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Questions from previous lecture?
 Link to preferences (please add your name if you haven’t done 

so!): 
- https://docs.google.com/spreadsheets/d/

1WxXG2pXAkG4j6YjpYyscz7lfQ41MO59aoI5mipZoW_4/edit?usp=sharing 

 Any suggestions?
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https://docs.google.com/spreadsheets/d/1WxXG2pXAkG4j6YjpYyscz7lfQ41MO59aoI5mipZoW_4/edit?usp=sharing
https://docs.google.com/spreadsheets/d/1WxXG2pXAkG4j6YjpYyscz7lfQ41MO59aoI5mipZoW_4/edit?usp=sharing


Agenda
 Intro into graph machine learning 

 Traditional machine learning on graphs 

 Graph neural networks 

 Applications
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Today

Next week



Going beyond graph structure 
 Very often data comes with additional features 

- Not only graphs, but attributes on the nodes of the graph (e.g., congestion in 
rode junctions, preferences of individuals, activities in brain regions…)
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 Transportation networks 

 Weather networks  Social networks 
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Graph structured data
 Data live on a regular domain 

 Weighted graphs capture the geometric structure of complex, i.e., 
irregular, domains
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Processing graph structured data
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RN

+
0

-

How can we extract useful information by taking into account both 
structure (edges) and data (values/features on vertices)?

+

graph signal



Processing graph structured data
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How can we extract useful information by taking into account both 
structure (edges) and data (values/features on vertices)?

1D signal 2D signal graph signal



Classical ML vs Graph ML
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Classical ML

node 
classification

graph 
classification

link prediction

graph clustering
<latexit sha1_base64="47fIja0iMLdQFgyM5rrCq3k+8Ys=">AAACCHicbVBLTsMwFHTKr5RfgSUbiwqJVZUgfssKFrAsEv1IaVS9uE5r1Ykj2wGqqBdgzxauwA6x5RbcgGPgtFnQlpEsjWbe0xuPH3OmtG1/W4Wl5ZXVteJ6aWNza3unvLvXVCKRhDaI4EK2fVCUs4g2NNOctmNJIfQ5bfnD68xvPVCpmIju9SimXgj9iAWMgDaS2wlBDwjw9GbcLVfsqj0BXiROTiooR71b/un0BElCGmnCQSnXsWPtpSA1I5yOS51E0RjIEPrUNTSCkCovnUQe4yOj9HAgpHmRxhP170YKoVKj0DeTWUQ172Xif56b6ODSS1kUJ5pGZHooSDjWAmf/xz0mKdF8ZAgQyUxWTAYggWjT0swV+qRBSvGosmqc+SIWSfOk6pxXz+5OK7WrvKQiOkCH6Bg56ALV0C2qowYiSKAX9IrerGfr3fqwPqejBSvf2UczsL5+Aa6/m0c=</latexit>

G

Graph ML

time series 
forecasting

image 
classification

regular domain 
(real line, 2D grid) 

irregular domain 
(graphs) 

<latexit sha1_base64="9A+xRlJjiLjo425TMaH78T6PFO8=">AAACAXicbVDLTgJBEJz1ifhCPXqZSEzwQnaNQY9ELx4xkUcCGzI7zMKE2ZnNTK9KNpy8e9Vf8Ga8+iX+gZ/hLHAQsJJOKlXd6e4KYsENuO63s7K6tr6xmdvKb+/s7u0XDg4bRiWasjpVQulWQAwTXLI6cBCsFWtGokCwZjC8yfzmA9OGK3kPo5j5EelLHnJKIJPCUuusWyi6ZXcCvEy8GSmiGWrdwk+np2gSMQlUEGPanhuDnxINnAo2zncSw2JCh6TP2pZKEjHjp5Nbx/jUKj0cKm1LAp6ofydSEhkzigLbGREYmEUvE//z2gmEV37KZZwAk3S6KEwEBoWzx3GPa0ZBjCwhVHN7K6YDogkFG8/cFvYERGv1aMY2Gm8xiGXSOC97lXLl7qJYvZ6FlEPH6ASVkIcuURXdohqqI4oG6AW9ojfn2Xl3PpzPaeuKM5s5QnNwvn4BJgaXnA==</latexit>

f(X)

<latexit sha1_base64="an/W+Ng3iy4cZqRoGioSIjYuaWA=">AAACEHicbVDLSgMxFM3UV62vqS7dBItQQcqMSHVZdKHLCrYW2qFk0kwbmkmGJGMtQ3/CvVv9BXfi1j/wD/wMM+0sbOuBC4dz7uUejh8xqrTjfFu5ldW19Y38ZmFre2d3zy7uN5WIJSYNLJiQLR8pwignDU01I61IEhT6jDz4w+vUf3gkUlHB7/U4Il6I+pwGFCNtpK5dDMqdEOkBRiy5mZzC1knXLjkVZwq4TNyMlECGetf+6fQEjkPCNWZIqbbrRNpLkNQUMzIpdGJFIoSHqE/ahnIUEuUl0+gTeGyUHgyENMM1nKp/LxIUKjUOfbOZxlSLXir+57VjHVx6CeVRrAnHs0dBzKAWMO0B9qgkWLOxIQhLarJCPEASYW3amvtCnjSSUozUxFTjLhaxTJpnFbdaqd6dl2pXWUl5cAiOQBm44ALUwC2ogwbAYARewCt4s56td+vD+pyt5qzs5gDMwfr6BU/CnRA=</latexit>

f(G, X)

<latexit sha1_base64="uuEFW+1SMvojOzb0ZUQgvHkdoo4=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4TMA9IljA76U2GzM4sM7NqWALeveoveBOv/op/4Gc4SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6Omlomi0KCSS9UOiAbOBDQMMxzasQISBRxaweh26rceQGkmxb0Zx+BHZCBYyCgxVqq3e8WSW3ZnwKvEy0gJZaj1ij/dvqRJBMJQTrTueG5s/JQowyiHSaGbaIgJHZEBdCwVJALtp7NDJ/jMKn0cSmVLGDxT/06kJNJ6HAW2MyJmqJe9qfif10lMeO2nTMSJAUHni8KEYyPx9GvcZwqo4WNLCFXM3orpkChCjc1mYQs8GaKUfNQTG423HMQqaV6UvUq5Ur8sVW+ykPLoBJ2ic+ShK1RFd6iGGogiQC/oFb05z8678+F8zltzTjZzjBbgfP0CkASWxw==</latexit>

X



Predominant graph representation learning 
paradigms 
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[Fig modified from M. Li, K. Hunag, and M. Zitinik.,Graph Representation Learning in Biomedicine and Healthcare,  Nature Biomedical Engineering, 2022]

Hand-crafted graph theoretic features Kernel-based features Graph signal processing based features 

Shallow embeddings Deep embeddings: Graph neural networks Topological features

Persistent homology Manifold learning & Topology inference
Graph generative models



Predominant graph representation learning 
paradigms 

8
Graph Representations for Biology and Medicine - EE626 

Dr Dorina Thanou 

[Fig modified from M. Li, K. Hunag, and M. Zitinik.,Graph Representation Learning in Biomedicine and Healthcare,  Nature Biomedical Engineering, 2022]

Hand-crafted graph theoretic features Kernel-based features Graph signal processing based features 

Shallow embeddings Deep embeddings: Graph neural networks Topological features

Persistent homology Manifold learning & Topology inference
Graph generative models



Recap of classical graph matrices
 Undirected graph of     nodes, i.e.,              :                        

 Adjacency matrix or weight matrix : 

 If the graph is unweighted (often denoted as    ) : 
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<latexit sha1_base64="1Lb9XI3PrNvBRIoAdsSnrWVRmV4="></latexit>

G = (V, E , A), E ✓ {(i, j) : i, j 2 V}, (i, j) = (j, i)

<latexit sha1_base64="j+pwUW7OPFwpsoSvAI+R3hXrCiw="></latexit>

A =

2

4
0 1 1
1 0 1
1 1 0

3

5

<latexit sha1_base64="ct0RPaeI1dZW347DpjPStKduxvI=">AAAB8XicbVDLSgMxFL3xWeur6tJNsAiuyowouiy6cVnBPrAdSibNtKGZZEgyljL0L9y4UMStf+POvzFtZ6GtBwKHc+4h954wEdxYz/tGK6tr6xubha3i9s7u3n7p4LBhVKopq1MllG6FxDDBJatbbgVrJZqROBSsGQ5vp37ziWnDlXyw44QFMelLHnFKrJMeOz01kkRrNeqWyl7FmwEvEz8nZchR65a+XJimMZOWCmJM2/cSG2REW04FmxQ7qWEJoUPSZ21HJYmZCbLZxhN86pQejpR2T1o8U38nMhIbM45DNxkTOzCL3lT8z2unNroOMi6T1DJJ5x9FqcBW4en5uMc1o1aMHSFUc7crpgOiCbWupKIrwV88eZk0ziv+ZcW7vyhXb/I6CnAMJ3AGPlxBFe6gBnWgIOEZXuENGfSC3tHHfHQF5Zkj+AP0+QMAbZEh</latexit>

#

<latexit sha1_base64="C4/J0VoM5tgtiXbAeY2y7qDvnes=">AAACC3icbVDLSgMxFL1TX7W+Rl26CS1ChVJmRNGNUhDRZQXbCu1QMmmmDc08SDJCGbp346+4caGIW3/AnX9jph1EWw8Ezj3nXnLvcSPOpLKsLyO3sLi0vJJfLaytb2xumds7TRnGgtAGCXko7lwsKWcBbSimOL2LBMW+y2nLHV6kfuueCsnC4FaNIur4uB8wjxGstNQ1i1foDJU7PlYDgnnSHFfQT3Gpi9ZBpWuWrKo1AZondkZKkKHeNT87vZDEPg0U4VjKtm1FykmwUIxwOi50YkkjTIa4T9uaBtin0kkmt4zRvlZ6yAuFfoFCE/X3RIJ9KUe+qzvTPeWsl4r/ee1YeadOwoIoVjQg04+8mCMVojQY1GOCEsVHmmAimN4VkQEWmCgdX0GHYM+ePE+ah1X7uGrdHJVq51kcediDIpTBhhOowTXUoQEEHuAJXuDVeDSejTfjfdqaM7KZXfgD4+MbD7WZJg==</latexit>

G = (V, E ,W ),

<latexit sha1_base64="cWVNKNNcb2qcx0IeC7LZShLVzeE="></latexit>

Wij =

(
wij , if (i, j) 2 E
0, otherwise

<latexit sha1_base64="KA0TFRQxn5SMoVWU0sHVbe7LU+w="></latexit>

Wij =

(
1, if (i, j) 2 E
0, otherwise

<latexit sha1_base64="zif0Ev2nrctGpCJ18B6/Xurx1lQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bZXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/kvuMxQ==</latexit>

A

<latexit sha1_base64="2YX7MB0qi0T2FLGdzu8RF/asXB8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjXa/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1kXVu6q6jctK7TaPowgncArn4ME11OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/tFOM2w==</latexit>

W

<latexit sha1_base64="VElqasBsuT/Z333w2BsaqdPFpK4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfywYwT9CM6kDzkjBor1e97pbJbcWcgy8TLSRly1Hqlr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0Mn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuiDcFbfHmZNM8r3mXFrV+Uqzd5HAU4hhM4Aw+uoAp3UIMGMEB4hld4cx6dF+fd+Zi3rjj5zBH8gfP5A6avjNI=</latexit>

N
<latexit sha1_base64="n5MK/9XlZfmokNQhb2cyquAEbHs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0Y1ScONKKtgHtKFMppN26GQSZiZKSfspblwo4tYvceffOGmz0NYDA4dz7uWeOX7MmdKO820VVlbX1jeKm6Wt7Z3dPbu831RRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7rJ/NYjlYpF4kGPY+qFeCBYwAjWRurZ5Uk3xHpIME+b0wm6Qnc9u+JUnRnQMnFzUoEc9Z791e1HJAmp0IRjpTquE2svxVIzwum01E0UjTEZ4QHtGCpwSJWXzqJP0bFR+iiIpHlCo5n6eyPFoVLj0DeTWU616GXif14n0cGllzIRJ5oKMj8UJBzpCGU9oD6TlGg+NgQTyUxWRIZYYqJNWyVTgrv45WXSPK2651Xn/qxSu87rKMIhHMEJuHABNbiFOjSAwBM8wyu8WRPrxXq3PuajBSvfOYA/sD5/ALM8k5w=</latexit>

|V| = N



Recap of classical graph matrices
 Neighborhood of node   : Set of nodes connected to                               

node   by an edge  

 Degree of a node   : It is the sum of the weights of the             
edges incident to node 

 Degree matrix: A diagonal matrix containing the                          
degree of each node
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<latexit sha1_base64="j+pwUW7OPFwpsoSvAI+R3hXrCiw="></latexit>

A =

2

4
0 1 1
1 0 1
1 1 0

3

5

<latexit sha1_base64="OJ5DZ0fRDEdXRj66LbEAgtF92Jc="></latexit>

D =

2

4
2 0 0
0 2 0
0 0 2

3

5

<latexit sha1_base64="ct0RPaeI1dZW347DpjPStKduxvI=">AAAB8XicbVDLSgMxFL3xWeur6tJNsAiuyowouiy6cVnBPrAdSibNtKGZZEgyljL0L9y4UMStf+POvzFtZ6GtBwKHc+4h954wEdxYz/tGK6tr6xubha3i9s7u3n7p4LBhVKopq1MllG6FxDDBJatbbgVrJZqROBSsGQ5vp37ziWnDlXyw44QFMelLHnFKrJMeOz01kkRrNeqWyl7FmwEvEz8nZchR65a+XJimMZOWCmJM2/cSG2REW04FmxQ7qWEJoUPSZ21HJYmZCbLZxhN86pQejpR2T1o8U38nMhIbM45DNxkTOzCL3lT8z2unNroOMi6T1DJJ5x9FqcBW4en5uMc1o1aMHSFUc7crpgOiCbWupKIrwV88eZk0ziv+ZcW7vyhXb/I6CnAMJ3AGPlxBFe6gBnWgIOEZXuENGfSC3tHHfHQF5Zkj+AP0+QMAbZEh</latexit>

#

<latexit sha1_base64="ct0RPaeI1dZW347DpjPStKduxvI=">AAAB8XicbVDLSgMxFL3xWeur6tJNsAiuyowouiy6cVnBPrAdSibNtKGZZEgyljL0L9y4UMStf+POvzFtZ6GtBwKHc+4h954wEdxYz/tGK6tr6xubha3i9s7u3n7p4LBhVKopq1MllG6FxDDBJatbbgVrJZqROBSsGQ5vp37ziWnDlXyw44QFMelLHnFKrJMeOz01kkRrNeqWyl7FmwEvEz8nZchR65a+XJimMZOWCmJM2/cSG2REW04FmxQ7qWEJoUPSZ21HJYmZCbLZxhN86pQejpR2T1o8U38nMhIbM45DNxkTOzCL3lT8z2unNroOMi6T1DJJ5x9FqcBW4en5uMc1o1aMHSFUc7crpgOiCbWupKIrwV88eZk0ziv+ZcW7vyhXb/I6CnAMJ3AGPlxBFe6gBnWgIOEZXuENGfSC3tHHfHQF5Zkj+AP0+QMAbZEh</latexit>

#
<latexit sha1_base64="kZAtGCDp4xSRdkMmT8lKDL9dSR0="></latexit>

Dij =

(P
j Wij , if i = j

0, otherwise

<latexit sha1_base64="2YX7MB0qi0T2FLGdzu8RF/asXB8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjXa/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1kXVu6q6jctK7TaPowgncArn4ME11OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/tFOM2w==</latexit>

W

<latexit sha1_base64="425PAMoRUmoZG1niVJqqDUufkSk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDd4vV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpu47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPz5uM7Q==</latexit>

i
<latexit sha1_base64="425PAMoRUmoZG1niVJqqDUufkSk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDd4vV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpu47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPz5uM7Q==</latexit>

i

<latexit sha1_base64="425PAMoRUmoZG1niVJqqDUufkSk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDd4vV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpu47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPz5uM7Q==</latexit>

i

<latexit sha1_base64="AJelEWteyinopH69IHJ5wTXkeFY=">AAACFHicbVDLSsNAFJ3UV62vqks3g0WoKCURRRGUggiupIJ9QBPCZDppp51MwsxEKCEf4cZfceNCEbcu3Pk3TtsgWj1w4XDOvdx7jxcxKpVpfhq5mdm5+YX8YmFpeWV1rbi+0ZBhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7gY+c07IiQN+a0aRsQJUJdTn2KktOQW9+wAqR5GLLlOXXoG7aQPT2GZ7vd3bcrht3uZ2qlbLJkVcwz4l1gZKYEMNbf4YXdCHAeEK8yQlG3LjJSTIKEoZiQt2LEkEcID1CVtTTkKiHSS8VMp3NFKB/qh0MUVHKs/JxIUSDkMPN05OlJOeyPxP68dK//ESSiPYkU4nizyYwZVCEcJwQ4VBCs21ARhQfWtEPeQQFjpHAs6BGv65b+kcVCxjirmzWGpep7FkQdbYBuUgQWOQRVcgRqoAwzuwSN4Bi/Gg/FkvBpvk9ackc1sgl8w3r8ALjKdpA==</latexit>

Ni = {j : (i, j) 2 E}

<latexit sha1_base64="425PAMoRUmoZG1niVJqqDUufkSk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDd4vV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpu47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPz5uM7Q==</latexit>

i
<latexit sha1_base64="6BgrrWz/h2jVW+IUpkGzgLqijic=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VRJRdKMUdOFKKtgHNCFMppN22skkzEyEEvIJbvwVNy4UcevSnX/jpM1CWw8MHM45l7n3+DGjUlnWt1FaWFxaXimvVtbWNza3zO2dlowSgUkTRywSHR9JwignTUUVI51YEBT6jLT90VXutx+IkDTi92ocEzdEfU4DipHSkmceXnspzeAFdGQSeunQoRw6IVIDjFh6m3k0a+vAMPPMqlWzJoDzxC5IFRRoeOaX04twEhKuMENSdm0rVm6KhKKYkaziJJLECI9Qn3Q15Sgk0k0nB2XwQCs9GERCP67gRP09kaJQynHo62S+q5z1cvE/r5uo4NxNKY8TRTiefhQkDKoI5u3AHhUEKzbWBGFB9a4QD5BAWOkOK7oEe/bkedI6rtmnNevupFq/LOoogz2wD46ADc5AHdyABmgCDB7BM3gFb8aT8WK8Gx/TaMkoZnbBHxifPwoYnTw=</latexit>

