proposed by Edwards
and Smith [2002] for the short-term dynamics of such a
model can also be used for the long-term dynamics
including the cutoffs. These groups can be obtained
starting from the formal solution of the IPS model [Sun
et al., 1996],

ub ¼ "bUC þ UbCf

H
F2 þ Aþ 1
! "

Z s

"1
e"

2Cf
H s"zð ÞC zð Þdz; ð11Þ

where U is the mean stream velocity, Cf is the friction factor,
F is the Froude number, and A is the lateral slope factor.
Applying dimensional analysis to (3) and (11), the essential
geometric and hydraulic parameters can be used to form a
spatial scale D = H/2Cf and a temporal scale T = D2/bU E.
Notice that the dimensionless ratio of the stress term to the
convective term in the St Venant shallow water equations
reduces to H/LCf (where L is a generic length scale); it
follows that the scale D is close to the backwater length H/I,
with I the overall bed slope. The role of the temporal scale T
is apparent in the transient phase, while the spatial scale D
impacts the statistically steady state properties through its
influence on the kernel of the convolution integral of (11)
that in turn controls the downstream influence of the
curvature on the local river displacement. Moreover, once
scaled with the time-independent values D0 and T0 (the
subscript refers to the ‘‘straightened’’ river), the dimension-
less rate of bank erosion, ~V = ubET0/D0, satisfies the
following linear differential equation [Edwards and Smith,
2002]

t1=3
@ ~V

@~s
þ ~V ¼ @ ~C

@~s
þ P

t1=3
~C; ð12Þ

where the tilde refers to dimensionless quantities, while t is
the tortuosity defined before, and P = (F2 + A + 1)/2 is a
parameter that depends on sediment dynamics. Both
simulations and real data (Table 2) show that the variance
of the steady state values of t1/3 is about 10"3–10"2

regardless of the hydraulic characteristics. This has been
also confirmed by the comparison with the tortuosity time
series reported by Stølum [1996] and with the data of
Howard and Hemberger [1991]. Similarly, it can be
shown that the parameter P has also a negligible
influence on equation (12). As a result equation (12)
turns out to be essentially controlled by only D0 and T0
without need to use the tortuosity-dependent scales D =
t1/3D0 and T = tT0.
[31] After normalization with D0 and T0, the results of

the simulations of the three models for different hydraulic
conditions (i.e., 10 & 3 = 30 simulations) collapse on a
common behavior characterized by !l ’ 13.4D0, !ls ’
25D0, and j!Cj ’ 0.2/D0 (Figure 4). A similar collapse is
obtained for the pdfs and the autocorrelation functions.
Their envelopes (rescaled with D0) are marked by two
red lines in the Figure 5. As explained before, this
universal behavior emerges as a symptom of the action
of the cutoff in selecting the two governing scales D0 and
T0 among various fluid dynamic mechanisms.
[32] The emergence of a fluid dynamic spatial scale,

rather than a morphodynamic one, can be justified by
noticing that in the context of the long-term evolution only
the scale D0 = H0/2Cf0 influences the exponential factor
of the convolution integrals (9) of the various models,
despite the different hydrodynamic processes considered.
This property is immediately evident in the IPS solution
(see equation (11)), but may be also shown for ZS and JP
models. In fact, each eigenvalue, !j, in the convolution
integrals Ij can be written as the sum of two terms, !j =
fj(D0) + gj(b, q, ds), where the first only depends on the
scale D0 (gj = 0 for the IPS model). As the phase response
of all the models is substantially the same (Camporeale et
al., submitted manuscript, 2005), a single eigenvalue !*

