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Diffusion equation: superposition principle

2
The diffusion equation Is linear oC(z, ¢) il D8 C(x,1)
ot 0?2
» It C(xt) and Cy(xt) are solution of the diffusion equation then their sum is also a solution of

the diffusion equation.

» Solution In the presence of N H
. . Mz (x—py)
several point sources in an (Ui i) — E S
L | — A4 Dt
infinite D domain =0

With i the position of the ith source (N in total).



Diffusion equation: continuous initial condition

We assume an infinite | D domain and a continuous inrtial condrtion Cy(X)

0C (xz,t) DQZC(x,t)

» bvolution equation —

ot 012

» Domain boundary concentrations Bl bttt e SR ECH VTS

» Initial concentration distribution C'(x,0) = Cy(x)

Using the linearity of the diffusion equation, we will obtain the solution satistying the inrtial
continuous boundary condition from the solution for a point release.



Diffusion equation: continuous initial condition

» General solution obtained from () = / Co(¢) e LR d§
the point source solution ~o0 VAT Dt

» By linearity it 1s easy to verify that this I1s a solution of the diffusion equation.

» Inturtively, the integral can be seen as the sum of an infinite number of local contributions

(~ point sources). Each of those contributions is weighed by the value of the initial
concentration Cy(X).



Diffusion equation: continuous initial condition
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» In order to prove that the continuous inrtial condition Is satisfied we use the property of the

Dirac distribution (blackboard derivation).

/5(:13 — o) f(x)dx = f(xp)

» In addition, we use the Leibniz integral rule

i C(z,t)dt = C(g(x),t)g'(x) — C(f(=),t) [ (z) +
f () LA Wl il

In this case the limits of integration do not depend
on the position, those two terms are thus zero.
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Example |:gate opening

» VWe consider the following initial concentration distribution: 0(x)

C() (QZ‘) — C()@(CE‘)

With O(x) =1 for positive values of x and zero R

otherwise (Heaviside function). This corresponds to a
oate closed at x=0 and t<0.

» At t=0 the gate Is opened and the substance diffuses toward negative values of x.

» From the general solution for a continuous Initial condrtion, we can derive (blackboard).

C _ At
C(x,t) = 70 1 + ert (\/ZDt) with erf(zx) = ﬁ/o e~ dt.




Example 2: semi-infinite domain and fixed
concentration (e.g. oxygen diffusion in lake)

» VWe consider the same Inrtial concentration as in example | 0(x)

C() (QZ‘) — CQ@(LE)

With O(x) =1 for positive values of x and zero r =0
otherwise (Heaviside function).

» Instead of opening the gate we fix the boundary concentration.
C(%ZO,If)ZC@ \va

» Noting that the solution from example | I1s constant at x=0 (symmetry), we obtain directly
(note the factor 2 difference)
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Example 3: presence of boundaries method of images

» Ve consider as Inrtial

condrtion a point source (ke gttt Mé(x)
located at a distance L from a A
reflecting boundary (x=-L) M

sl =

» As boundary condition we impose a zero flux at the reflecting boundary

0C (x,t)
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Example 4: presence of boundaries method of images

» Both boundary conditions can be satisfied by introducing an imaginary source at x=-2L.
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Example 4: multiple boundaries

Not sufficient! e~ -~
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»In the presence of two boundaries, multiple reflections have to be accounted for
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Advection diffusion equation

» Ve start from the continuity equation

oC
ot

» VWe assume that at each time the concentration profile results in a flux coming from diffusion

HiINH i == 0

and from advection. In addrition both processes need to be independent.
J(mv Y, <, t) i1 Jadv(ajv Y, <, t) 1 szff(mv Y, <, t)

With A P Rt DAV O it = L)
» For solenoidal flow (incompressible flow, with zero divergence of velocity field) we obtain
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Advection diffusion equation (e.g. polluant in river)

» VWe consider now the I D advection diffusion equation with constant
advection velocity v.gq,
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» VWe assume In addition a point source |located at x=0 as initial

condrtion.

» [T we choose a moving (inertial) reference frame following the fluid (e.g.

observer on boat dragged by the current), we have the usual solution of
the diffusion equation without advection.

» Transforming back to the reference frame for which the fluid 1s moving
(e.g. observer standing on the side of the river) with v, 4, we get
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A\/47TDt€ centerline moves with the fluid
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