Di =
X

j2Ni

Wij



The graph Laplacian matrix
 The combinatorial Laplacian is defined as: 

- Symmetric 
- Off-diagonal entries non-positive  
- Rows sum up to zero   

 It is a positive semi-definite matrix:  
- For each function                , where      is the value on the      node of the graph:
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<latexit sha1_base64="7GADdbkcgoEXWR6E73XJR0HYi6A="></latexit>

L =

2

4
2 �1 �1
�1 2 �1
�1 �1 2

3

5<latexit sha1_base64="98TgsdnDzCZzXBIbwPgJWyzr1fw=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTRRsloIWFRQSTCyRH2NvsJUt2947dPSEc+RE2ForY+nvs/Ddukis08cHA470ZZuaFCWfauO63U1haXlldK66XNja3tnfKu3tNHaeK0AaJeaxaIdaUM0kbhhlOW4miWISc+uHwZuL7T1RpFstHM0poIHBfsogRbKzk36MrdHvid8sVt+pOgRaJl5MK5Kh3y1+dXkxSQaUhHGvd9tzEBBlWhhFOx6VOqmmCyRD3adtSiQXVQTY9d4yOrNJDUaxsSYOm6u+JDAutRyK0nQKbgZ73JuJ/Xjs10WWQMZmkhkoyWxSlHJkYTX5HPaYoMXxkCSaK2VsRGWCFibEJlWwI3vzLi6R5WvXOq+7DWaV2ncdRhAM4hGPw4AJqcAd1aACBITzDK7w5ifPivDsfs9aCk8/swx84nz9yT45R</latexit>

L = D �W

<latexit sha1_base64="44hminLsTemvmmz76K99iby8GzU="></latexit>

fTLf = fT (D �W )f =
NX

i=1

Diif
2
i �

NX

i,j=1

fifjWij

=
1

2

NX

i,j=1

Wij(fi � fj)
2 � 0, 8f 2 RN

<latexit sha1_base64="s+MQwk6LSYYhUTK/TB08lh7en3I=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiSi6EYpuHHhooJ9QBvKZDpph04mYeZGLCG48VfcuFDErV/hzr9x2gbR1gMXzpxzL3Pv8WPBNTjOlzU3v7C4tFxYKa6urW9s2lvbdR0lirIajUSkmj7RTHDJasBBsGasGAl9wRr+4HLkN+6Y0jyStzCMmReSnuQBpwSM1LF3r3Eb2D34Qepm+Pzn4WQdu+SUnTHwLHFzUkI5qh37s92NaBIyCVQQrVuuE4OXEgWcCpYV24lmMaED0mMtQyUJmfbS8QkZPjBKFweRMiUBj9XfEykJtR6GvukMCfT1tDcS//NaCQRnXsplnACTdPJRkAgMER7lgbtcMQpiaAihiptdMe0TRSiY1IomBHf65FlSPyq7J2Xn5rhUucjjKKA9tI8OkYtOUQVdoSqqIYoe0BN6Qa/Wo/VsvVnvk9Y5K5/ZQX9gfXwDQZiWsQ==</latexit>

L1 = 0

<latexit sha1_base64="ct0RPaeI1dZW347DpjPStKduxvI=">AAAB8XicbVDLSgMxFL3xWeur6tJNsAiuyowouiy6cVnBPrAdSibNtKGZZEgyljL0L9y4UMStf+POvzFtZ6GtBwKHc+4h954wEdxYz/tGK6tr6xubha3i9s7u3n7p4LBhVKopq1MllG6FxDDBJatbbgVrJZqROBSsGQ5vp37ziWnDlXyw44QFMelLHnFKrJMeOz01kkRrNeqWyl7FmwEvEz8nZchR65a+XJimMZOWCmJM2/cSG2REW04FmxQ7qWEJoUPSZ21HJYmZCbLZxhN86pQejpR2T1o8U38nMhIbM45DNxkTOzCL3lT8z2unNroOMi6T1DJJ5x9FqcBW4en5uMc1o1aMHSFUc7crpgOiCbWupKIrwV88eZk0ziv+ZcW7vyhXb/I6CnAMJ3AGPlxBFe6gBnWgIOEZXuENGfSC3tHHfHQF5Zkj+AP0+QMAbZEh</latexit>

#

<latexit sha1_base64="Ltg6/EHSu7ng08gttDdfX1AiRz4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+FADMoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/FsO5nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk/ZV1atV3fvrSqOex1GEMziHS/DgBhpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH0N0jcA=</latexit>

fi
<latexit sha1_base64="I8u1azA8UOSCS7jfsOSFLMU6+JQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi2GPBi8cK9gPaWDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4Zua3n5g2XMl7nCQsiMlQ8ohTglZq8YcMR9N+ueJVvTncVeLnpAI5Gv3yV2+gaBoziVQQY7q+l2CQEY2cCjYt9VLDEkLHZMi6lkoSMxNk82un7plVBm6ktC2J7lz9PZGR2JhJHNrOmODILHsz8T+vm2JUCzIukxSZpItFUSpcVO7sdXfANaMoJpYQqrm91aUjoglFG1DJhuAvv7xKWhdV/6rq3V1W6rU8jiKcwCmcgw/XUIdbaEATKDzCM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AeCfj0s=</latexit>

ith
<latexit sha1_base64="AV+8j2NFoNyqjtAB3x6G/GMqL/M=">AAACBHicbVDLSsNAFL3xWesr6rKbYBFclUQUi6uCG5dV7AOaUCbTSTt0MgkzE6GELNz4K25cKOLWj3Dn3zhJs9DWAwNnzrmXe+/xY0alsu1vY2V1bX1js7JV3d7Z3ds3Dw67MkoEJh0csUj0fSQJo5x0FFWM9GNBUOgz0vOn17nfeyBC0ojfq1lMvBCNOQ0oRkpLQ7MWXLkhUhOMWNrNXBVZxdf307tsaNbthl3AWiZOSepQoj00v9xRhJOQcIUZknLg2LHyUiQUxYxkVTeRJEZ4isZkoClHIZFeWhyRWSdaGVlBJPTjyirU3x0pCqWchb6uzDeUi14u/ucNEhU0vZTyOFGE4/mgIGGWvjVPxBpRQbBiM00QFlTvauEJEggrnVtVh+AsnrxMumcN56Jh357XW80yjgrU4BhOwYFLaMENtKEDGB7hGV7hzXgyXox342NeumKUPUfwB8bnD/8AmEo=</latexit>

f : V ! R



Connection to continuous 
 Graph Laplacian: A discrete differential operator  

 The Laplace operator: 
- A second-order differential operator: divergence of the gradient  

- The gradient is defined as:  

- Finally, the Laplacian is:  

 The Laplacian matrix is the graph analogue to the Laplace 
operator on continuous functions! 
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<latexit sha1_base64="Mbuy8wsQ/9363zRMYJIkrCVqab0="></latexit>

rf =
� @f

@x1
, ...,

@f

@xN

�

<latexit sha1_base64="Sb7U+h9JN7ZIRSnaDp+naaReLg4=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJWkKPYiFPTgsYL9gCaWyXbTLt1swu5GKKHgX/HiQRGv/g5v/hu3bQ7a+mDg8d4MM/OChDOlHefbKqysrq1vFDdLW9s7u3v2/kFLxakktEliHstOAIpyJmhTM81pJ5EUooDTdjC6nvrtRyoVi8W9HifUj2AgWMgIaCP17CPvhnINOMRX2BMQcHio4rBnl52KMwNeJm5OyihHo2d/ef2YpBEVmnBQqus6ifYzkJoRTiclL1U0ATKCAe0aKiCiys9m50/wqVH6OIylKaHxTP09kUGk1DgKTGcEeqgWvan4n9dNdVjzMyaSVFNB5ovClGMd42kWuM8kJZqPDQEimbkVkyFIINokVjIhuIsvL5NWteJeVJy783K9lsdRRMfoBJ0hF12iOrpFDdREBGXoGb2iN+vJerHerY95a8HKZw7RH1ifPwA1lDA=</latexit>

�f = r2f

<latexit sha1_base64="hmsd6Nq/zgKQOmGf6nB5jfVQh0c="></latexit>

�f =
NX

i=1

@2f

@x2
i

<latexit sha1_base64="TMHkS0yEPHk1foLKVERrQLDURyA="></latexit>�
Lf

�
(i) =

X

j2Ni

Wi,j(fi � fj)



Illustrative example
 Example: Unweighted grid graph 
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<latexit sha1_base64="tTiRYHeuzVcAfM+OlnBU/54xeYs="></latexit>

⇠ @2f

@x2
(x0, y0) +

@2f

@y2
(x0, y0) = (�f)(x0, y0)

<latexit sha1_base64="v2sqBhyTl/f2aMXj/E0zT3tvF7E="></latexit>

�Lf(i) = [f(x0 + 1, y0)� f(x0, y0)]� [f(x0, y0)� f(x0 � 1, y0)]

+ [f(x0, y0 + 1)� f(x0, y0)]� [f(x0, y0)� f(x0, y0 � 1)]

<latexit sha1_base64="98TgsdnDzCZzXBIbwPgJWyzr1fw=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTRRsloIWFRQSTCyRH2NvsJUt2947dPSEc+RE2ForY+nvs/Ddukis08cHA470ZZuaFCWfauO63U1haXlldK66XNja3tnfKu3tNHaeK0AaJeaxaIdaUM0kbhhlOW4miWISc+uHwZuL7T1RpFstHM0poIHBfsogRbKzk36MrdHvid8sVt+pOgRaJl5MK5Kh3y1+dXkxSQaUhHGvd9tzEBBlWhhFOx6VOqmmCyRD3adtSiQXVQTY9d4yOrNJDUaxsSYOm6u+JDAutRyK0nQKbgZ73JuJ/Xjs10WWQMZmkhkoyWxSlHJkYTX5HPaYoMXxkCSaK2VsRGWCFibEJlWwI3vzLi6R5WvXOq+7DWaV2ncdRhAM4hGPw4AJqcAd1aACBITzDK7w5ifPivDsfs9aCk8/swx84nz9yT45R</latexit>

L = D �W



Signal on the graph or graph signal
 A function                       that assigns real values to each vertex of 

the graph   
 It is defined on the vertices of the graph  

 Often represented as a vector              , where        is the signal 
value at node 

 The ordering of the vector follows the ordering of the adjacency 
matrix    
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<latexit sha1_base64="WbZHF72KYVNR3gyZ0HvIAoa9YIY=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwVRJRFBdScONKqtgHNLFMppN26OTBzEQoIUs3/oobF4q49RPc+TdO2iy09cDAmXPu5d57vJgzqSzr25ibX1hcWi6tlFfX1jc2za3tpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8vcbz1QIVkU3qlRTN0A90PmM4KVlrrmnn+OnACrAcE8bWbIUdHk73npbXZ/3TUrVtUaA80SuyAVKFDvml9OLyJJQENFOJayY1uxclMsFCOcZmUnkTTGZIj7tKNpiAMq3XR8SIYOtNJDfiT0CxUaq787UhxIOQo8XZnvKKe9XPzP6yTKP3NTFsaJoiGZDPITjvS1eSqoxwQlio80wUQwvSsiAywwUTq7sg7Bnj55ljSPqvZJ1bo5rtQuijhKsAv7cAg2nEINrqAODSDwCM/wCm/Gk/FivBsfk9I5o+jZgT8wPn8AHGOZZA==</latexit>

f : V ! RN

G = (V, E ,W )

<latexit sha1_base64="8mhJ7sy7ZqWkOeAmjTAMFLn+E6c=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0ZUU3LiSKvYBTSyT6aQdOpmEmYlYQn7FjQtF3Poj7vwbJ20XWj0wcDjnXu6ZEyScKe04X1ZpaXllda28XtnY3NresXerbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E48vC7zxQqVgs7vQkoX6Eh4KFjGBtpL5dDZHHBPIirEdBkN3m99d9u+bUnSnQX+LOSQ3maPbtT28QkzSiQhOOleq5TqL9DEvNCKd5xUsVTTAZ4yHtGSpwRJWfTbPn6NAoAxTG0jyh0VT9uZHhSKlJFJjJIqNa9ArxP6+X6vDcz5hIUk0FmR0KU450jIoi0IBJSjSfGIKJZCYrIiMsMdGmroopwV388l/SPq67p3Xn5qTWuJjXUYZ9OIAjcOEMGnAFTWgBgUd4ghd4tXLr2Xqz3mejJWu+swe/YH18A1Lpk/g=</latexit>

f 2 RN <latexit sha1_base64="mK1flQhDybXnp61ORyfSDFo1Sg8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiip6k4MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2V/KjKz0mvXHFr7hxklXg5qUCORq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noJphwmWYGJVssijJBTEJmn5M+V8iMGFtCmeL2VsKGVFFmbD4lG4K3/PIqaV7UvKua+3BZqd/mcRThBE6hCh5cQx3uoQE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/AKw8jew=</latexit>

f(i)
<latexit sha1_base64="425PAMoRUmoZG1niVJqqDUufkSk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDd4vV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpu47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPz5uM7Q==</latexit>

i



In this lecture…
 How can we infer useful information from graph structured data? 
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Machine learning (ML)/
Inference on graphs

Actionable 
knowledge

YX,G f(X,G)

e.g., node/graph classification, 
signal inpainting/denoising, link prediction



Graph-structured features/embeddings: 
A high level overview
 Hand-crafted features: Capture some structural properties of the graph, followed 

by some statistics (signatures) 

 Graph kernel methods: Design similarity functions in an embedding space 

 Spectral features: Capture the graph properties through spectral graph theory  

 Learned features: Learn graph features directly from data by designing models 
based on meaningful assumptions 
- Unsupervised (shallow) embeddings: Learn features based on different ways 

of preserving information from the original graph (often without node attributes) 
- Graph neural network features: Learn features from the data using a well-

designed family of neural networks (often with node attributes)
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Model-driven

Data-driven



Traditional ML pipeline on graphs
 How can we learn useful information from graph structured data? 
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Actionable 
knowledge

Y

Graph-
based 

features 

X,G

e.g., node/graph classification, 
signal inpainting/denoising

ML model 

<latexit sha1_base64="oPvj2aQz2r+1b0XMiQ5QcOPeUdI=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISUXRZdKHLCvYBTSiT6bQdOpmEmYlQQ/FX3LhQxK3/4c6/cdJmodUDA4dz7uWeOUHMmdKO82UVFhaXlleKq6W19Y3NLXt7p6miRBLaIBGPZDvAinImaEMzzWk7lhSHAaetYHSV+a17KhWLxJ0ex9QP8UCwPiNYG6lr73nxkFXax8gLsR4SzNPryVHXLjtVZwr0l7g5KUOOetf+9HoRSUIqNOFYqY7rxNpPsdSMcDopeYmiMSYjPKAdQwUOqfLTafoJOjRKD/UjaZ7QaKr+3EhxqNQ4DMxkllHNe5n4n9dJdP/CT5mIE00FmR3qJxzpCGVVoB6TlGg+NgQTyUxWRIZYYqJNYSVTgjv/5b+keVJ1z6rO7Wm5dpnXUYR9OIAKuHAONbiBOjSAwAM8wQu8Wo/Ws/Vmvc9GC1a+swu/YH18A1E1lH4=</latexit>

�(X,G)
<latexit sha1_base64="E29Rn3UtQ6nqya5FLTJFtunldaQ=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EitCAlEUWXRRe6rGAf0IQymU7aoZMHMxOhhGz8FTcuFHHrZ7jzb5y0WWjrgQuHc+7l3nu8mDOpLOvbWFpeWV1bL22UN7e2d3bNvf22jBJBaItEPBJdD0vKWUhbiilOu7GgOPA47Xjjm9zvPFIhWRQ+qElM3QAPQ+YzgpWW+uahX3XiEat2T5ETYDUimKe3Wa3WNytW3ZoCLRK7IBUo0OybX84gIklAQ0U4lrJnW7FyUywUI5xmZSeRNMZkjIe0p2mIAyrddPpAhk60MkB+JHSFCk3V3xMpDqScBJ7uzI+U814u/uf1EuVfuSkL40TRkMwW+QlHKkJ5GmjABCWKTzTBRDB9KyIjLDBROrOyDsGef3mRtM/q9kXduj+vNK6LOEpwBMdQBRsuoQF30IQWEMjgGV7hzXgyXox342PWumQUMwfwB8bnD+k0lVM=</latexit>

f(�(X,G))



Traditional ML pipeline on graphs
 Feature engineering is a way of extracting meaningful information 

from graphs
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Graph-
based 

features 

ML model 

Feature engineering 

Train data 

Test data 

Performance 

Data 
(graphs) 



Traditional ML pipeline: Input
 Input:  

 Graph: 
 Graph with attributes:  
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X,G

G = (V, E ,W )
<latexit sha1_base64="FV7uwz6z2ZwZt3qy/rA39CJ2XTU=">AAAB9XicbVDLSgMxFL2pr1pfVZdugkVwIWVGFF1JwYUuK9gHtGPJpJk2NJMZkoxShv6HGxeKuPVf3Pk3ZtpZaOuBwOGce7knx48F18ZxvlFhaXllda24XtrY3NreKe/uNXWUKMoaNBKRavtEM8ElaxhuBGvHipHQF6zlj64zv/XIlOaRvDfjmHkhGUgecEqMlR66ITFDSkR6MznB7V654lSdKfAicXNSgRz1Xvmr249oEjJpqCBad1wnNl5KlOFUsEmpm2gWEzoiA9axVJKQaS+dpp7gI6v0cRAp+6TBU/X3RkpCrcehbyezlHrey8T/vE5igksv5TJODJN0dihIBDYRzirAfa4YNWJsCaGK26yYDoki1NiiSrYEd/7Li6R5WnXPq87dWaV2lddRhAM4hGNw4QJqcAt1aAAFBc/wCm/oCb2gd/QxGy2gfGcf/gB9/gDu7pIf</latexit>

G, X



Traditional ML pipeline: Features
 Should reveal important information regarding 

the graph structure 

 Key to achieving good model performance  

 Features can be defined at different scales 
- At a node, edge, sets of nodes, entire graph level  

 The choice of the features depends on 
- the end task 
- prior knowledge on the data
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Graph-
based 

features 

<latexit sha1_base64="oPvj2aQz2r+1b0XMiQ5QcOPeUdI=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISUXRZdKHLCvYBTSiT6bQdOpmEmYlQQ/FX3LhQxK3/4c6/cdJmodUDA4dz7uWeOUHMmdKO82UVFhaXlleKq6W19Y3NLXt7p6miRBLaIBGPZDvAinImaEMzzWk7lhSHAaetYHSV+a17KhWLxJ0ex9QP8UCwPiNYG6lr73nxkFXax8gLsR4SzNPryVHXLjtVZwr0l7g5KUOOetf+9HoRSUIqNOFYqY7rxNpPsdSMcDopeYmiMSYjPKAdQwUOqfLTafoJOjRKD/UjaZ7QaKr+3EhxqNQ4DMxkllHNe5n4n9dJdP/CT5mIE00FmR3qJxzpCGVVoB6TlGg+NgQTyUxWRIZYYqJNYSVTgjv/5b+keVJ1z6rO7Wm5dpnXUYR9OIAKuHAONbiBOjSAwAM8wQu8Wo/Ws/Vmvc9GC1a+swu/YH18A1E1lH4=</latexit>

�(X,G)



Traditional ML pipeline: Learning 
tasks

 The features are given as input to an 
ML model 
 Examples: logistic regression, SVM, 

neural networks, etc. 