Table 2. Rivers Considered in the Analysisa

Rivers !l, m !lc, m t1/3

Walla Walla (Washington) 194 267 1.88
Johnson-2 (Yukon Territory) 367 521 1.29
Johnson-1 (Yukon Territory) 393 593 1.23
Porcupine (Yukon Territory) 408 616 1.37
Johnson-3 (Yukon Territory) 435 677 1.31
Man (Manitoba) 459 661 1.39
Assiniboine (Manitoba) 485 744 1.35
Little Black (Alaska) 490 767 1.45
Johnson-4 (Yukon Territory) 496 690 1.29
Hodzana (Alaska) 757 1231 1.39
White-1 (Indiana) 792 1530 1.20
Birch-1 (Alaska) 844 1342 1.42
Old Crow-1 (Yukon Territory) 935 1381 1.47
Black-1 (Alaska) 982 1367 1.39
Birch-2 (Alaska) 994 1525 1.34
White-2 (Indiana) 1001 1629 1.36
Birch-3 (Alaska) 1002 1477 1.36
Pembina (Alberta) 1021 1576 1.41
Koyukuk-1 (Alaska) 1185 1914 1.38
Old Crow-2 (Yukon Territory) 1233 1846 1.34
Black-2 (Alaska) 1450 2177 1.31
Purus-1 (Brazil) 1804 2656 1.29
Purus-3 (Brazil) 1866 2585 1.34
Purus-2 (Brazil) 2030 2872 1.26
Purus-4 (Brazil) 2192 2902 1.31
Jurua-3 (Brazil) 3432 4518 1.27
Koyukuk-2 (Alaska) 3542 5349 1.30
Jurua-2 (Brazil) 3762 5105 1.27
Jurua-1 (Brazil) 3815 6167 1.39
Jurua-4 (Brazil) 4124 6178 1.33
Jurua-5 (Brazil) 4312 6767 1.32
Koyukuk-4 (Alaska) 4676 8043 1.31
Markha-1 (Russia) 4692 6488 1.25
Markha-3 (Russia) 5088 6522 1.36
Koyukuk-3 (Alaska) 5163 7065 1.31
Purus-5 (Brazil) 5561 8362 1.30
Markha-2 (Russia) 6223 9634 1.22
Purus-6 (Brazil) 6605 10190 1.35
Ucayali-1 (Peru) 7057 9875 1.27
Purus-7 (Brazil) 7272 12000 1.18
Ucayali-3 (Peru) 7275 10918 1.31
Ucayali-4 (Peru) 8567 12359 1.23
Ucayali-2 (Peru) 8707 14183 1.28
Purus-8 (Brazil) 8963 13283 1.35

aThe number after the name refers to different reaches of the same river.
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Purus-6 (Brazil) 6605 10190 1.35
Ucayali-1 (Peru) 7057 9875 1.27
Purus-7 (Brazil) 7272 12000 1.18
Ucayali-3 (Peru) 7275 10918 1.31
Ucayali-4 (Peru) 8567 12359 1.23
Ucayali-2 (Peru) 8707 14183 1.28
Purus-8 (Brazil) 8963 13283 1.35

aThe number after the name refers to different reaches of the same river.
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corresponding to the same initial condition, is shown in
Figure 3. Thus the long-term statistical spatial properties
investigated here must not be confused with the details of
the single planimetry that reflect the short-term evolution
and thus the fluid dynamic differences between models,
such as the role of the turbulence closure, the presence of
higher harmonics, and the spatial distribution of the
friction factor (Camporeale et al., submitted manuscript,
2005).
[30] The fact that the IPS model is sufficient to fully

describe the steady state statistical properties also implies
that the same dimensionless groups proposed by Edwards
and Smith [2002] for the short-term dynamics of such a
model can also be used for the long-term dynamics
including the cutoffs. These groups can be obtained
starting from the formal solution of the IPS model [Sun
et al., 1996],

ub ¼ "bUC þ UbCf

H
F2 þ Aþ 1
! "

Z s

"1
e"

2Cf
H s"zð ÞC zð Þdz; ð11Þ

where U is the mean stream velocity, Cf is the friction factor,
F is the Froude number, and A is the lateral slope factor.
Applying dimensional analysis to (3) and (11), the essential
geometric and hydraulic parameters can be used to form a
spatial scale D = H/2Cf and a temporal scale T = D2/bU E.
Notice that the dimensionless ratio of the stress term to the
convective term in the St Venant shallow water equations
reduces to H/LCf (where L is a generic length scale); it
follows that the scale D is close to the backwater length H/I,
with I the overall bed slope. The role of the temporal scale T
is apparent in the transient phase, while the spatial scale D
impacts the statistically steady state properties through its
influence on the kernel of the convolution integral of (11)
that in turn controls the downstream influence of the
curvature on the local river displacement. Moreover, once
scaled with the time-independent values D0 and T0 (the
subscript refers to the ‘‘straightened’’ river), the dimension-
less rate of bank erosion, ~V = ubET0/D0, satisfies the
following linear differential equation [Edwards and Smith,
2002]