 Training phase:  
 Given a set of graph-based features, 

train a model    that predicts the 
correct 

 Testing phase: 
 Given a new node/link/graph, 

compute its features, and give them 
as an input to    to make a prediction 

21
Graph Representations for Biology and Medicine - EE626 

Dr Dorina Thanou 

Actionable 
knowledge

e.g., node/graph classification, 
signal inpainting/denoising

ML model 

Y

<latexit sha1_base64="nrKa3SL1gNq/RO/e6gkad+/f4WY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjbBfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVXdxmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fyw+M6g==</latexit>

f
<latexit sha1_base64="YsgS+niEKaWG3e9sLby+vPZd4m0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF48t2A9pQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSzvzThBP6IDyUPOqLFS/aFXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAHNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/t1uM3Q==</latexit>

Y

<latexit sha1_base64="nrKa3SL1gNq/RO/e6gkad+/f4WY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjbBfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVXdxmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fyw+M6g==</latexit>

f

<latexit sha1_base64="E29Rn3UtQ6nqya5FLTJFtunldaQ=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EitCAlEUWXRRe6rGAf0IQymU7aoZMHMxOhhGz8FTcuFHHrZ7jzb5y0WWjrgQuHc+7l3nu8mDOpLOvbWFpeWV1bL22UN7e2d3bNvf22jBJBaItEPBJdD0vKWUhbiilOu7GgOPA47Xjjm9zvPFIhWRQ+qElM3QAPQ+YzgpWW+uahX3XiEat2T5ETYDUimKe3Wa3WNytW3ZoCLRK7IBUo0OybX84gIklAQ0U4lrJnW7FyUywUI5xmZSeRNMZkjIe0p2mIAyrddPpAhk60MkB+JHSFCk3V3xMpDqScBJ7uzI+U814u/uf1EuVfuSkL40TRkMwW+QlHKkJ5GmjABCWKTzTBRDB9KyIjLDBROrOyDsGef3mRtM/q9kXduj+vNK6LOEpwBMdQBRsuoQF30IQWEMjgGV7hzXgyXox342PWumQUMwfwB8bnD+k0lVM=</latexit>

f(�(X,G))



Extracting information at different 
levels
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Node level features
 Typically useful for node classification/clustering tasks  

 Aim at characterizing the structure and position of a node in the 
network
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Common node level features 
 Node degree 

 Node centrality 

 Clustering coefficient 

 Graphlets

24
Graph Representations for Biology and Medicine - EE626 

Dr Dorina Thanou 

Color: Betweenness  
Size:   Degree



From node level to graph level 
task

How can we design features that characterize the structure of the 
entire graph?
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Illustrative example:  
Graph classification
 Common assumption: Graphs with similar structure have similar 

label 
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Class 1

Class 1

Class 1

Class -1 Class -1

Class -1

Class ?

Class ?

Training data Test data 



Graph level features 
 Bag of nodes 

 Graphlet kernel 

 The Weisfeiler-Lehman kernel 
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Weisfeiler-Lehman kernel 
 Iteratively aggregate information from node’s neighbourhoods 

wider than the 1-hop neighborhood  

 Color refinement algorithm:  
- Input: a graph  
- Assign an initial color              (e.g., node degree)  to each node    of 
- For each iteration           refine node colors as  

- Output: The node color               after     iterations  

 It provides a description of the    -hop neighborhood with an 
efficient algorithm  
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<latexit sha1_base64="0HLRmWfyxeHFa/g8mGYgM0L1cBs=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRJR7LLgQpcV7APaUCbTSTt0MhNmboQS+hluXCji1q9x5984abPQ6oGBwzn3MueeMBHcoOd9OaW19Y3NrfJ2ZWd3b/+genjUMSrVlLWpEkr3QmKY4JK1kaNgvUQzEoeCdcPpTe53H5k2XMkHnCUsiMlY8ohTglbqD2KCE0pEdjsfVmte3VvA/Uv8gtSgQGtY/RyMFE1jJpEKYkzf9xIMMqKRU8HmlUFqWELolIxZ31JJYmaCbBF57p5ZZeRGStsn0V2oPzcyEhszi0M7mUc0q14u/uf1U4waQcZlkiKTdPlRlAoXlZvf7464ZhTFzBJCNbdZXTohmlC0LVVsCf7qyX9J56LuX9W9+8tas1HUUYYTOIVz8OEamnAHLWgDBQVP8AKvDjrPzpvzvhwtOcXOMfyC8/ENd7yRVw==</latexit>

G
<latexit sha1_base64="huqY3PW5CjJL5eKrNxOFOlH+Vug=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBCSS9gVxRwDXjxGMA9M1jA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O2vrG5tb27md/O7e/sFh4ei4aaJEM95gkYx0O6CGS6F4AwVK3o41p2EgeSsY38z81hPXRkTqHicx90M6VGIgGEUrPbDHtOSWp6Wk3CsU3Yo7B1klXkaKkKHeK3x1+xFLQq6QSWpMx3Nj9FOqUTDJp/luYnhM2ZgOecdSRUNu/HR+8ZScW6VPBpG2pZDM1d8TKQ2NmYSB7QwpjsyyNxP/8zoJDqp+KlScIFdssWiQSIIRmb1P+kJzhnJiCWVa2FsJG1FNGdqQ8jYEb/nlVdK8qHhXFffuslirZnHk4BTOoAQeXEMNbqEODWCg4Ble4c0xzovz7nwsWtecbOYE/sD5/AEV14/Y</latexit>

c(0)(u) <latexit sha1_base64="Rqb/fatM7jQxTv0vCX2SkZEb0T8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVtXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A3/2M8w==</latexit>u
<latexit sha1_base64="0HLRmWfyxeHFa/g8mGYgM0L1cBs=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRJR7LLgQpcV7APaUCbTSTt0MhNmboQS+hluXCji1q9x5984abPQ6oGBwzn3MueeMBHcoOd9OaW19Y3NrfJ2ZWd3b/+genjUMSrVlLWpEkr3QmKY4JK1kaNgvUQzEoeCdcPpTe53H5k2XMkHnCUsiMlY8ohTglbqD2KCE0pEdjsfVmte3VvA/Uv8gtSgQGtY/RyMFE1jJpEKYkzf9xIMMqKRU8HmlUFqWELolIxZ31JJYmaCbBF57p5ZZeRGStsn0V2oPzcyEhszi0M7mUc0q14u/uf1U4waQcZlkiKTdPlRlAoXlZvf7464ZhTFzBJCNbdZXTohmlC0LVVsCf7qyX9J56LuX9W9+8tas1HUUYYTOIVz8OEamnAHLWgDBQVP8AKvDjrPzpvzvhwtOcXOMfyC8/ENd7yRVw==</latexit>

G

<latexit sha1_base64="/usVQIMaTD3kCJpCgf3iHjfMH34="></latexit>

c(k+1)
(u) = HASH

⇣n
c(k)(u), {c(k)(v)}v2Nv

o⌘

<latexit sha1_base64="i7Er5ZNOFM57RsGqIn11ORv1r2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiij0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPYwvvH654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGNb8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6rHrXVff+qlKv5XEU4QRO4Rw8uIE63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wenH41Z</latexit>

k + 1

<latexit sha1_base64="aVetB5EXBB9JZ00ye6Q1GtusioY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljwInhpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKBVjMk=</latexit>

K
<latexit sha1_base64="VQ9CwVZz9wd1rMQwQS8Ud4MX7oA=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahvZRdUeyx4EXwUsF+YLuWbJptQ5PskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHw989tPVGkWyXsziakv8FCykBFsrPRAHtPybWVaTir9YsmtunOgVeJlpAQZGv3iV28QkURQaQjHWnc9NzZ+ipVhhNNpoZdoGmMyxkPatVRiQbWfzi+eojOrDFAYKVvSoLn6eyLFQuuJCGynwGakl72Z+J/XTUxY81Mm48RQSRaLwoQjE6HZ+2jAFCWGTyzBRDF7KyIjrDAxNqSCDcFbfnmVtM6r3mXVvbso1WtZHHk4gVMogwdXUIcbaEATCEh4hld4c7Tz4rw7H4vWnJPNHMMfOJ8/P0qP8w==</latexit>

c(K)(u)

<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K

[Shervashidze et al., Weisfeiler-Lehman graph kernels, JMLR, 2011] 



Example of WL kernel 
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<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1
<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1
<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1
<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1
<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

Initial colors 
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<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1
<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1
<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1
<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1
<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

Initial colors 

Aggregate 
neighbourhood colors 

<latexit sha1_base64="A5FwtRc5EsKDF8xM7N/DUSEeqYk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmQgh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wprTrfluVtfWNza3qdm1nd2//wD486qo4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn97O/d4jlYrF4kFnCfUiPBYsZARrI43s+rB4I5c0mDXROUQInY3shuu4BeAqQSVpgBLtkf01DGKSRlRowrFSA+Qm2sux1IxwOqsNU0UTTKZ4TAeGChxR5eXF4hk8NUoAw1iaEhoW6u+JHEdKZZFvOiOsJ2rZm4v/eYNUhzdezkSSairIYlGYcqhjOE8CBkxSonlmCCaSmb9CMsESE23yqpkQ0PLJq6R74aArx72/bLScMo4qOAYnoAkQuAYtcAfaoAMIyMAzeAVv1pP1Yr1bH4vWilXO1MEfWJ8/rXWTaA==</latexit>

(1, 111)
<latexit sha1_base64="NIuzly9/xnO5IQsBkDiu7PVnb/o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmYgl5FfcuFDErT/izr9xmmahrQcuHM65d+7c4yecKe2631ZlbX1jc6u6XdvZ3ds/sA/rXRWnktAOiXks+z5WlDNBO5ppTvuJpDjyOe3509u533ukUrFYPOhZQr0IjwULGcHaSCO7PizeyCQN8iY6hwidjeyG67gF4CpBJWmAEu2R/TUMYpJGVGjCsVID5Cbay7DUjHCa14apogkmUzymA0MFjqjysmJvDk+NEsAwlqaEhoX6eyLDkVKzyDedEdYTtezNxf+8QarDGy9jIkk1FWSxKEw51DGcBwEDJinRfGYIJpKZv0IywRITbeKqmRDQ8smrpHvhoCvHvb9stJwyjio4BiegCRC4Bi1wB9qgAwh4As/gFbxZufVivVsfi9aKVc4cgT+wPn8AOCaTLQ==</latexit>

(1, 11)

<latexit sha1_base64="A5FwtRc5EsKDF8xM7N/DUSEeqYk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmQgh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wprTrfluVtfWNza3qdm1nd2//wD486qo4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn97O/d4jlYrF4kFnCfUiPBYsZARrI43s+rB4I5c0mDXROUQInY3shuu4BeAqQSVpgBLtkf01DGKSRlRowrFSA+Qm2sux1IxwOqsNU0UTTKZ4TAeGChxR5eXF4hk8NUoAw1iaEhoW6u+JHEdKZZFvOiOsJ2rZm4v/eYNUhzdezkSSairIYlGYcqhjOE8CBkxSonlmCCaSmb9CMsESE23yqpkQ0PLJq6R74aArx72/bLScMo4qOAYnoAkQuAYtcAfaoAMIyMAzeAVv1pP1Yr1bH4vWilXO1MEfWJ8/rXWTaA==</latexit>

(1, 111)

<latexit sha1_base64="/d/5RlkKQypH6WJ4QcmbmPwFnSU=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQQUIiii4LblxWsA9oQ5lMJu3QySTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvXPnniDlTGnX/baWlldW19ZLG+XNre2dXXtvv6mSTBLaIAlPZDvAinImaEMzzWk7lRTHAaetYHgz8VsPVCqWiHs9Sqkf475gESNYG6lnH3anb+SShuOqd4Y8g9OeXXEddwq0SLyCVKBAvWd/dcOEZD EVmnCsVMdzU+3nWGpGOB2Xu5miKSZD3KcdQwWOqfLz6eYxOjFKiKJEmhIaTdXfEzmOlRrFgemMsR6oeW8i/ud1Mh1d+zkTaaapILNFUcaRTtAkChQySYnmI0Mwkcz8FZEBlphoE1jZhODNn7xImueOd+m4dxeVmlPEUYIjOIYqeHAFNbiFOjSAwCM8wyu8WU/Wi/Vufcxal6xi5gD+wPr8ASMGk6M=</latexit>

(1, 1111)

<latexit sha1_base64="38gzJInqEDeoVOit4UDgrfM6x58=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIosuCG5cV7APaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO0yy09cCFwzn3zp17/IQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv++Gbmdx6oVCwW93qSUC/CQ8FCRrA20sCu9PM3MkmDac09Q+7pwK46dScHWiZuQapQoDmwv/pBTNKICk04VqrnOon2Miw1I5xOy/1U0QSTMR7SnqECR1R5Wb52ik6MEqAwlqaERrn6eyLDkVKTyDedEdYjtejNxP+8XqrDay9jIkk1FWS+KEw50jGa5YACJinRfGIIJpKZvyIywhITbdIqmxDcxZOXSfu87l7WnbuLaqNexFGCIziGGrhwBQ24hSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHC+5Ly</latexit>

(1, 1)
<latexit sha1_base64="38gzJInqEDeoVOit4UDgrfM6x58=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIosuCG5cV7APaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO0yy09cCFwzn3zp17/IQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv++Gbmdx6oVCwW93qSUC/CQ8FCRrA20sCu9PM3MkmDac09Q+7pwK46dScHWiZuQapQoDmwv/pBTNKICk04VqrnOon2Miw1I5xOy/1U0QSTMR7SnqECR1R5Wb52ik6MEqAwlqaERrn6eyLDkVKTyDedEdYjtejNxP+8XqrDay9jIkk1FWS+KEw50jGa5YACJinRfGIIJpKZvyIywhITbdIqmxDcxZOXSfu87l7WnbuLaqNexFGCIziGGrhwBQ24hSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHC+5Ly</latexit>

(1, 1)

<latexit sha1_base64="NIuzly9/xnO5IQsBkDiu7PVnb/o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmYgl5FfcuFDErT/izr9xmmahrQcuHM65d+7c4yecKe2631ZlbX1jc6u6XdvZ3ds/sA/rXRWnktAOiXks+z5WlDNBO5ppTvuJpDjyOe3509u533ukUrFYPOhZQr0IjwULGcHaSCO7PizeyCQN8iY6hwidjeyG67gF4CpBJWmAEu2R/TUMYpJGVGjCsVID5Cbay7DUjHCa14apogkmUzymA0MFjqjysmJvDk+NEsAwlqaEhoX6eyLDkVKzyDedEdYTtezNxf+8QarDGy9jIkk1FWSxKEw51DGcBwEDJinRfGYIJpKZv0IywRITbeKqmRDQ8smrpHvhoCvHvb9stJwyjio4BiegCRC4Bi1wB9qgAwh4As/gFbxZufVivVsfi9aKVc4cgT+wPn8AOCaTLQ==</latexit>

(1, 11)
<latexit sha1_base64="A5FwtRc5EsKDF8xM7N/DUSEeqYk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmQgh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wprTrfluVtfWNza3qdm1nd2//wD486qo4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn97O/d4jlYrF4kFnCfUiPBYsZARrI43s+rB4I5c0mDXROUQInY3shuu4BeAqQSVpgBLtkf01DGKSRlRowrFSA+Qm2sux1IxwOqsNU0UTTKZ4TAeGChxR5eXF4hk8NUoAw1iaEhoW6u+JHEdKZZFvOiOsJ2rZm4v/eYNUhzdezkSSairIYlGYcqhjOE8CBkxSonlmCCaSmb9CMsESE23yqpkQ0PLJq6R74aArx72/bLScMo4qOAYnoAkQuAYtcAfaoAMIyMAzeAVv1pP1Yr1bH4vWilXO1MEfWJ8/rXWTaA==</latexit>

(1, 111)

<latexit sha1_base64="A5FwtRc5EsKDF8xM7N/DUSEeqYk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmQgh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wprTrfluVtfWNza3qdm1nd2//wD486qo4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn97O/d4jlYrF4kFnCfUiPBYsZARrI43s+rB4I5c0mDXROUQInY3shuu4BeAqQSVpgBLtkf01DGKSRlRowrFSA+Qm2sux1IxwOqsNU0UTTKZ4TAeGChxR5eXF4hk8NUoAw1iaEhoW6u+JHEdKZZFvOiOsJ2rZm4v/eYNUhzdezkSSairIYlGYcqhjOE8CBkxSonlmCCaSmb9CMsESE23yqpkQ0PLJq6R74aArx72/bLScMo4qOAYnoAkQuAYtcAfaoAMIyMAzeAVv1pP1Yr1bH4vWilXO1MEfWJ8/rXWTaA==</latexit>

(1, 111)