t1=3
@ ~V

@~s
þ ~V ¼ @ ~C

@~s
þ P

t1=3
~C; ð12Þ

where the tilde refers to dimensionless quantities, while t is
the tortuosity defined before, and P = (F2 + A + 1)/2 is a
parameter that depends on sediment dynamics. Both
simulations and real data (Table 2) show that the variance
of the steady state values of t1/3 is about 10"3–10"2

regardless of the hydraulic characteristics. This has been
also confirmed by the comparison with the tortuosity time
series reported by Stølum [1996] and with the data of
Howard and Hemberger [1991]. Similarly, it can be
shown that the parameter P has also a negligible
influence on equation (12). As a result equation (12)
turns out to be essentially controlled by only D0 and T0
without need to use the tortuosity-dependent scales D =
t1/3D0 and T = tT0.
[31] After normalization with D0 and T0, the results of

the simulations of the three models for different hydraulic
conditions (i.e., 10 & 3 = 30 simulations) collapse on a
common behavior characterized by !l ’ 13.4D0, !ls ’
25D0, and j!Cj ’ 0.2/D0 (Figure 4). A similar collapse is
obtained for the pdfs and the autocorrelation functions.
Their envelopes (rescaled with D0) are marked by two
red lines in the Figure 5. As explained before, this
universal behavior emerges as a symptom of the action
of the cutoff in selecting the two governing scales D0 and
T0 among various fluid dynamic mechanisms.
[32] The emergence of a fluid dynamic spatial scale,

rather than a morphodynamic one, can be justified by
noticing that in the context of the long-term evolution only
the scale D0 = H0/2Cf0 influences the exponential factor
of the convolution integrals (9) of the various models,
despite the different hydrodynamic processes considered.
This property is immediately evident in the IPS solution
(see equation (11)), but may be also shown for ZS and JP
models. In fact, each eigenvalue, !j, in the convolution
integrals Ij can be written as the sum of two terms, !j =
fj(D0) + gj(b, q, ds), where the first only depends on the
scale D0 (gj = 0 for the IPS model). As the phase response
of all the models is substantially the same (Camporeale et
al., submitted manuscript, 2005), a single eigenvalue !*

Table 2. Rivers Considered in the Analysisa

Rivers !l, m !lc, m t1/3

Walla Walla (Washington) 194 267 1.88
Johnson-2 (Yukon Territory) 367 521 1.29
Johnson-1 (Yukon Territory) 393 593 1.23
Porcupine (Yukon Territory) 408 616 1.37
Johnson-3 (Yukon Territory) 435 677 1.31
Man (Manitoba) 459 661 1.39
Assiniboine (Manitoba) 485 744 1.35
Little Black (Alaska) 490 767 1.45
Johnson-4 (Yukon Territory) 496 690 1.29
Hodzana (Alaska) 757 1231 1.39
White-1 (Indiana) 792 1530 1.20
Birch-1 (Alaska) 844 1342 1.42
Old Crow-1 (Yukon Territory) 935 1381 1.47
Black-1 (Alaska) 982 1367 1.39
Birch-2 (Alaska) 994 1525 1.34
White-2 (Indiana) 1001 1629 1.36
Birch-3 (Alaska) 1002 1477 1.36
Pembina (Alberta) 1021 1576 1.41
Koyukuk-1 (Alaska) 1185 1914 1.38
Old Crow-2 (Yukon Territory) 1233 1846 1.34
Black-2 (Alaska) 1450 2177 1.31
Purus-1 (Brazil) 1804 2656 1.29
Purus-3 (Brazil) 1866 2585 1.34
Purus-2 (Brazil) 2030 2872 1.26
Purus-4 (Brazil) 2192 2902 1.31
Jurua-3 (Brazil) 3432 4518 1.27
Koyukuk-2 (Alaska) 3542 5349 1.30
Jurua-2 (Brazil) 3762 5105 1.27
Jurua-1 (Brazil) 3815 6167 1.39
Jurua-4 (Brazil) 4124 6178 1.33
Jurua-5 (Brazil) 4312 6767 1.32
Koyukuk-4 (Alaska) 4676 8043 1.31
Markha-1 (Russia) 4692 6488 1.25
Markha-3 (Russia) 5088 6522 1.36
Koyukuk-3 (Alaska) 5163 7065 1.31
Purus-5 (Brazil) 5561 8362 1.30
Markha-2 (Russia) 6223 9634 1.22
Purus-6 (Brazil) 6605 10190 1.35
Ucayali-1 (Peru) 7057 9875 1.27
Purus-7 (Brazil) 7272 12000 1.18
Ucayali-3 (Peru) 7275 10918 1.31
Ucayali-4 (Peru) 8567 12359 1.23
Ucayali-2 (Peru) 8707 14183 1.28
Purus-8 (Brazil) 8963 13283 1.35