<latexit sha1_base64="/d/5RlkKQypH6WJ4QcmbmPwFnSU=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQQUIiii4LblxWsA9oQ5lMJu3QySTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvXPnniDlTGnX/baWlldW19ZLG+XNre2dXXtvv6mSTBLaIAlPZDvAinImaEMzzWk7lRTHAaetYHgz8VsPVCqWiHs9Sqkf475gESNYG6lnH3anb+SShuOqd4Y8g9OeXXEddwq0SLyCVKBAvWd/dcOEZDEVmnCsVMdzU+3nWGpGOB2Xu5miKSZD3KcdQwWOqfLz6eYxOjFKiKJEmhIaTdXfEzmOlRrFgemMsR6oeW8i/ud1Mh1d+zkTaaapILNFUcaRTtAkChQySYnmI0Mwkcz8FZEBlphoE1jZhODNn7xImueOd+m4dxeVmlPEUYIjOIYqeHAFNbiFOjSAwCM8wyu8WU/Wi/Vufcxal6xi5gD+wPr8ASMGk6M=</latexit>

(1, 1111)

<latexit sha1_base64="38gzJInqEDeoVOit4UDgrfM6x58=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIosuCG5cV7APaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO0yy09cCFwzn3zp17/IQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv++Gbmdx6oVCwW93qSUC/CQ8FCRrA20sCu9PM3MkmDac09Q+7pwK46dScHWiZuQapQoDmwv/pBTNKICk04VqrnOon2Miw1I5xOy/1U0QSTMR7SnqECR1R5Wb52ik6MEqAwlqaERrn6eyLDkVKTyDedEdYjtejNxP+8XqrDay9jIkk1FWS+KEw50jGa5YACJinRfGIIJpKZvyIywhITbdIqmxDcxZOXSfu87l7WnbuLaqNexFGCIziGGrhwBQ24hSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHC+5Ly</latexit>

(1, 1)
<latexit sha1_base64="38gzJInqEDeoVOit4UDgrfM6x58=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIosuCG5cV7APaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO0yy09cCFwzn3zp17/IQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv++Gbmdx6oVCwW93qSUC/CQ8FCRrA20sCu9PM3MkmDac09Q+7pwK46dScHWiZuQapQoDmwv/pBTNKICk04VqrnOon2Miw1I5xOy/1U0QSTMR7SnqECR1R5Wb52ik6MEqAwlqaERrn6eyLDkVKTyDedEdYjtejNxP+8XqrDay9jIkk1FWS+KEw50jGa5YACJinRfGIIJpKZvyIywhITbdIqmxDcxZOXSfu87l7WnbuLaqNexFGCIziGGrhwBQ24hSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHC+5Ly</latexit>

(1, 1)



Example of WL kernel 

29
Graph Representations for Biology and Medicine - EE626 

Dr Dorina Thanou 

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1
<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1
<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1
<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1
<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

<latexit sha1_base64="Qj0CyUd7EQZjIIf0YB5WmXBx9xk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSi6LHgxWMFWwtNKJvNpF262YTdjVBC/4YXD4p49c9489+4TXPQ1gcDj/dmdnZemHGmtOt+W7W19Y3Nrfp2Y2d3b/+geXjUU2kuKXZpylPZD4lCzgR2NdMc+5lEkoQcH8PJ7dx/fEKpWCoe9DTDICEjwWJGiTaS75cvFBKjmTdstlzHLWGvEq8iLajQGTa//CileYJCU06UGnhupoOCSM0ox1nDzxVmhE7ICAeGCpKgCopy48w+M0pkx6k0JbRdqr8nCpIoNU1C05kQPVbL3lz8zxvkOr4JCiayXKOgi0Vxzm2d2vMA7IhJpJpPDSFUMvNXm46JJFSbmBomBG/55FXSu3C8K8e9v2y1nSqOOpzAKZyDB9fQhjvoQBcoZPAMr/Bm5daL9W59LFprVjVzDH9gff4AP9WRwQ==</latexit>

1

Initial colors 

Aggregate 
neighbourhood colors 

<latexit sha1_base64="A5FwtRc5EsKDF8xM7N/DUSEeqYk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmQgh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wprTrfluVtfWNza3qdm1nd2//wD486qo4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn97O/d4jlYrF4kFnCfUiPBYsZARrI43s+rB4I5c0mDXROUQInY3shuu4BeAqQSVpgBLtkf01DGKSRlRowrFSA+Qm2sux1IxwOqsNU0UTTKZ4TAeGChxR5eXF4hk8NUoAw1iaEhoW6u+JHEdKZZFvOiOsJ2rZm4v/eYNUhzdezkSSairIYlGYcqhjOE8CBkxSonlmCCaSmb9CMsESE23yqpkQ0PLJq6R74aArx72/bLScMo4qOAYnoAkQuAYtcAfaoAMIyMAzeAVv1pP1Yr1bH4vWilXO1MEfWJ8/rXWTaA==</latexit>

(1, 111)
<latexit sha1_base64="NIuzly9/xnO5IQsBkDiu7PVnb/o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmYgl5FfcuFDErT/izr9xmmahrQcuHM65d+7c4yecKe2631ZlbX1jc6u6XdvZ3ds/sA/rXRWnktAOiXks+z5WlDNBO5ppTvuJpDjyOe3509u533ukUrFYPOhZQr0IjwULGcHaSCO7PizeyCQN8iY6hwidjeyG67gF4CpBJWmAEu2R/TUMYpJGVGjCsVID5Cbay7DUjHCa14apogkmUzymA0MFjqjysmJvDk+NEsAwlqaEhoX6eyLDkVKzyDedEdYTtezNxf+8QarDGy9jIkk1FWSxKEw51DGcBwEDJinRfGYIJpKZv0IywRITbeKqmRDQ8smrpHvhoCvHvb9stJwyjio4BiegCRC4Bi1wB9qgAwh4As/gFbxZufVivVsfi9aKVc4cgT+wPn8AOCaTLQ==</latexit>

(1, 11)

<latexit sha1_base64="A5FwtRc5EsKDF8xM7N/DUSEeqYk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmQgh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wprTrfluVtfWNza3qdm1nd2//wD486qo4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn97O/d4jlYrF4kFnCfUiPBYsZARrI43s+rB4I5c0mDXROUQInY3shuu4BeAqQSVpgBLtkf01DGKSRlRowrFSA+Qm2sux1IxwOqsNU0UTTKZ4TAeGChxR5eXF4hk8NUoAw1iaEhoW6u+JHEdKZZFvOiOsJ2rZm4v/eYNUhzdezkSSairIYlGYcqhjOE8CBkxSonlmCCaSmb9CMsESE23yqpkQ0PLJq6R74aArx72/bLScMo4qOAYnoAkQuAYtcAfaoAMIyMAzeAVv1pP1Yr1bH4vWilXO1MEfWJ8/rXWTaA==</latexit>

(1, 111)

<latexit sha1_base64="/d/5RlkKQypH6WJ4QcmbmPwFnSU=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQQUIiii4LblxWsA9oQ5lMJu3QySTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvXPnniDlTGnX/baWlldW19ZLG+XNre2dXXtvv6mSTBLaIAlPZDvAinImaEMzzWk7lRTHAaetYHgz8VsPVCqWiHs9Sqkf475gESNYG6lnH3anb+SShuOqd4Y8g9OeXXEddwq0SLyCVKBAvWd/dcOEZD EVmnCsVMdzU+3nWGpGOB2Xu5miKSZD3KcdQwWOqfLz6eYxOjFKiKJEmhIaTdXfEzmOlRrFgemMsR6oeW8i/ud1Mh1d+zkTaaapILNFUcaRTtAkChQySYnmI0Mwkcz8FZEBlphoE1jZhODNn7xImueOd+m4dxeVmlPEUYIjOIYqeHAFNbiFOjSAwCM8wyu8WU/Wi/Vufcxal6xi5gD+wPr8ASMGk6M=</latexit>

(1, 1111)

<latexit sha1_base64="38gzJInqEDeoVOit4UDgrfM6x58=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIosuCG5cV7APaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO0yy09cCFwzn3zp17/IQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv++Gbmdx6oVCwW93qSUC/CQ8FCRrA20sCu9PM3MkmDac09Q+7pwK46dScHWiZuQapQoDmwv/pBTNKICk04VqrnOon2Miw1I5xOy/1U0QSTMR7SnqECR1R5Wb52ik6MEqAwlqaERrn6eyLDkVKTyDedEdYjtejNxP+8XqrDay9jIkk1FWS+KEw50jGa5YACJinRfGIIJpKZvyIywhITbdIqmxDcxZOXSfu87l7WnbuLaqNexFGCIziGGrhwBQ24hSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHC+5Ly</latexit>

(1, 1)
<latexit sha1_base64="38gzJInqEDeoVOit4UDgrfM6x58=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIosuCG5cV7APaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO0yy09cCFwzn3zp17/IQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv++Gbmdx6oVCwW93qSUC/CQ8FCRrA20sCu9PM3MkmDac09Q+7pwK46dScHWiZuQapQoDmwv/pBTNKICk04VqrnOon2Miw1I5xOy/1U0QSTMR7SnqECR1R5Wb52ik6MEqAwlqaERrn6eyLDkVKTyDedEdYjtejNxP+8XqrDay9jIkk1FWS+KEw50jGa5YACJinRfGIIJpKZvyIywhITbdIqmxDcxZOXSfu87l7WnbuLaqNexFGCIziGGrhwBQ24hSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHC+5Ly</latexit>

(1, 1)

<latexit sha1_base64="NIuzly9/xnO5IQsBkDiu7PVnb/o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmYgl5FfcuFDErT/izr9xmmahrQcuHM65d+7c4yecKe2631ZlbX1jc6u6XdvZ3ds/sA/rXRWnktAOiXks+z5WlDNBO5ppTvuJpDjyOe3509u533ukUrFYPOhZQr0IjwULGcHaSCO7PizeyCQN8iY6hwidjeyG67gF4CpBJWmAEu2R/TUMYpJGVGjCsVID5Cbay7DUjHCa14apogkmUzymA0MFjqjysmJvDk+NEsAwlqaEhoX6eyLDkVKzyDedEdYTtezNxf+8QarDGy9jIkk1FWSxKEw51DGcBwEDJinRfGYIJpKZv0IywRITbeKqmRDQ8smrpHvhoCvHvb9stJwyjio4BiegCRC4Bi1wB9qgAwh4As/gFbxZufVivVsfi9aKVc4cgT+wPn8AOCaTLQ==</latexit>

(1, 11)
<latexit sha1_base64="A5FwtRc5EsKDF8xM7N/DUSEeqYk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmQgh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wprTrfluVtfWNza3qdm1nd2//wD486qo4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn97O/d4jlYrF4kFnCfUiPBYsZARrI43s+rB4I5c0mDXROUQInY3shuu4BeAqQSVpgBLtkf01DGKSRlRowrFSA+Qm2sux1IxwOqsNU0UTTKZ4TAeGChxR5eXF4hk8NUoAw1iaEhoW6u+JHEdKZZFvOiOsJ2rZm4v/eYNUhzdezkSSairIYlGYcqhjOE8CBkxSonlmCCaSmb9CMsESE23yqpkQ0PLJq6R74aArx72/bLScMo4qOAYnoAkQuAYtcAfaoAMIyMAzeAVv1pP1Yr1bH4vWilXO1MEfWJ8/rXWTaA==</latexit>

(1, 111)

<latexit sha1_base64="A5FwtRc5EsKDF8xM7N/DUSEeqYk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmQgh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wprTrfluVtfWNza3qdm1nd2//wD486qo4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn97O/d4jlYrF4kFnCfUiPBYsZARrI43s+rB4I5c0mDXROUQInY3shuu4BeAqQSVpgBLtkf01DGKSRlRowrFSA+Qm2sux1IxwOqsNU0UTTKZ4TAeGChxR5eXF4hk8NUoAw1iaEhoW6u+JHEdKZZFvOiOsJ2rZm4v/eYNUhzdezkSSairIYlGYcqhjOE8CBkxSonlmCCaSmb9CMsESE23yqpkQ0PLJq6R74aArx72/bLScMo4qOAYnoAkQuAYtcAfaoAMIyMAzeAVv1pP1Yr1bH4vWilXO1MEfWJ8/rXWTaA==</latexit>

(1, 111)

<latexit sha1_base64="/d/5RlkKQypH6WJ4QcmbmPwFnSU=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQQUIiii4LblxWsA9oQ5lMJu3QySTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvXPnniDlTGnX/baWlldW19ZLG+XNre2dXXtvv6mSTBLaIAlPZDvAinImaEMzzWk7lRTHAaetYHgz8VsPVCqWiHs9Sqkf475gESNYG6lnH3anb+SShuOqd4Y8g9OeXXEddwq0SLyCVKBAvWd/dcOEZDEVmnCsVMdzU+3nWGpGOB2Xu5miKSZD3KcdQwWOqfLz6eYxOjFKiKJEmhIaTdXfEzmOlRrFgemMsR6oeW8i/ud1Mh1d+zkTaaapILNFUcaRTtAkChQySYnmI0Mwkcz8FZEBlphoE1jZhODNn7xImueOd+m4dxeVmlPEUYIjOIYqeHAFNbiFOjSAwCM8wyu8WU/Wi/Vufcxal6xi5gD+wPr8ASMGk6M=</latexit>

(1, 1111)

<latexit sha1_base64="38gzJInqEDeoVOit4UDgrfM6x58=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIosuCG5cV7APaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO0yy09cCFwzn3zp17/IQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv++Gbmdx6oVCwW93qSUC/CQ8FCRrA20sCu9PM3MkmDac09Q+7pwK46dScHWiZuQapQoDmwv/pBTNKICk04VqrnOon2Miw1I5xOy/1U0QSTMR7SnqECR1R5Wb52ik6MEqAwlqaERrn6eyLDkVKTyDedEdYjtejNxP+8XqrDay9jIkk1FWS+KEw50jGa5YACJinRfGIIJpKZvyIywhITbdIqmxDcxZOXSfu87l7WnbuLaqNexFGCIziGGrhwBQ24hSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHC+5Ly</latexit>

(1, 1)
<latexit sha1_base64="38gzJInqEDeoVOit4UDgrfM6x58=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIosuCG5cV7APaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO0yy09cCFwzn3zp17/IQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv++Gbmdx6oVCwW93qSUC/CQ8FCRrA20sCu9PM3MkmDac09Q+7pwK46dScHWiZuQapQoDmwv/pBTNKICk04VqrnOon2Miw1I5xOy/1U0QSTMR7SnqECR1R5Wb52ik6MEqAwlqaERrn6eyLDkVKTyDedEdYjtejNxP+8XqrDay9jIkk1FWS+KEw50jGa5YACJinRfGIIJpKZvyIywhITbdIqmxDcxZOXSfu87l7WnbuLaqNexFGCIziGGrhwBQ24hSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHC+5Ly</latexit>

(1, 1)

Hash table 

<latexit sha1_base64="A5FwtRc5EsKDF8xM7N/DUSEeqYk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmQgh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wprTrfluVtfWNza3qdm1nd2//wD486qo4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn97O/d4jlYrF4kFnCfUiPBYsZARrI43s+rB4I5c0mDXROUQInY3shuu4BeAqQSVpgBLtkf01DGKSRlRowrFSA+Qm2sux1IxwOqsNU0UTTKZ4TAeGChxR5eXF4hk8NUoAw1iaEhoW6u+JHEdKZZFvOiOsJ2rZm4v/eYNUhzdezkSSairIYlGYcqhjOE8CBkxSonlmCCaSmb9CMsESE23yqpkQ0PLJq6R74aArx72/bLScMo4qOAYnoAkQuAYtcAfaoAMIyMAzeAVv1pP1Yr1bH4vWilXO1MEfWJ8/rXWTaA==</latexit>

(1, 111)

<latexit sha1_base64="NIuzly9/xnO5IQsBkDiu7PVnb/o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmYgl5FfcuFDErT/izr9xmmahrQcuHM65d+7c4yecKe2631ZlbX1jc6u6XdvZ3ds/sA/rXRWnktAOiXks+z5WlDNBO5ppTvuJpDjyOe3509u533ukUrFYPOhZQr0IjwULGcHaSCO7PizeyCQN8iY6hwidjeyG67gF4CpBJWmAEu2R/TUMYpJGVGjCsVID5Cbay7DUjHCa14apogkmUzymA0MFjqjysmJvDk+NEsAwlqaEhoX6eyLDkVKzyDedEdYTtezNxf+8QarDGy9jIkk1FWSxKEw51DGcBwEDJinRfGYIJpKZv0IywRITbeKqmRDQ8smrpHvhoCvHvb9stJwyjio4BiegCRC4Bi1wB9qgAwh4As/gFbxZufVivVsfi9aKVc4cgT+wPn8AOCaTLQ==</latexit>

(1, 11)

<latexit sha1_base64="/d/5RlkKQypH6WJ4QcmbmPwFnSU=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQQUIiii4LblxWsA9oQ5lMJu3QySTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvXPnniDlTGnX/baWlldW19ZLG+XNre2dXXtvv6mSTBLaIAlPZDvAinImaEMzzWk7lRTHAaetYHgz8VsPVCqWiHs9Sqkf475gESNYG6lnH3anb+SShuOqd4Y8g9OeXXEddwq0SLyCVKBAvWd/dcOEZDEVmnCsVMdzU+3nWGpGOB2Xu5miKSZD3KcdQwWOqfLz6eYxOjFKiKJEmhIaTdXfEzmOlRrFgemMsR6oeW8i/ud1Mh1d+zkTaaapILNFUcaRTtAkChQySYnmI0Mwkcz8FZEBlphoE1jZhODNn7xImueOd+m4dxeVmlPEUYIjOIYqeHAFNbiFOjSAwCM8wyu8WU/Wi/Vufcxal6xi5gD+wPr8ASMGk6M=</latexit>

(1, 1111)

<latexit sha1_base64="38gzJInqEDeoVOit4UDgrfM6x58=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIosuCG5cV7APaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO0yy09cCFwzn3zp17/IQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv++Gbmdx6oVCwW93qSUC/CQ8FCRrA20sCu9PM3MkmDac09Q+7pwK46dScHWiZuQapQoDmwv/pBTNKICk04VqrnOon2Miw1I5xOy/1U0QSTMR7SnqECR1R5Wb52ik6MEqAwlqaERrn6eyLDkVKTyDedEdYjtejNxP+8XqrDay9jIkk1FWS+KEw50jGa5YACJinRfGIIJpKZvyIywhITbdIqmxDcxZOXSfu87l7WnbuLaqNexFGCIziGGrhwBQ24hSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHC+5Ly</latexit>

(1, 1)
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4
<latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5

<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3
<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3

<latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5 <latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5

<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2



Hash table 

<latexit sha1_base64="A5FwtRc5EsKDF8xM7N/DUSEeqYk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmQgh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wprTrfluVtfWNza3qdm1nd2//wD486qo4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn97O/d4jlYrF4kFnCfUiPBYsZARrI43s+rB4I5c0mDXROUQInY3shuu4BeAqQSVpgBLtkf01DGKSRlRowrFSA+Qm2sux1IxwOqsNU0UTTKZ4TAeGChxR5eXF4hk8NUoAw1iaEhoW6u+JHEdKZZFvOiOsJ2rZm4v/eYNUhzdezkSSairIYlGYcqhjOE8CBkxSonlmCCaSmb9CMsESE23yqpkQ0PLJq6R74aArx72/bLScMo4qOAYnoAkQuAYtcAfaoAMIyMAzeAVv1pP1Yr1bH4vWilXO1MEfWJ8/rXWTaA==</latexit>

(1, 111)

<latexit sha1_base64="NIuzly9/xnO5IQsBkDiu7PVnb/o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmYgl5FfcuFDErT/izr9xmmahrQcuHM65d+7c4yecKe2631ZlbX1jc6u6XdvZ3ds/sA/rXRWnktAOiXks+z5WlDNBO5ppTvuJpDjyOe3509u533ukUrFYPOhZQr0IjwULGcHaSCO7PizeyCQN8iY6hwidjeyG67gF4CpBJWmAEu2R/TUMYpJGVGjCsVID5Cbay7DUjHCa14apogkmUzymA0MFjqjysmJvDk+NEsAwlqaEhoX6eyLDkVKzyDedEdYTtezNxf+8QarDGy9jIkk1FWSxKEw51DGcBwEDJinRfGYIJpKZv0IywRITbeKqmRDQ8smrpHvhoCvHvb9stJwyjio4BiegCRC4Bi1wB9qgAwh4As/gFbxZufVivVsfi9aKVc4cgT+wPn8AOCaTLQ==</latexit>

(1, 11)

<latexit sha1_base64="/d/5RlkKQypH6WJ4QcmbmPwFnSU=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQQUIiii4LblxWsA9oQ5lMJu3QySTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvXPnniDlTGnX/baWlldW19ZLG+XNre2dXXtvv6mSTBLaIAlPZDvAinImaEMzzWk7lRTHAaetYHgz8VsPVCqWiHs9Sqkf475gESNYG6lnH3anb+SShuOqd4Y8g9OeXXEddwq0SLyCVKBAvWd/dcOEZDEVmnCsVMdzU+3nWGpGOB2Xu5miKSZD3KcdQwWOqfLz6eYxOjFKiKJEmhIaTdXfEzmOlRrFgemMsR6oeW8i/ud1Mh1d+zkTaaapILNFUcaRTtAkChQySYnmI0Mwkcz8FZEBlphoE1jZhODNn7xImueOd+m4dxeVmlPEUYIjOIYqeHAFNbiFOjSAwCM8wyu8WU/Wi/Vufcxal6xi5gD+wPr8ASMGk6M=</latexit>

(1, 1111)

<latexit sha1_base64="38gzJInqEDeoVOit4UDgrfM6x58=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIosuCG5cV7APaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO0yy09cCFwzn3zp17/IQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv++Gbmdx6oVCwW93qSUC/CQ8FCRrA20sCu9PM3MkmDac09Q+7pwK46dScHWiZuQapQoDmwv/pBTNKICk04VqrnOon2Miw1I5xOy/1U0QSTMR7SnqECR1R5Wb52ik6MEqAwlqaERrn6eyLDkVKTyDedEdYjtejNxP+8XqrDay9jIkk1FWS+KEw50jGa5YACJinRfGIIJpKZvyIywhITbdIqmxDcxZOXSfu87l7WnbuLaqNexFGCIziGGrhwBQ24hSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHC+5Ly</latexit>

(1, 1)
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4
<latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5

<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3
<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3

<latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5 <latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5

<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
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Hash table 

<latexit sha1_base64="A5FwtRc5EsKDF8xM7N/DUSEeqYk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmQgh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wprTrfluVtfWNza3qdm1nd2//wD486qo4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn97O/d4jlYrF4kFnCfUiPBYsZARrI43s+rB4I5c0mDXROUQInY3shuu4BeAqQSVpgBLtkf01DGKSRlRowrFSA+Qm2sux1IxwOqsNU0UTTKZ4TAeGChxR5eXF4hk8NUoAw1iaEhoW6u+JHEdKZZFvOiOsJ2rZm4v/eYNUhzdezkSSairIYlGYcqhjOE8CBkxSonlmCCaSmb9CMsESE23yqpkQ0PLJq6R74aArx72/bLScMo4qOAYnoAkQuAYtcAfaoAMIyMAzeAVv1pP1Yr1bH4vWilXO1MEfWJ8/rXWTaA==</latexit>

(1, 111)

<latexit sha1_base64="NIuzly9/xnO5IQsBkDiu7PVnb/o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmYgl5FfcuFDErT/izr9xmmahrQcuHM65d+7c4yecKe2631ZlbX1jc6u6XdvZ3ds/sA/rXRWnktAOiXks+z5WlDNBO5ppTvuJpDjyOe3509u533ukUrFYPOhZQr0IjwULGcHaSCO7PizeyCQN8iY6hwidjeyG67gF4CpBJWmAEu2R/TUMYpJGVGjCsVID5Cbay7DUjHCa14apogkmUzymA0MFjqjysmJvDk+NEsAwlqaEhoX6eyLDkVKzyDedEdYTtezNxf+8QarDGy9jIkk1FWSxKEw51DGcBwEDJinRfGYIJpKZv0IywRITbeKqmRDQ8smrpHvhoCvHvb9stJwyjio4BiegCRC4Bi1wB9qgAwh4As/gFbxZufVivVsfi9aKVc4cgT+wPn8AOCaTLQ==</latexit>

(1, 11)

<latexit sha1_base64="/d/5RlkKQypH6WJ4QcmbmPwFnSU=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQQUIiii4LblxWsA9oQ5lMJu3QySTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvXPnniDlTGnX/baWlldW19ZLG+XNre2dXXtvv6mSTBLaIAlPZDvAinImaEMzzWk7lRTHAaetYHgz8VsPVCqWiHs9Sqkf475gESNYG6lnH3anb+SShuOqd4Y8g9OeXXEddwq0SLyCVKBAvWd/dcOEZDEVmnCsVMdzU+3nWGpGOB2Xu5miKSZD3KcdQwWOqfLz6eYxOjFKiKJEmhIaTdXfEzmOlRrFgemMsR6oeW8i/ud1Mh1d+zkTaaapILNFUcaRTtAkChQySYnmI0Mwkcz8FZEBlphoE1jZhODNn7xImueOd+m4dxeVmlPEUYIjOIYqeHAFNbiFOjSAwCM8wyu8WU/Wi/Vufcxal6xi5gD+wPr8ASMGk6M=</latexit>

(1, 1111)

<latexit sha1_base64="38gzJInqEDeoVOit4UDgrfM6x58=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIosuCG5cV7APaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO0yy09cCFwzn3zp17/IQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv++Gbmdx6oVCwW93qSUC/CQ8FCRrA20sCu9PM3MkmDac09Q+7pwK46dScHWiZuQapQoDmwv/pBTNKICk04VqrnOon2Miw1I5xOy/1U0QSTMR7SnqECR1R5Wb52ik6MEqAwlqaERrn6eyLDkVKTyDedEdYjtejNxP+8XqrDay9jIkk1FWS+KEw50jGa5YACJinRfGIIJpKZvyIywhITbdIqmxDcxZOXSfu87l7WnbuLaqNexFGCIziGGrhwBQ24hSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHC+5Ly</latexit>

(1, 1)
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4
<latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5

<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3
<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3

<latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5 <latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5

<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
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<latexit sha1_base64="6m9lXoSa2sHFsrn0CinmshYDQHI=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJUkJJoiy4LblxWsA9oQ5lMJu3QyYOZiRBC/RU3LhRx64e482+cpllo64ELh3PunTv3uDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgtAOiXgk+i6WlLOQdhRTnPZjQXHgctpzp7dzv/dIhWRR+KDSmDoBHofMZwQrLY3MyjB/IxPUm6Fa4+Kq0TwfmVWrbuVAq8QuSBUKtEfm19CLSBLQUBGOpRzYVqycDAvFCKez8jCRNMZkisd0oGmIAyqdLF88Q2da8ZAfCV2hQrn6eyLDgZRp4OrOAKuJXPbm4n/eIFH+jZOxME4UDclikZ9wpCI0TwJ5TFCieKoJJoLpvyIywQITpfMq6xDs5ZNXSfeybjfr1n2j2qoXcZTgBE6hBjZcQwvuoA0dIJDCM7zCm/FkvBjvxseidc0oZirwB8bnD7+fk3Q=</latexit>

(4, 345)
<latexit sha1_base64="qbmbyInTZHGeFtR0atqn0MqXDDg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUqiFV0W3LisYB/QhjKZ3LRDJw9mJkII9VfcuFDErR/izr9xmmahrQcuHM65d+7c48acSWVZ30ZpbX1jc6u8XdnZ3ds/MA+PujJKBIUOjXgk+i6RwFkIHcUUh34sgAQuh547vZ37vUcQkkXhg0pjcAIyDpnPKFFaGpnVYf5GJsCb4frlOW42z0ZmzWpYOfAqsQtSQwXaI/Nr6EU0CSBUlBMpB7YVKycjQjHKYVYZJhJiQqdkDANNQxKAdLJ88QyfasXDfiR0hQrn6u+JjARSpoGrOwOiJnLZm4v/eYNE+TdOxsI4URDSxSI/4VhFeJ4E9pgAqniqCaGC6b9iOiGCUKXzqugQ7OWTV0n3omFfNaz7Zq3VKOIoo2N0gurIRteohe5QG3UQRSl6Rq/ozXgyXox342PRWjKKmSr6A+PzB5+Mk18=</latexit>

(3, 44)

<latexit sha1_base64="BHKYgu+GPo8sv9VTaHk91Ao7cRA=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISbdFlwY3LCvYBbSiTyaQdOnkwMxFqKP6KGxeKuPU/3Pk3TtMstPXAhcM5986de9yYM6ks69sorKyurW8UN0tb2zu7e+b+QVtGiSC0RSIeia6LJeUspC3FFKfdWFAcuJx23PHNzO88UCFZFN6rSUydAA9D5jOClZYG5lE/eyMV1JuiSu0cXdbqZwOzbFWtDGiZ2DkpQ47mwPzqexFJAhoqwrGUPduKlZNioRjhdFrqJ5LGmIzxkPY0DXFApZNmm6foVCse8iOhK1QoU39PpDiQchK4ujPAaiQXvZn4n9dLlH/tpCyME0VDMl/kJxypCM2iQB4TlCg+0QQTwfRfERlhgYnSgZV0CPbiycukfVG161XrrlZuVPM4inAMJ1ABG66gAbfQhBYQeIRneIU348l4Md6Nj3lrwchnDuEPjM8fGyuTng==</latexit>

(4, 345)

<latexit sha1_base64="8CzEFQ5Dv71vk0hJ1TDclqMN2sA=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFSQkpUWXBTcuK1hbaEOZTCbt0MmDmYlQQsFfceNCEbd+hzv/xmmahbYeuHA45965c4+XcCaVbX8bpbX1jc2t8nZlZ3dv/8A8PHqQcSoI7ZCYx6LnYUk5i2hHMcVpLxEUhx6nXW9yM/e7j1RIFkf3appQN8SjiAWMYKWloXkyyN/IBPVnqNa8RPV6o3ExNKu2ZedAq8QpSBUKtIfm18CPSRrSSBGOpew7dqLcDAvFCKezyiCVNMFkgke0r2mEQyrdLF89Q+da8VEQC12RQrn6eyLDoZTT0NOdIVZjuezNxf+8fqqCazdjUZIqGpHFoiDlSMVongXymaBE8akmmAim/4rIGAtMlE6sokNwlk9eJQ91y2la9l2j2rKKOMpwCmdQAweuoAW30IYOEMjgGV7hzXgyXox342PRWjKKmWP4A+PzB5DZk9k=</latexit>

(5, 2244)

<latexit sha1_base64="cJdiG5pD61SccoQ5sdbN9OriBJM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSLLosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27FbDur+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJbeTIQ==</latexit>

(2, 5)
<latexit sha1_base64="cJdiG5pD61SccoQ5sdbN9OriBJM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSLLosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27FbDur+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJbeTIQ==</latexit>

(2, 5)

<latexit sha1_base64="nIBGaLR7XEGJQv3KeWe3MtSXSj4=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEm0RZcFNy4r2Ae0oUwmN+3QyYOZiRBC/RU3LhRx64e482+cpllo64ELh3PunTv3uDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgkKHRjwSfZdI4CyEjmKKQz8WQAKXQ8+d3s793iMIyaLwQaUxOAEZh8xnlCgtjczKMH8jE+DNcO3qAjea5yOzatWtHHiV2AWpogLtkfk19CKaBBAqyomUA9uKlZMRoRjlMCsPEwkxoVMyhoGmIQlAOlm+eIbPtOJhPxK6QoVz9fdERgIp08DVnQFRE7nszcX/vEGi/BsnY2GcKAjpYpGfcKwiPE8Ce0wAVTzVhFDB9F8xnRBBqNJ5lXUI9vLJq6R7Wbebdeu+UW3VizhK6ASdohqy0TVqoTvURh1EUYqe0St6M56MF+Pd+Fi0rhnFTAX9gfH5A6ERk2A=</latexit>

(3, 45)
<latexit sha1_base64="BHKYgu+GPo8sv9VTaHk91Ao7cRA=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISbdFlwY3LCvYBbSiTyaQdOnkwMxFqKP6KGxeKuPU/3Pk3TtMstPXAhcM5986de9yYM6ks69sorKyurW8UN0tb2zu7e+b+QVtGiSC0RSIeia6LJeUspC3FFKfdWFAcuJx23PHNzO88UCFZFN6rSUydAA9D5jOClZYG5lE/eyMV1JuiSu0cXdbqZwOzbFWtDGiZ2DkpQ47mwPzqexFJAhoqwrGUPduKlZNioRjhdFrqJ5LGmIzxkPY0DXFApZNmm6foVCse8iOhK1QoU39PpDiQchK4ujPAaiQXvZn4n9dLlH/tpCyME0VDMl/kJxypCM2iQB4TlCg+0QQTwfRfERlhgYnSgZV0CPbiycukfVG161XrrlZuVPM4inAMJ1ABG66gAbfQhBYQeIRneIU348l4Md6Nj3lrwchnDuEPjM8fGyuTng==</latexit>

(4, 345)

<latexit sha1_base64="fbohqh+4CpHQ07U/aNpJUCFdHSE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClKS0qLLghuXFewD2lAmk0k7dPJgZiLUUPwVNy4Ucet/uPNvnKZZaOuBC4dz7p0797gxZ1JZ1rdRWFvf2Nwqbpd2dvf2D8zDo46MEkFom0Q8Ej0XS8pZSNuKKU57saA4cDntupObud99oEKyKLxX05g6AR6FzGcEKy0NzZNB9kYqqDdDlfolqtUbF0OzbFWtDGiV2DkpQ47W0PwaeBFJAhoqwrGUfduKlZNioRjhdFYaJJLGmEzwiPY1DXFApZNmm2foXCse8iOhK1QoU39PpDiQchq4ujPAaiyXvbn4n9dPlH/tpCyME0VDsljkJxypCM2jQB4TlCg+1QQTwfRfERljgYnSgZV0CPbyyaukU6vajap1Vy83q3kcRTiFM6iADVfQhFtoQRsIPMIzvMKb8WS8GO/Gx6K1YOQzx/AHxucPGaSTnQ==</latexit>

(4, 245)

<latexit sha1_base64="cJdiG5pD61SccoQ5sdbN9OriBJM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSLLosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27FbDur+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJbeTIQ==</latexit>

(2, 5)
<latexit sha1_base64="AAdnLSFnL8sufuis87cRIcwYFys=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSKrosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27KuGdd+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJDKTIA==</latexit>

(2, 4)

<latexit sha1_base64="b5/bd5cCWKElo3sICI04dgeENto=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClKS2qLLghuXFewD2lAmk5t26OTBzEQooeCvuHGhiFu/w51/4zTNQlsPXDicc+/cuceNOZPKsr6Nwtr6xuZWcbu0s7u3f2AeHnVklAgKbRrxSPRcIoGzENqKKQ69WAAJXA5dd3I797uPICSLwgc1jcEJyChkPqNEaWlongyyN1IB3gxXGpe4dlWvXwzNslW1MuBVYuekjHK0hubXwItoEkCoKCdS9m0rVk5KhGKUw6w0SCTEhE7ICPqahiQA6aTZ6hk+14qH/UjoChXO1N8TKQmknAau7gyIGstlby7+5/UT5d84KQvjREFIF4v8hGMV4XkW2GMCqOJTTQgVTP8V0zERhCqdWEmHYC+fvEo6tardqFr39XKzmsdRRKfoDFWQja5RE92hFmojilL0jF7Rm/FkvBjvxseitWDkM8foD4zPH5Jgk9o=</latexit>

(5, 2344)



Hash table 

<latexit sha1_base64="A5FwtRc5EsKDF8xM7N/DUSEeqYk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmQgh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wprTrfluVtfWNza3qdm1nd2//wD486qo4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn97O/d4jlYrF4kFnCfUiPBYsZARrI43s+rB4I5c0mDXROUQInY3shuu4BeAqQSVpgBLtkf01DGKSRlRowrFSA+Qm2sux1IxwOqsNU0UTTKZ4TAeGChxR5eXF4hk8NUoAw1iaEhoW6u+JHEdKZZFvOiOsJ2rZm4v/eYNUhzdezkSSairIYlGYcqhjOE8CBkxSonlmCCaSmb9CMsESE23yqpkQ0PLJq6R74aArx72/bLScMo4qOAYnoAkQuAYtcAfaoAMIyMAzeAVv1pP1Yr1bH4vWilXO1MEfWJ8/rXWTaA==</latexit>

(1, 111)