aThe number after the name refers to different reaches of the same river.
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Regime theory

controls the free response of the system and g* ! f*.
Consequently, since ub is the main ingredient of the
evolution equation (3), D0 regulates the spatial response
of meandering dynamics (i.e., the prevailing harmonic !*).
The other sediment and fluid dynamic processes are
contained in some multiplicative coefficients of the evo-
lution equation and only affect the timescale of the
dynamics at timescales that are larger than the time to
reach cutoff. As a result, the dominant action of the cutoff
overwhelms the effect of the higher harmonics related to
the eigenvalues !j 6¼ !* that therefore are not able to
contribute to the long-term statistical properties.

4.2. Link With Empirical Laws

[33] The universal behavior obtained using the scale D0

is in substantial agreement with some empirical geo-
morphologic laws. The reason for the good scaling of
such empirical laws is probably due to the choice of
quantities that contain D0 or that directly depend on it.
For example, the well-known Hansen’s law [Hansen,
1967; Jansen et al., 1979], !l = 14H0/f (where f is the
friction factor of Darcy-Weisbach), which is in very good
agreement with the results of Figure 4 and thus confirms
the reliability of the simulations, can be written in terms
of D0 as !l/D0 = 14.

[34] More recently, Parker and Johannesson [1989]
reported the dimensionless ratio

Hk

bCf
¼ 2pb

!l
2D

b
¼ 4p

D
!l
¼ O 1ð Þ; ð13Þ

where k is the wave number made dimensionless with b.
Such a relationship implies a ratio between !l and D of
about 13, which is very close to the value of the Hansen’s
law. For example, previous theoretical works [Parker and
Andrews, 1986; Parker and Johannesson, 1989] report the
values of H = 1 m and Cf = 0.0064 for the Pembina River,
from which we can evaluate a ratio !l/D0 = 13.1. Also, the
results reported in Table 1 are also in agreement, with a
relative mean error of 13%, with the empirical law !l =
170Q0.46 (Q is the mean annual discharge) proposed by
Carlston [1965].
[35] The one-to-one link between D0 and !l indicates

that !l has the same physical meaning of D0 and thus
justifies the use of !l in place of D0 as a characteristic
length scale. This explains the good collapse obtained in
some empirical geomorphologic laws using !l (e.g., the
celebrated formula !l = 4.7!r0.98 of Leopold and Wolman
[1960] where !r is the mean radius of curvature). The use
of !l has the advantage that, in practical applications, it can

Figure 4. Evolution of (a) the river mean wavelength,
(b) the mean curvilinear wavelength, and (c) the mean
absolute curvature nondimensionalized with D0 and T0 for
different hydraulic conditions using all three models (D0

and T0 range in the intervals [45, 500] m and [100, 1000]
years, respectively).

Figure 5. Scaling of physical quantities characterizing the
river geometry with !l: (a) pdfs of the curvatures,
(b) autocorrelation functions of the curvatures, and (c) pdfs
of the river wavelength. The black lines refer to data from
real rivers, while the red lines mark the envelope of the
curves obtained by simulated rivers.
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Comparison with data

be rather easily estimated using remote sensing techniques,
whereas the hydraulic parameters, and in particular the
dominant discharge, make it difficult to estimate D0. For
this reason in what follows we make use of !l for the
comparison with data from real rivers. Finally, we note
that the bed width, 2b, used as a typical length scale in
some geomorphological laws [Leopold et al., 1964; Jansen

et al., 1979], is closely related to the same hydraulic
characteristics that are contained in D (or D0). Therefore,
since D0 captures the fluid dynamic mechanisms that
regulate the long-term dynamics, b too is a physically
justified parameter to scale the planimetry river geometry.