<latexit sha1_base64="NIuzly9/xnO5IQsBkDiu7PVnb/o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmYgl5FfcuFDErT/izr9xmmahrQcuHM65d+7c4yecKe2631ZlbX1jc6u6XdvZ3ds/sA/rXRWnktAOiXks+z5WlDNBO5ppTvuJpDjyOe3509u533ukUrFYPOhZQr0IjwULGcHaSCO7PizeyCQN8iY6hwidjeyG67gF4CpBJWmAEu2R/TUMYpJGVGjCsVID5Cbay7DUjHCa14apogkmUzymA0MFjqjysmJvDk+NEsAwlqaEhoX6eyLDkVKzyDedEdYTtezNxf+8QarDGy9jIkk1FWSxKEw51DGcBwEDJinRfGYIJpKZv0IywRITbeKqmRDQ8smrpHvhoCvHvb9stJwyjio4BiegCRC4Bi1wB9qgAwh4As/gFbxZufVivVsfi9aKVc4cgT+wPn8AOCaTLQ==</latexit>

(1, 11)

<latexit sha1_base64="/d/5RlkKQypH6WJ4QcmbmPwFnSU=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQQUIiii4LblxWsA9oQ5lMJu3QySTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvXPnniDlTGnX/baWlldW19ZLG+XNre2dXXtvv6mSTBLaIAlPZDvAinImaEMzzWk7lRTHAaetYHgz8VsPVCqWiHs9Sqkf475gESNYG6lnH3anb+SShuOqd4Y8g9OeXXEddwq0SLyCVKBAvWd/dcOEZDEVmnCsVMdzU+3nWGpGOB2Xu5miKSZD3KcdQwWOqfLz6eYxOjFKiKJEmhIaTdXfEzmOlRrFgemMsR6oeW8i/ud1Mh1d+zkTaaapILNFUcaRTtAkChQySYnmI0Mwkcz8FZEBlphoE1jZhODNn7xImueOd+m4dxeVmlPEUYIjOIYqeHAFNbiFOjSAwCM8wyu8WU/Wi/Vufcxal6xi5gD+wPr8ASMGk6M=</latexit>

(1, 1111)

<latexit sha1_base64="38gzJInqEDeoVOit4UDgrfM6x58=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIosuCG5cV7APaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO0yy09cCFwzn3zp17/IQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv++Gbmdx6oVCwW93qSUC/CQ8FCRrA20sCu9PM3MkmDac09Q+7pwK46dScHWiZuQapQoDmwv/pBTNKICk04VqrnOon2Miw1I5xOy/1U0QSTMR7SnqECR1R5Wb52ik6MEqAwlqaERrn6eyLDkVKTyDedEdYjtejNxP+8XqrDay9jIkk1FWS+KEw50jGa5YACJinRfGIIJpKZvyIywhITbdIqmxDcxZOXSfu87l7WnbuLaqNexFGCIziGGrhwBQ24hSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHC+5Ly</latexit>

(1, 1)
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4
<latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5

<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3
<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3

<latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5 <latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5

<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
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<latexit sha1_base64="6m9lXoSa2sHFsrn0CinmshYDQHI=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJUkJJoiy4LblxWsA9oQ5lMJu3QyYOZiRBC/RU3LhRx64e482+cpllo64ELh3PunTv3uDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgtAOiXgk+i6WlLOQdhRTnPZjQXHgctpzp7dzv/dIhWRR+KDSmDoBHofMZwQrLY3MyjB/IxPUm6Fa4+Kq0TwfmVWrbuVAq8QuSBUKtEfm19CLSBLQUBGOpRzYVqycDAvFCKez8jCRNMZkisd0oGmIAyqdLF88Q2da8ZAfCV2hQrn6eyLDgZRp4OrOAKuJXPbm4n/eIFH+jZOxME4UDclikZ9wpCI0TwJ5TFCieKoJJoLpvyIywQITpfMq6xDs5ZNXSfeybjfr1n2j2qoXcZTgBE6hBjZcQwvuoA0dIJDCM7zCm/FkvBjvxseidc0oZirwB8bnD7+fk3Q=</latexit>

(4, 345)
<latexit sha1_base64="qbmbyInTZHGeFtR0atqn0MqXDDg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUqiFV0W3LisYB/QhjKZ3LRDJw9mJkII9VfcuFDErR/izr9xmmahrQcuHM65d+7c48acSWVZ30ZpbX1jc6u8XdnZ3ds/MA+PujJKBIUOjXgk+i6RwFkIHcUUh34sgAQuh547vZ37vUcQkkXhg0pjcAIyDpnPKFFaGpnVYf5GJsCb4frlOW42z0ZmzWpYOfAqsQtSQwXaI/Nr6EU0CSBUlBMpB7YVKycjQjHKYVYZJhJiQqdkDANNQxKAdLJ88QyfasXDfiR0hQrn6u+JjARSpoGrOwOiJnLZm4v/eYNE+TdOxsI4URDSxSI/4VhFeJ4E9pgAqniqCaGC6b9iOiGCUKXzqugQ7OWTV0n3omFfNaz7Zq3VKOIoo2N0gurIRteohe5QG3UQRSl6Rq/ozXgyXox342PRWjKKmSr6A+PzB5+Mk18=</latexit>

(3, 44)

<latexit sha1_base64="BHKYgu+GPo8sv9VTaHk91Ao7cRA=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISbdFlwY3LCvYBbSiTyaQdOnkwMxFqKP6KGxeKuPU/3Pk3TtMstPXAhcM5986de9yYM6ks69sorKyurW8UN0tb2zu7e+b+QVtGiSC0RSIeia6LJeUspC3FFKfdWFAcuJx23PHNzO88UCFZFN6rSUydAA9D5jOClZYG5lE/eyMV1JuiSu0cXdbqZwOzbFWtDGiZ2DkpQ47mwPzqexFJAhoqwrGUPduKlZNioRjhdFrqJ5LGmIzxkPY0DXFApZNmm6foVCse8iOhK1QoU39PpDiQchK4ujPAaiQXvZn4n9dLlH/tpCyME0VDMl/kJxypCM2iQB4TlCg+0QQTwfRfERlhgYnSgZV0CPbiycukfVG161XrrlZuVPM4inAMJ1ABG66gAbfQhBYQeIRneIU348l4Md6Nj3lrwchnDuEPjM8fGyuTng==</latexit>

(4, 345)

<latexit sha1_base64="8CzEFQ5Dv71vk0hJ1TDclqMN2sA=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFSQkpUWXBTcuK1hbaEOZTCbt0MmDmYlQQsFfceNCEbd+hzv/xmmahbYeuHA45965c4+XcCaVbX8bpbX1jc2t8nZlZ3dv/8A8PHqQcSoI7ZCYx6LnYUk5i2hHMcVpLxEUhx6nXW9yM/e7j1RIFkf3appQN8SjiAWMYKWloXkyyN/IBPVnqNa8RPV6o3ExNKu2ZedAq8QpSBUKtIfm18CPSRrSSBGOpew7dqLcDAvFCKezyiCVNMFkgke0r2mEQyrdLF89Q+da8VEQC12RQrn6eyLDoZTT0NOdIVZjuezNxf+8fqqCazdjUZIqGpHFoiDlSMVongXymaBE8akmmAim/4rIGAtMlE6sokNwlk9eJQ91y2la9l2j2rKKOMpwCmdQAweuoAW30IYOEMjgGV7hzXgyXox342PRWjKKmWP4A+PzB5DZk9k=</latexit>

(5, 2244)

<latexit sha1_base64="cJdiG5pD61SccoQ5sdbN9OriBJM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSLLosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27FbDur+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJbeTIQ==</latexit>

(2, 5)
<latexit sha1_base64="cJdiG5pD61SccoQ5sdbN9OriBJM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSLLosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27FbDur+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJbeTIQ==</latexit>

(2, 5)

<latexit sha1_base64="nIBGaLR7XEGJQv3KeWe3MtSXSj4=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEm0RZcFNy4r2Ae0oUwmN+3QyYOZiRBC/RU3LhRx64e482+cpllo64ELh3PunTv3uDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgkKHRjwSfZdI4CyEjmKKQz8WQAKXQ8+d3s793iMIyaLwQaUxOAEZh8xnlCgtjczKMH8jE+DNcO3qAjea5yOzatWtHHiV2AWpogLtkfk19CKaBBAqyomUA9uKlZMRoRjlMCsPEwkxoVMyhoGmIQlAOlm+eIbPtOJhPxK6QoVz9fdERgIp08DVnQFRE7nszcX/vEGi/BsnY2GcKAjpYpGfcKwiPE8Ce0wAVTzVhFDB9F8xnRBBqNJ5lXUI9vLJq6R7Wbebdeu+UW3VizhK6ASdohqy0TVqoTvURh1EUYqe0St6M56MF+Pd+Fi0rhnFTAX9gfH5A6ERk2A=</latexit>

(3, 45)
<latexit sha1_base64="BHKYgu+GPo8sv9VTaHk91Ao7cRA=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISbdFlwY3LCvYBbSiTyaQdOnkwMxFqKP6KGxeKuPU/3Pk3TtMstPXAhcM5986de9yYM6ks69sorKyurW8UN0tb2zu7e+b+QVtGiSC0RSIeia6LJeUspC3FFKfdWFAcuJx23PHNzO88UCFZFN6rSUydAA9D5jOClZYG5lE/eyMV1JuiSu0cXdbqZwOzbFWtDGiZ2DkpQ47mwPzqexFJAhoqwrGUPduKlZNioRjhdFrqJ5LGmIzxkPY0DXFApZNmm6foVCse8iOhK1QoU39PpDiQchK4ujPAaiQXvZn4n9dLlH/tpCyME0VDMl/kJxypCM2iQB4TlCg+0QQTwfRfERlhgYnSgZV0CPbiycukfVG161XrrlZuVPM4inAMJ1ABG66gAbfQhBYQeIRneIU348l4Md6Nj3lrwchnDuEPjM8fGyuTng==</latexit>

(4, 345)

<latexit sha1_base64="fbohqh+4CpHQ07U/aNpJUCFdHSE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClKS0qLLghuXFewD2lAmk0k7dPJgZiLUUPwVNy4Ucet/uPNvnKZZaOuBC4dz7p0797gxZ1JZ1rdRWFvf2Nwqbpd2dvf2D8zDo46MEkFom0Q8Ej0XS8pZSNuKKU57saA4cDntupObud99oEKyKLxX05g6AR6FzGcEKy0NzZNB9kYqqDdDlfolqtUbF0OzbFWtDGiV2DkpQ47W0PwaeBFJAhoqwrGUfduKlZNioRjhdFYaJJLGmEzwiPY1DXFApZNmm2foXCse8iOhK1QoU39PpDiQchq4ujPAaiyXvbn4n9dPlH/tpCyME0VDsljkJxypCM2jQB4TlCg+1QQTwfRfERljgYnSgZV0CPbyyaukU6vajap1Vy83q3kcRTiFM6iADVfQhFtoQRsIPMIzvMKb8WS8GO/Gx6K1YOQzx/AHxucPGaSTnQ==</latexit>

(4, 245)

<latexit sha1_base64="cJdiG5pD61SccoQ5sdbN9OriBJM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSLLosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27FbDur+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJbeTIQ==</latexit>

(2, 5)
<latexit sha1_base64="AAdnLSFnL8sufuis87cRIcwYFys=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSKrosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27KuGdd+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJDKTIA==</latexit>

(2, 4)

<latexit sha1_base64="b5/bd5cCWKElo3sICI04dgeENto=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClKS2qLLghuXFewD2lAmk5t26OTBzEQooeCvuHGhiFu/w51/4zTNQlsPXDicc+/cuceNOZPKsr6Nwtr6xuZWcbu0s7u3f2AeHnVklAgKbRrxSPRcIoGzENqKKQ69WAAJXA5dd3I797uPICSLwgc1jcEJyChkPqNEaWlongyyN1IB3gxXGpe4dlWvXwzNslW1MuBVYuekjHK0hubXwItoEkCoKCdS9m0rVk5KhGKUw6w0SCTEhE7ICPqahiQA6aTZ6hk+14qH/UjoChXO1N8TKQmknAau7gyIGstlby7+5/UT5d84KQvjREFIF4v8hGMV4XkW2GMCqOJTTQgVTP8V0zERhCqdWEmHYC+fvEo6tardqFr39XKzmsdRRKfoDFWQja5RE92hFmojilL0jF7Rm/FkvBjvxseitWDkM8foD4zPH5Jgk9o=</latexit>

(5, 2344)



Hash table 

<latexit sha1_base64="A5FwtRc5EsKDF8xM7N/DUSEeqYk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmQgh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wprTrfluVtfWNza3qdm1nd2//wD486qo4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn97O/d4jlYrF4kFnCfUiPBYsZARrI43s+rB4I5c0mDXROUQInY3shuu4BeAqQSVpgBLtkf01DGKSRlRowrFSA+Qm2sux1IxwOqsNU0UTTKZ4TAeGChxR5eXF4hk8NUoAw1iaEhoW6u+JHEdKZZFvOiOsJ2rZm4v/eYNUhzdezkSSairIYlGYcqhjOE8CBkxSonlmCCaSmb9CMsESE23yqpkQ0PLJq6R74aArx72/bLScMo4qOAYnoAkQuAYtcAfaoAMIyMAzeAVv1pP1Yr1bH4vWilXO1MEfWJ8/rXWTaA==</latexit>

(1, 111)

<latexit sha1_base64="NIuzly9/xnO5IQsBkDiu7PVnb/o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUJGFF0W3LisYB/QhjKZTNqhk0mYmYgl5FfcuFDErT/izr9xmmahrQcuHM65d+7c4yecKe2631ZlbX1jc6u6XdvZ3ds/sA/rXRWnktAOiXks+z5WlDNBO5ppTvuJpDjyOe3509u533ukUrFYPOhZQr0IjwULGcHaSCO7PizeyCQN8iY6hwidjeyG67gF4CpBJWmAEu2R/TUMYpJGVGjCsVID5Cbay7DUjHCa14apogkmUzymA0MFjqjysmJvDk+NEsAwlqaEhoX6eyLDkVKzyDedEdYTtezNxf+8QarDGy9jIkk1FWSxKEw51DGcBwEDJinRfGYIJpKZv0IywRITbeKqmRDQ8smrpHvhoCvHvb9stJwyjio4BiegCRC4Bi1wB9qgAwh4As/gFbxZufVivVsfi9aKVc4cgT+wPn8AOCaTLQ==</latexit>

(1, 11)

<latexit sha1_base64="/d/5RlkKQypH6WJ4QcmbmPwFnSU=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQQUIiii4LblxWsA9oQ5lMJu3QySTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvXPnniDlTGnX/baWlldW19ZLG+XNre2dXXtvv6mSTBLaIAlPZDvAinImaEMzzWk7lRTHAaetYHgz8VsPVCqWiHs9Sqkf475gESNYG6lnH3anb+SShuOqd4Y8g9OeXXEddwq0SLyCVKBAvWd/dcOEZDEVmnCsVMdzU+3nWGpGOB2Xu5miKSZD3KcdQwWOqfLz6eYxOjFKiKJEmhIaTdXfEzmOlRrFgemMsR6oeW8i/ud1Mh1d+zkTaaapILNFUcaRTtAkChQySYnmI0Mwkcz8FZEBlphoE1jZhODNn7xImueOd+m4dxeVmlPEUYIjOIYqeHAFNbiFOjSAwCM8wyu8WU/Wi/Vufcxal6xi5gD+wPr8ASMGk6M=</latexit>

(1, 1111)

<latexit sha1_base64="38gzJInqEDeoVOit4UDgrfM6x58=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIosuCG5cV7APaUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO0yy09cCFwzn3zp17/IQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv++Gbmdx6oVCwW93qSUC/CQ8FCRrA20sCu9PM3MkmDac09Q+7pwK46dScHWiZuQapQoDmwv/pBTNKICk04VqrnOon2Miw1I5xOy/1U0QSTMR7SnqECR1R5Wb52ik6MEqAwlqaERrn6eyLDkVKTyDedEdYjtejNxP+8XqrDay9jIkk1FWS+KEw50jGa5YACJinRfGIIJpKZvyIywhITbdIqmxDcxZOXSfu87l7WnbuLaqNexFGCIziGGrhwBQ24hSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHC+5Ly</latexit>

(1, 1)
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4
<latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5

<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="hrDreI6AJOkg6J3S1GAdDEwzNms=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0r5vOQ6vRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHRGGRxA==</latexit>

4

<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3
<latexit sha1_base64="orWDgVNRms7QQJ+3SDgk84Fk20k=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIf6LLgxmUF+4AmlMnkph06mYSZiVBCf8ONC0Xc+jPu/BunaRbaeuDC4Zx75849QcqZ0o7zbVXW1jc2t6rbtZ3dvf2D+uFRVyWZpNihCU9kPyAKORPY0Uxz7KcSSRxw7AWTu7nfe0KpWCIe9TRFPyYjwSJGiTaS5xUv5BLD2eWw3nCaTgF7lbglaUCJ9rD+5YUJzWIUmnKi1MB1Uu3nRGpGOc5qXqYwJXRCRjgwVJAYlZ8XG2f2mVFCO0qkKaHtQv09kZNYqWkcmM6Y6LFa9ubif94g09GtnzORZhoFXSyKMm7rxJ4HYIdMItV8agihkpm/2nRMJKHaxFQzIbjLJ6+S7kXTvW46D1eNVrOMowoncArn4MINtOAe2tABCik8wyu8WZn1Yr1bH4vWilXOHMMfWJ8/Qt2Rww==</latexit>

3

<latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5 <latexit sha1_base64="uCaAvLqK8CLH+ROVrcKtaxjD0eE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeukd9V0W03n4brRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHReWRxQ==</latexit>

5

<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
<latexit sha1_base64="NlRlkUTiezj5dVmbkjlquxKImaU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPBi8cK9gOaUDabSbt0swm7G6GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7Oy8IOVMacf5tiobm1vbO9Xd2t7+weFR/fikp5JMUuzShCdyEBCFnAnsaqY5DlKJJA449oPp3cLvP6FULBGPepaiH5OxYBGjRBvJ84oXconhvDWqN5ymU8BeJ25JGlCiM6p/eWFCsxiFppwoNXSdVPs5kZpRjvOalylMCZ2SMQ4NFSRG5efFxrl9YZTQjhJpSmi7UH9P5CRWahYHpjMmeqJWvYX4nzfMdHTr50ykmUZBl4uijNs6sRcB2CGTSDWfGUKoZOavNp0QSag2MdVMCO7qyeuk12q6103n4arRbpZxVOEMzuESXLiBNtxDB7pAIYVneIU3K7NerHfrY9lascqZU/gD6/MHQVmRwg==</latexit>

2
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<latexit sha1_base64="6m9lXoSa2sHFsrn0CinmshYDQHI=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJUkJJoiy4LblxWsA9oQ5lMJu3QyYOZiRBC/RU3LhRx64e482+cpllo64ELh3PunTv3uDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgtAOiXgk+i6WlLOQdhRTnPZjQXHgctpzp7dzv/dIhWRR+KDSmDoBHofMZwQrLY3MyjB/IxPUm6Fa4+Kq0TwfmVWrbuVAq8QuSBUKtEfm19CLSBLQUBGOpRzYVqycDAvFCKez8jCRNMZkisd0oGmIAyqdLF88Q2da8ZAfCV2hQrn6eyLDgZRp4OrOAKuJXPbm4n/eIFH+jZOxME4UDclikZ9wpCI0TwJ5TFCieKoJJoLpvyIywQITpfMq6xDs5ZNXSfeybjfr1n2j2qoXcZTgBE6hBjZcQwvuoA0dIJDCM7zCm/FkvBjvxseidc0oZirwB8bnD7+fk3Q=</latexit>

(4, 345)
<latexit sha1_base64="qbmbyInTZHGeFtR0atqn0MqXDDg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUqiFV0W3LisYB/QhjKZ3LRDJw9mJkII9VfcuFDErR/izr9xmmahrQcuHM65d+7c48acSWVZ30ZpbX1jc6u8XdnZ3ds/MA+PujJKBIUOjXgk+i6RwFkIHcUUh34sgAQuh547vZ37vUcQkkXhg0pjcAIyDpnPKFFaGpnVYf5GJsCb4frlOW42z0ZmzWpYOfAqsQtSQwXaI/Nr6EU0CSBUlBMpB7YVKycjQjHKYVYZJhJiQqdkDANNQxKAdLJ88QyfasXDfiR0hQrn6u+JjARSpoGrOwOiJnLZm4v/eYNE+TdOxsI4URDSxSI/4VhFeJ4E9pgAqniqCaGC6b9iOiGCUKXzqugQ7OWTV0n3omFfNaz7Zq3VKOIoo2N0gurIRteohe5QG3UQRSl6Rq/ozXgyXox342PRWjKKmSr6A+PzB5+Mk18=</latexit>

(3, 44)

<latexit sha1_base64="BHKYgu+GPo8sv9VTaHk91Ao7cRA=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISbdFlwY3LCvYBbSiTyaQdOnkwMxFqKP6KGxeKuPU/3Pk3TtMstPXAhcM5986de9yYM6ks69sorKyurW8UN0tb2zu7e+b+QVtGiSC0RSIeia6LJeUspC3FFKfdWFAcuJx23PHNzO88UCFZFN6rSUydAA9D5jOClZYG5lE/eyMV1JuiSu0cXdbqZwOzbFWtDGiZ2DkpQ47mwPzqexFJAhoqwrGUPduKlZNioRjhdFrqJ5LGmIzxkPY0DXFApZNmm6foVCse8iOhK1QoU39PpDiQchK4ujPAaiQXvZn4n9dLlH/tpCyME0VDMl/kJxypCM2iQB4TlCg+0QQTwfRfERlhgYnSgZV0CPbiycukfVG161XrrlZuVPM4inAMJ1ABG66gAbfQhBYQeIRneIU348l4Md6Nj3lrwchnDuEPjM8fGyuTng==</latexit>

(4, 345)

<latexit sha1_base64="8CzEFQ5Dv71vk0hJ1TDclqMN2sA=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFSQkpUWXBTcuK1hbaEOZTCbt0MmDmYlQQsFfceNCEbd+hzv/xmmahbYeuHA45965c4+XcCaVbX8bpbX1jc2t8nZlZ3dv/8A8PHqQcSoI7ZCYx6LnYUk5i2hHMcVpLxEUhx6nXW9yM/e7j1RIFkf3appQN8SjiAWMYKWloXkyyN/IBPVnqNa8RPV6o3ExNKu2ZedAq8QpSBUKtIfm18CPSRrSSBGOpew7dqLcDAvFCKezyiCVNMFkgke0r2mEQyrdLF89Q+da8VEQC12RQrn6eyLDoZTT0NOdIVZjuezNxf+8fqqCazdjUZIqGpHFoiDlSMVongXymaBE8akmmAim/4rIGAtMlE6sokNwlk9eJQ91y2la9l2j2rKKOMpwCmdQAweuoAW30IYOEMjgGV7hzXgyXox342PRWjKKmWP4A+PzB5DZk9k=</latexit>

(5, 2244)

<latexit sha1_base64="cJdiG5pD61SccoQ5sdbN9OriBJM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSLLosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27FbDur+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJbeTIQ==</latexit>

(2, 5)
<latexit sha1_base64="cJdiG5pD61SccoQ5sdbN9OriBJM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSLLosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27FbDur+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJbeTIQ==</latexit>

(2, 5)

<latexit sha1_base64="nIBGaLR7XEGJQv3KeWe3MtSXSj4=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEm0RZcFNy4r2Ae0oUwmN+3QyYOZiRBC/RU3LhRx64e482+cpllo64ELh3PunTv3uDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgkKHRjwSfZdI4CyEjmKKQz8WQAKXQ8+d3s793iMIyaLwQaUxOAEZh8xnlCgtjczKMH8jE+DNcO3qAjea5yOzatWtHHiV2AWpogLtkfk19CKaBBAqyomUA9uKlZMRoRjlMCsPEwkxoVMyhoGmIQlAOlm+eIbPtOJhPxK6QoVz9fdERgIp08DVnQFRE7nszcX/vEGi/BsnY2GcKAjpYpGfcKwiPE8Ce0wAVTzVhFDB9F8xnRBBqNJ5lXUI9vLJq6R7Wbebdeu+UW3VizhK6ASdohqy0TVqoTvURh1EUYqe0St6M56MF+Pd+Fi0rhnFTAX9gfH5A6ERk2A=</latexit>

(3, 45)
<latexit sha1_base64="BHKYgu+GPo8sv9VTaHk91Ao7cRA=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISbdFlwY3LCvYBbSiTyaQdOnkwMxFqKP6KGxeKuPU/3Pk3TtMstPXAhcM5986de9yYM6ks69sorKyurW8UN0tb2zu7e+b+QVtGiSC0RSIeia6LJeUspC3FFKfdWFAcuJx23PHNzO88UCFZFN6rSUydAA9D5jOClZYG5lE/eyMV1JuiSu0cXdbqZwOzbFWtDGiZ2DkpQ47mwPzqexFJAhoqwrGUPduKlZNioRjhdFrqJ5LGmIzxkPY0DXFApZNmm6foVCse8iOhK1QoU39PpDiQchK4ujPAaiQXvZn4n9dLlH/tpCyME0VDMl/kJxypCM2iQB4TlCg+0QQTwfRfERlhgYnSgZV0CPbiycukfVG161XrrlZuVPM4inAMJ1ABG66gAbfQhBYQeIRneIU348l4Md6Nj3lrwchnDuEPjM8fGyuTng==</latexit>

(4, 345)

<latexit sha1_base64="fbohqh+4CpHQ07U/aNpJUCFdHSE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClKS0qLLghuXFewD2lAmk0k7dPJgZiLUUPwVNy4Ucet/uPNvnKZZaOuBC4dz7p0797gxZ1JZ1rdRWFvf2Nwqbpd2dvf2D8zDo46MEkFom0Q8Ej0XS8pZSNuKKU57saA4cDntupObud99oEKyKLxX05g6AR6FzGcEKy0NzZNB9kYqqDdDlfolqtUbF0OzbFWtDGiV2DkpQ47W0PwaeBFJAhoqwrGUfduKlZNioRjhdFYaJJLGmEzwiPY1DXFApZNmm2foXCse8iOhK1QoU39PpDiQchq4ujPAaiyXvbn4n9dPlH/tpCyME0VDsljkJxypCM2jQB4TlCg+1QQTwfRfERljgYnSgZV0CPbyyaukU6vajap1Vy83q3kcRTiFM6iADVfQhFtoQRsIPMIzvMKb8WS8GO/Gx6K1YOQzx/AHxucPGaSTnQ==</latexit>

(4, 245)

<latexit sha1_base64="cJdiG5pD61SccoQ5sdbN9OriBJM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSLLosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27FbDur+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJbeTIQ==</latexit>

(2, 5)
<latexit sha1_base64="AAdnLSFnL8sufuis87cRIcwYFys=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSKrosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27KuGdd+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJDKTIA==</latexit>

(2, 4)

<latexit sha1_base64="b5/bd5cCWKElo3sICI04dgeENto=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClKS2qLLghuXFewD2lAmk5t26OTBzEQooeCvuHGhiFu/w51/4zTNQlsPXDicc+/cuceNOZPKsr6Nwtr6xuZWcbu0s7u3f2AeHnVklAgKbRrxSPRcIoGzENqKKQ69WAAJXA5dd3I797uPICSLwgc1jcEJyChkPqNEaWlongyyN1IB3gxXGpe4dlWvXwzNslW1MuBVYuekjHK0hubXwItoEkCoKCdS9m0rVk5KhGKUw6w0SCTEhE7ICPqahiQA6aTZ6hk+14qH/UjoChXO1N8TKQmknAau7gyIGstlby7+5/UT5d84KQvjREFIF4v8hGMV4XkW2GMCqOJTTQgVTP8V0zERhCqdWEmHYC+fvEo6tardqFr39XKzmsdRRKfoDFWQja5RE92hFmojilL0jF7Rm/FkvBjvxseitWDkM8foD4zPH5Jgk9o=</latexit>

(5, 2344)

<latexit sha1_base64="AAdnLSFnL8sufuis87cRIcwYFys=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSKrosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27KuGdd+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJDKTIA==</latexit>

(2, 4)
Hash table 

<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!

<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!

<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!

<latexit sha1_base64="enrkTrDgDI4IJSQ3D4zD1F6HOIs=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFchUQUXRbcuKxgH9DGMpnctEMnD2YmSgn9DzcuFHHrv7jzb5ymWWjrgQuHc+6dO/f4qeBKO863tbK6tr6xWdmqbu/s7u3XDg7bKskkwxZLRCK7PlUoeIwtzbXAbiqRRr7Ajj++mfmdR5SKJ/G9nqToRXQY85Azqo300C9eyCUGU+K6g1rdsZ0CZJm4JalDieag9tUPEpZFGGsmqFI910m1l1OpORM4rfYzhSllYzrEnqExjVB5ebFzSk6NEpAwkaZiTQr190ROI6UmkW86I6pHatGbif95vUyH117O4zTTGLP5ojATRCdkFgEJuESmxcQQyiQ3fyVsRCVl2gRVNSG4iycvk/a57V7azt1FvWGXcVTgGE7gDFy4ggbcQhNawEDCM7zCm/VkvVjv1se8dcUqZ47gD6zPHw5rkiY=</latexit>

11

<latexit sha1_base64="enrkTrDgDI4IJSQ3D4zD1F6HOIs=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFchUQUXRbcuKxgH9DGMpnctEMnD2YmSgn9DzcuFHHrv7jzb5ymWWjrgQuHc+6dO/f4qeBKO863tbK6tr6xWdmqbu/s7u3XDg7bKskkwxZLRCK7PlUoeIwtzbXAbiqRRr7Ajj++mfmdR5SKJ/G9nqToRXQY85Azqo300C9eyCUGU+K6g1rdsZ0CZJm4JalDieag9tUPEpZFGGsmqFI910m1l1OpORM4rfYzhSllYzrEnqExjVB5ebFzSk6NEpAwkaZiTQr190ROI6UmkW86I6pHatGbif95vUyH117O4zTTGLP5ojATRCdkFgEJuESmxcQQyiQ3fyVsRCVl2gRVNSG4iycvk/a57V7azt1FvWGXcVTgGE7gDFy4ggbcQhNawEDCM7zCm/VkvVjv1se8dcUqZ47gD6zPHw5rkiY=</latexit>

11

<latexit sha1_base64="enrkTrDgDI4IJSQ3D4zD1F6HOIs=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFchUQUXRbcuKxgH9DGMpnctEMnD2YmSgn9DzcuFHHrv7jzb5ymWWjrgQuHc+6dO/f4qeBKO863tbK6tr6xWdmqbu/s7u3XDg7bKskkwxZLRCK7PlUoeIwtzbXAbiqRRr7Ajj++mfmdR5SKJ/G9nqToRXQY85Azqo300C9eyCUGU+K6g1rdsZ0CZJm4JalDieag9tUPEpZFGGsmqFI910m1l1OpORM4rfYzhSllYzrEnqExjVB5ebFzSk6NEpAwkaZiTQr190ROI6UmkW86I6pHatGbif95vUyH117O4zTTGLP5ojATRCdkFgEJuESmxcQQyiQ3fyVsRCVl2gRVNSG4iycvk/a57V7azt1FvWGXcVTgGE7gDFy4ggbcQhNawEDCM7zCm/VkvVjv1se8dcUqZ47gD6zPHw5rkiY=</latexit>

11<latexit sha1_base64="pvHTgcmbeMOJFILAchlbVJ/bxag=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5id7U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk80eNLGgoajqnp4uLxFcadv+tkobm1vbO+Xdyt7+weFR9fiko+JUMmyzWMSy51GFgkfY1lwL7CUSaegJ7HqTu4XfnaJUPI4e9SxBN6SjiAecUW0kd5C/kEn056QxrNbsup2DrBOnIDUo0BpWvwZ+zNIQI80EVarv2Il2Myo1ZwLnlUGqMKFsQkfYNzSiISo3y1fOyYVRfBLE0lSkSa7+nshoqNQs9ExnSPVYrXoL8T+vn+qg4WY8SlKNEVsuClJBdEwWCRCfS2RazAyhTHLzV8LGVFKmTU4VE4KzevI66VzVnZu6/XBda9aLOMpwBudwCQ7cQhPuoQVtYPAEz/AKb9bUerHerY9la8kqZk7hD6zPH6S5kfI=</latexit>

8
<latexit sha1_base64="NH8akNPpbNsZQGE6bn5uhzZYupM=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadkVRb0FvHiMYB6QLGF2tjcZMvtwZjYQlnyHFw+KePVjvPk3TpI9aGJBQ1HVPT1dfiq40o7zbZXW1jc2t8rblZ3dvf2D6uFRSyWZZNhkiUhkx6cKBY+xqbkW2Ekl0sgX2PZHdzO/PUapeBI/6kmKXkQHMQ85o9pIXm/+Qi4xmJLbfrXm2M4cZJW4BalBgUa/+tULEpZFGGsmqFJd10m1l1OpORM4rfQyhSllIzrArqExjVB5+XzllJwZJSBhIk3FmszV3xM5jZSaRL7pjKgeqmVvJv7ndTMd3ng5j9NMY8wWi8JMEJ2QWQIk4BKZFhNDKJPc/JWwIZWUaZNTxYTgLp+8SloXtntlOw+XtbpdxFGGEziFc3DhGupwDw1oAoMneIZXeLPG1ov1bn0sWktWMXMMf2B9/gCmPZHz</latexit>

9

<latexit sha1_base64="ugWbhO/sAeQSkB5YrvotoWz8fMY=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgadkNih4DXjxGMA9I1jA725sMmX0wM6uEJf/hxYMiXv0Xb/6Nk2QPmljQUFR1T0+XnwqutON8W6W19Y3NrfJ2ZWd3b/+genjUVkkmGbZYIhLZ9alCwWNsaa4FdlOJNPIFdvzxzczvPKJUPInv9SRFL6LDmIecUW2kh/78hVxiMCVufVCtObYzB1klbkFqUKA5qH71g4RlEcaaCapUz3VS7eVUas4ETiv9TGFK2ZgOsWdoTCNUXj7fOSVnRglImEhTsSZz9fdETiOlJpFvOiOqR2rZm4n/eb1Mh9dezuM00xizxaIwE0QnZBYBCbhEpsXEEMokN38lbEQlZdoEVTEhuMsnr5J23XYvbefuotawizjKcAKncA4uXEEDbqEJLWAg4Rle4c16sl6sd+tj0Vqyiplj+APr8wcP75In</latexit>

12

<latexit sha1_base64="VXSmkmpe5SPJQWALDtwDeXePW3g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEo8BLx4jmAckS5id7U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk80eNLGgoajqnp4uLxFcadv+tkobm1vbO+Xdyt7+weFR9fiko+JUMmyzWMSy51GFgkfY1lwL7CUSaegJ7HqTu4XfnaJUPI4e9SxBN6SjiAecUW0kd5C/kEn056QxrNbsup2DrBOnIDUo0BpWvwZ+zNIQI80EVarv2Il2Myo1ZwLnlUGqMKFsQkfYNzSiISo3y1fOyYVRfBLE0lSkSa7+nshoqNQs9ExnSPVYrXoL8T+vn+rg1s14lKQaI7ZcFKSC6JgsEiA+l8i0mBlCmeTmr4SNqaRMm5wqJgRn9eR10rmqOzd1++G61qwXcZThDM7hEhxoQBPuoQVtYPAEz/AKb9bUerHerY9la8kqZk7hD6zPH6M1kfE=</latexit>

7
<latexit sha1_base64="VXSmkmpe5SPJQWALDtwDeXePW3g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEo8BLx4jmAckS5id7U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk80eNLGgoajqnp4uLxFcadv+tkobm1vbO+Xdyt7+weFR9fiko+JUMmyzWMSy51GFgkfY1lwL7CUSaegJ7HqTu4XfnaJUPI4e9SxBN6SjiAecUW0kd5C/kEn056QxrNbsup2DrBOnIDUo0BpWvwZ+zNIQI80EVarv2Il2Myo1ZwLnlUGqMKFsQkfYNzSiISo3y1fOyYVRfBLE0lSkSa7+nshoqNQs9ExnSPVYrXoL8T+vn+rg1s14lKQaI7ZcFKSC6JgsEiA+l8i0mBlCmeTmr4SNqaRMm5wqJgRn9eR10rmqOzd1++G61qwXcZThDM7hEhxoQBPuoQVtYPAEz/AKb9bUerHerY9la8kqZk7hD6zPH6M1kfE=</latexit>