4.3. Comparison With Data From Real Rivers

[36] We validated the universal behavior of simulated
river patterns using data from maps of Amazonian, North
American, and Russian rivers with minimal anthropic
perturbations. Forty-four reaches covering a wide range of
wavelengths have been considered (see Table 2). The real
data were obtained following the recommendations speci-
fied by Howard and Hemberger [1991] and consist of
segments with nearly uniform discharge [see also Stølum,
1998].
[37] The same geometrical quantities used to analyze the

simulated rivers were evaluated for the real rivers. Figure 5
shows the excellent agreement of the simulated and real pdf
and autocorrelation of the curvatures as well as of the pdf of
the meander wavelength, underlining the universal features
in the long-term river geometry. In particular, since the pdf
and the autocorrelation function completely define the linear
properties of a process [Kantz and Schreiber, 1997], their
remarkable collapse here implies the universality of all the
linear geometric characteristics of meandering rivers
[Perucca et al., 2005]. In Figure 5b, the autocorrelation

Figure 6. Links among the mean curvilinear wavelength,
!lc, the mean wavelength, !l, and the mean absolute radius of
curvature (obtained by averaging the local values along
the river) for both real and simulated rivers. The straight
lines highlight the scale invariance (i.e., a power law
dependence).

Figure 7. Probabilistic characterization of the meander
belt. (a) Example of the frequency of the riverbed
occurrence during the steady state (ZS model, D0 =
250 m, T0 = 600 years, and !l = 3250 m). The darkest
shade refers to the lowest frequency, the green line marks
the planimetry of the river at a generic time, and the blue
arrow corresponds to 3.4!l. (b) Cumulative frequency of
river occurrence at steady state for some simulated rivers
(y is the coordinate transversal to the chord linking the
river extremes).

Figure 8. Planimetries of (a) Johnson Creek, (b) Pembina
River, and (c) Ukayali River rescaled using their mean
wavelength (equal to 435, 1021, and 7275 m, respectively);
the bold black lines mark width equal to 3.4!l.
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be rather easily estimated using remote sensing techniques,
whereas the hydraulic parameters, and in particular the
dominant discharge, make it difficult to estimate D0. For
this reason in what follows we make use of !l for the
comparison with data from real rivers. Finally, we note
that the bed width, 2b, used as a typical length scale in
some geomorphological laws [Leopold et al., 1964; Jansen

et al., 1979], is closely related to the same hydraulic
characteristics that are contained in D (or D0). Therefore,
since D0 captures the fluid dynamic mechanisms that
regulate the long-term dynamics, b too is a physically
justified parameter to scale the planimetry river geometry.

4.3. Comparison With Data From Real Rivers

[36] We validated the universal behavior of simulated
river patterns using data from maps of Amazonian, North
American, and Russian rivers with minimal anthropic
perturbations. Forty-four reaches covering a wide range of
wavelengths have been considered (see Table 2). The real
data were obtained following the recommendations speci-
fied by Howard and Hemberger [1991] and consist of
segments with nearly uniform discharge [see also Stølum,
1998].
[37] The same geometrical quantities used to analyze the

simulated rivers were evaluated for the real rivers. Figure 5
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and autocorrelation of the curvatures as well as of the pdf of
the meander wavelength, underlining the universal features
in the long-term river geometry. In particular, since the pdf
and the autocorrelation function completely define the linear
properties of a process [Kantz and Schreiber, 1997], their
remarkable collapse here implies the universality of all the
linear geometric characteristics of meandering rivers
[Perucca et al., 2005]. In Figure 5b, the autocorrelation
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curvature (obtained by averaging the local values along
the river) for both real and simulated rivers. The straight
lines highlight the scale invariance (i.e., a power law
dependence).

Figure 7. Probabilistic characterization of the meander
belt. (a) Example of the frequency of the riverbed
occurrence during the steady state (ZS model, D0 =
250 m, T0 = 600 years, and !l = 3250 m). The darkest
shade refers to the lowest frequency, the green line marks
the planimetry of the river at a generic time, and the blue
arrow corresponds to 3.4!l. (b) Cumulative frequency of
river occurrence at steady state for some simulated rivers
(y is the coordinate transversal to the chord linking the
river extremes).

Figure 8. Planimetries of (a) Johnson Creek, (b) Pembina
River, and (c) Ukayali River rescaled using their mean
wavelength (equal to 435, 1021, and 7275 m, respectively);
the bold black lines mark width equal to 3.4!l.
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The «Room for rivers» concept
• Espace réservé aux eaux: couloir de divagation et habitats
• art. 36a LEaux

• art. 41a OEaux
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