7
<latexit sha1_base64="VXSmkmpe5SPJQWALDtwDeXePW3g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEo8BLx4jmAckS5id7U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk80eNLGgoajqnp4uLxFcadv+tkobm1vbO+Xdyt7+weFR9fiko+JUMmyzWMSy51GFgkfY1lwL7CUSaegJ7HqTu4XfnaJUPI4e9SxBN6SjiAecUW0kd5C/kEn056QxrNbsup2DrBOnIDUo0BpWvwZ+zNIQI80EVarv2Il2Myo1ZwLnlUGqMKFsQkfYNzSiISo3y1fOyYVRfBLE0lSkSa7+nshoqNQs9ExnSPVYrXoL8T+vn+rg1s14lKQaI7ZcFKSC6JgsEiA+l8i0mBlCmeTmr4SNqaRMm5wqJgRn9eR10rmqOzd1++G61qwXcZThDM7hEhxoQBPuoQVtYPAEz/AKb9bUerHerY9la8kqZk7hD6zPH6M1kfE=</latexit>

7
<latexit sha1_base64="bLcQp1vMKL4NExqAL4DnQB8d924=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4GmbE7Rjw4jGCWSAZQk9PTdKkZ7G7JxCGfIcXD4p49WO8+Td2kjlo4oOCx3tVXV3PTwVX2nG+rdLa+sbmVnm7srO7t39QPTxqqSSTDJssEYns+FSh4DE2NdcCO6lEGvkC2/7obua3xygVT+JHPUnRi+gg5iFnVBvJ681fyCUGU3Ldr9Yc25mDrBK3IDUo0OhXv3pBwrIIY80EVarrOqn2cio1ZwKnlV6mMKVsRAfYNTSmESovn6+ckjOjBCRMpKlYk7n6eyKnkVKTyDedEdVDtezNxP+8bqbDWy/ncZppjNliUZgJohMyS4AEXCLTYmIIZZKbvxI2pJIybXKqmBDc5ZNXSevCdq9s5+GyVreLOMpwAqdwDi7cQB3uoQFNYPAEz/AKb9bYerHerY9Fa8kqZo7hD6zPH6GxkfA=</latexit>

6

<latexit sha1_base64="r5oV/dD/mWgsJEntXDaQ/FG5+Zc=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4GmZc0GPAi8cIZoFkDD09laRJz0J3jxKG/IcXD4p49V+8+Td2JnPQxAcFj/equrqenwiutON8W6WV1bX1jfJmZWt7Z3evun/QUnEqGTZZLGLZ8alCwSNsaq4FdhKJNPQFtv3xzcxvP6JUPI7u9SRBL6TDiA84o9pID738hUxiMCXueb9ac2wnB1kmbkFqUKDRr371gpilIUaaCapU13US7WVUas4ETiu9VGFC2ZgOsWtoRENUXpbvnJITowRkEEtTkSa5+nsio6FSk9A3nSHVI7XozcT/vG6qB9dexqMk1Rix+aJBKoiOySwCEnCJTIuJIZRJbv5K2IhKyrQJqmJCcBdPXiatM9u9tJ27i1rdLuIowxEcwym4cAV1uIUGNIGBhGd4hTfryXqx3q2PeWvJKmYO4Q+szx8Rc5Io</latexit>

13
<latexit sha1_base64="QRAiNLU7Oxvn4NbVomUScsVuUis=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFchUQUXRbcuKxgH9DGMpnctEMnD2YmSgn9DzcuFHHrv7jzb5ymWWjrgQuHc+6dO/f4qeBKO863tbK6tr6xWdmqbu/s7u3XDg7bKskkwxZLRCK7PlUoeIwtzbXAbiqRRr7Ajj++mfmdR5SKJ/G9nqToRXQY85Azqo300C9eyCUGU+I6g1rdsZ0CZJm4JalDieag9tUPEpZFGGsmqFI910m1l1OpORM4rfYzhSllYzrEnqExjVB5ebFzSk6NEpAwkaZiTQr190ROI6UmkW86I6pHatGbif95vUyH117O4zTTGLP5ojATRCdkFgEJuESmxcQQyiQ3fyVsRCVl2gRVNSG4iycvk/a57V7azt1FvWGXcVTgGE7gDFy4ggbcQhNawEDCM7zCm/VkvVjv1se8dcUqZ47gD6zPHwznkiU=</latexit>

10

<latexit sha1_base64="bLcQp1vMKL4NExqAL4DnQB8d924=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4GmbE7Rjw4jGCWSAZQk9PTdKkZ7G7JxCGfIcXD4p49WO8+Td2kjlo4oOCx3tVXV3PTwVX2nG+rdLa+sbmVnm7srO7t39QPTxqqSSTDJssEYns+FSh4DE2NdcCO6lEGvkC2/7obua3xygVT+JHPUnRi+gg5iFnVBvJ681fyCUGU3Ldr9Yc25mDrBK3IDUo0OhXv3pBwrIIY80EVarrOqn2cio1ZwKnlV6mMKVsRAfYNTSmESovn6+ckjOjBCRMpKlYk7n6eyKnkVKTyDedEdVDtezNxP+8bqbDWy/ncZppjNliUZgJohMyS4AEXCLTYmIIZZKbvxI2pJIybXKqmBDc5ZNXSevCdq9s5+GyVreLOMpwAqdwDi7cQB3uoQFNYPAEz/AKb9bYerHerY9Fa8kqZo7hD6zPH6GxkfA=</latexit>

6
<latexit sha1_base64="cJdiG5pD61SccoQ5sdbN9OriBJM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSLLosuHFZwT6gDWUyuWmHTh7MTMQS8ituXCji1h9x5984TbPQ1gMXDufcO3fucWPOpLKsb6O0sbm1vVPereztHxwemcfVnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe/Obhd+/xGEZFH4oOYxOAGZhMxnlCgtjc3qKH8jFeBluN68xK2LsVmzGlYOvE7sgtRQgc7Y/Bp5EU0CCBXlRMqhbcXKSYlQjHLIKqNEQkzojExgqGlIApBOmu/N8LlWPOxHQleocK7+nkhJIOU8cHVnQNRUrnoL8T9vmCj/xklZGCcKQrpc5CccqwgvgsAeE0AVn2tCqGD6r5hOiSBU6bgqOgR79eR10ms27FbDur+qtRtFHGV0is5QHdnoGrXRHeqgLqLoCT2jV/RmZMaL8W58LFtLRjFzgv7A+PwBJbeTIQ==</latexit>

(2, 5)
<latexit sha1_base64="VXSmkmpe5SPJQWALDtwDeXePW3g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEo8BLx4jmAckS5id7U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk80eNLGgoajqnp4uLxFcadv+tkobm1vbO+Xdyt7+weFR9fiko+JUMmyzWMSy51GFgkfY1lwL7CUSaegJ7HqTu4XfnaJUPI4e9SxBN6SjiAecUW0kd5C/kEn056QxrNbsup2DrBOnIDUo0BpWvwZ+zNIQI80EVarv2Il2Myo1ZwLnlUGqMKFsQkfYNzSiISo3y1fOyYVRfBLE0lSkSa7+nshoqNQs9ExnSPVYrXoL8T+vn+rg1s14lKQaI7ZcFKSC6JgsEiA+l8i0mBlCmeTmr4SNqaRMm5wqJgRn9eR10rmqOzd1++G61qwXcZThDM7hEhxoQBPuoQVtYPAEz/AKb9bUerHerY9la8kqZk7hD6zPH6M1kfE=</latexit>

7
<latexit sha1_base64="qbmbyInTZHGeFtR0atqn0MqXDDg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUqiFV0W3LisYB/QhjKZ3LRDJw9mJkII9VfcuFDErR/izr9xmmahrQcuHM65d+7c48acSWVZ30ZpbX1jc6u8XdnZ3ds/MA+PujJKBIUOjXgk+i6RwFkIHcUUh34sgAQuh547vZ37vUcQkkXhg0pjcAIyDpnPKFFaGpnVYf5GJsCb4frlOW42z0ZmzWpYOfAqsQtSQwXaI/Nr6EU0CSBUlBMpB7YVKycjQjHKYVYZJhJiQqdkDANNQxKAdLJ88QyfasXDfiR0hQrn6u+JjARSpoGrOwOiJnLZm4v/eYNE+TdOxsI4URDSxSI/4VhFeJ4E9pgAqniqCaGC6b9iOiGCUKXzqugQ7OWTV0n3omFfNaz7Zq3VKOIoo2N0gurIRteohe5QG3UQRSl6Rq/ozXgyXox342PRWjKKmSr6A+PzB5+Mk18=</latexit>

(3, 44)
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!

<latexit sha1_base64="pvHTgcmbeMOJFILAchlbVJ/bxag=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmAckS5id7U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk80eNLGgoajqnp4uLxFcadv+tkobm1vbO+Xdyt7+weFR9fiko+JUMmyzWMSy51GFgkfY1lwL7CUSaegJ7HqTu4XfnaJUPI4e9SxBN6SjiAecUW0kd5C/kEn056QxrNbsup2DrBOnIDUo0BpWvwZ+zNIQI80EVarv2Il2Myo1ZwLnlUGqMKFsQkfYNzSiISo3y1fOyYVRfBLE0lSkSa7+nshoqNQs9ExnSPVYrXoL8T+vn+qg4WY8SlKNEVsuClJBdEwWCRCfS2RazAyhTHLzV8LGVFKmTU4VE4KzevI66VzVnZu6/XBda9aLOMpwBudwCQ7cQhPuoQVtYPAEz/AKb9bUerHerY9la8kqZk7hD6zPH6S5kfI=</latexit>

8
<latexit sha1_base64="nIBGaLR7XEGJQv3KeWe3MtSXSj4=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEm0RZcFNy4r2Ae0oUwmN+3QyYOZiRBC/RU3LhRx64e482+cpllo64ELh3PunTv3uDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgkKHRjwSfZdI4CyEjmKKQz8WQAKXQ8+d3s793iMIyaLwQaUxOAEZh8xnlCgtjczKMH8jE+DNcO3qAjea5yOzatWtHHiV2AWpogLtkfk19CKaBBAqyomUA9uKlZMRoRjlMCsPEwkxoVMyhoGmIQlAOlm+eIbPtOJhPxK6QoVz9fdERgIp08DVnQFRE7nszcX/vEGi/BsnY2GcKAjpYpGfcKwiPE8Ce0wAVTzVhFDB9F8xnRBBqNJ5lXUI9vLJq6R7Wbebdeu+UW3VizhK6ASdohqy0TVqoTvURh1EUYqe0St6M56MF+Pd+Fi0rhnFTAX9gfH5A6ERk2A=</latexit>

(3, 45)
<latexit sha1_base64="NH8akNPpbNsZQGE6bn5uhzZYupM=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadkVRb0FvHiMYB6QLGF2tjcZMvtwZjYQlnyHFw+KePVjvPk3TpI9aGJBQ1HVPT1dfiq40o7zbZXW1jc2t8rblZ3dvf2D6uFRSyWZZNhkiUhkx6cKBY+xqbkW2Ekl0sgX2PZHdzO/PUapeBI/6kmKXkQHMQ85o9pIXm/+Qi4xmJLbfrXm2M4cZJW4BalBgUa/+tULEpZFGGsmqFJd10m1l1OpORM4rfQyhSllIzrArqExjVB5+XzllJwZJSBhIk3FmszV3xM5jZSaRL7pjKgeqmVvJv7ndTMd3ng5j9NMY8wWi8JMEJ2QWQIk4BKZFhNDKJPc/JWwIZWUaZNTxYTgLp+8SloXtntlOw+XtbpdxFGGEziFc3DhGupwDw1oAoMneIZXeLPG1ov1bn0sWktWMXMMf2B9/gCmPZHz</latexit>

9
<latexit sha1_base64="fbohqh+4CpHQ07U/aNpJUCFdHSE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClKS0qLLghuXFewD2lAmk0k7dPJgZiLUUPwVNy4Ucet/uPNvnKZZaOuBC4dz7p0797gxZ1JZ1rdRWFvf2Nwqbpd2dvf2D8zDo46MEkFom0Q8Ej0XS8pZSNuKKU57saA4cDntupObud99oEKyKLxX05g6AR6FzGcEKy0NzZNB9kYqqDdDlfolqtUbF0OzbFWtDGiV2DkpQ47W0PwaeBFJAhoqwrGUfduKlZNioRjhdFYaJJLGmEzwiPY1DXFApZNmm2foXCse8iOhK1QoU39PpDiQchq4ujPAaiyXvbn4n9dPlH/tpCyME0VDsljkJxypCM2jQB4TlCg+1QQTwfRfERljgYnSgZV0CPbyyaukU6vajap1Vy83q3kcRTiFM6iADVfQhFtoQRsIPMIzvMKb8WS8GO/Gx6K1YOQzx/AHxucPGaSTnQ==</latexit>

(4, 245)
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>! <latexit sha1_base64="QRAiNLU7Oxvn4NbVomUScsVuUis=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFchUQUXRbcuKxgH9DGMpnctEMnD2YmSgn9DzcuFHHrv7jzb5ymWWjrgQuHc+6dO/f4qeBKO863tbK6tr6xWdmqbu/s7u3XDg7bKskkwxZLRCK7PlUoeIwtzbXAbiqRRr7Ajj++mfmdR5SKJ/G9nqToRXQY85Azqo300C9eyCUGU+I6g1rdsZ0CZJm4JalDieag9tUPEpZFGGsmqFI910m1l1OpORM4rfYzhSllYzrEnqExjVB5ebFzSk6NEpAwkaZiTQr190ROI6UmkW86I6pHatGbif95vUyH117O4zTTGLP5ojATRCdkFgEJuESmxcQQyiQ3fyVsRCVl2gRVNSG4iycvk/a57V7azt1FvWGXcVTgGE7gDFy4ggbcQhNawEDCM7zCm/VkvVjv1se8dcUqZ47gD6zPHwznkiU=</latexit>

10
<latexit sha1_base64="BHKYgu+GPo8sv9VTaHk91Ao7cRA=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISbdFlwY3LCvYBbSiTyaQdOnkwMxFqKP6KGxeKuPU/3Pk3TtMstPXAhcM5986de9yYM6ks69sorKyurW8UN0tb2zu7e+b+QVtGiSC0RSIeia6LJeUspC3FFKfdWFAcuJx23PHNzO88UCFZFN6rSUydAA9D5jOClZYG5lE/eyMV1JuiSu0cXdbqZwOzbFWtDGiZ2DkpQ47mwPzqexFJAhoqwrGUPduKlZNioRjhdFrqJ5LGmIzxkPY0DXFApZNmm6foVCse8iOhK1QoU39PpDiQchK4ujPAaiQXvZn4n9dLlH/tpCyME0VDMl/kJxypCM2iQB4TlCg+0QQTwfRfERlhgYnSgZV0CPbiycukfVG161XrrlZuVPM4inAMJ1ABG66gAbfQhBYQeIRneIU348l4Md6Nj3lrwchnDuEPjM8fGyuTng==</latexit>

(4, 345)
<latexit sha1_base64="enrkTrDgDI4IJSQ3D4zD1F6HOIs=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFchUQUXRbcuKxgH9DGMpnctEMnD2YmSgn9DzcuFHHrv7jzb5ymWWjrgQuHc+6dO/f4qeBKO863tbK6tr6xWdmqbu/s7u3XDg7bKskkwxZLRCK7PlUoeIwtzbXAbiqRRr7Ajj++mfmdR5SKJ/G9nqToRXQY85Azqo300C9eyCUGU+K6g1rdsZ0CZJm4JalDieag9tUPEpZFGGsmqFI910m1l1OpORM4rfYzhSllYzrEnqExjVB5ebFzSk6NEpAwkaZiTQr190ROI6UmkW86I6pHatGbif95vUyH117O4zTTGLP5ojATRCdkFgEJuESmxcQQyiQ3fyVsRCVl2gRVNSG4iycvk/a57V7azt1FvWGXcVTgGE7gDFy4ggbcQhNawEDCM7zCm/VkvVjv1se8dcUqZ47gD6zPHw5rkiY=</latexit>

11
<latexit sha1_base64="8CzEFQ5Dv71vk0hJ1TDclqMN2sA=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFSQkpUWXBTcuK1hbaEOZTCbt0MmDmYlQQsFfceNCEbd+hzv/xmmahbYeuHA45965c4+XcCaVbX8bpbX1jc2t8nZlZ3dv/8A8PHqQcSoI7ZCYx6LnYUk5i2hHMcVpLxEUhx6nXW9yM/e7j1RIFkf3appQN8SjiAWMYKWloXkyyN/IBPVnqNa8RPV6o3ExNKu2ZedAq8QpSBUKtIfm18CPSRrSSBGOpew7dqLcDAvFCKezyiCVNMFkgke0r2mEQyrdLF89Q+da8VEQC12RQrn6eyLDoZTT0NOdIVZjuezNxf+8fqqCazdjUZIqGpHFoiDlSMVongXymaBE8akmmAim/4rIGAtMlE6sokNwlk9eJQ91y2la9l2j2rKKOMpwCmdQAweuoAW30IYOEMjgGV7hzXgyXox342PRWjKKmWP4A+PzB5DZk9k=</latexit>

(5, 2244)
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>! <latexit sha1_base64="ugWbhO/sAeQSkB5YrvotoWz8fMY=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgadkNih4DXjxGMA9I1jA725sMmX0wM6uEJf/hxYMiXv0Xb/6Nk2QPmljQUFR1T0+XnwqutON8W6W19Y3NrfJ2ZWd3b/+genjUVkkmGbZYIhLZ9alCwWNsaa4FdlOJNPIFdvzxzczvPKJUPInv9SRFL6LDmIecUW2kh/78hVxiMCVufVCtObYzB1klbkFqUKA5qH71g4RlEcaaCapUz3VS7eVUas4ETiv9TGFK2ZgOsWdoTCNUXj7fOSVnRglImEhTsSZz9fdETiOlJpFvOiOqR2rZm4n/eb1Mh9dezuM00xizxaIwE0QnZBYBCbhEpsXEEMokN38lbEQlZdoEVTEhuMsnr5J23XYvbefuotawizjKcAKncA4uXEEDbqEJLWAg4Rle4c16sl6sd+tj0Vqyiplj+APr8wcP75In</latexit>

12
<latexit sha1_base64="b5/bd5cCWKElo3sICI04dgeENto=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClKS2qLLghuXFewD2lAmk5t26OTBzEQooeCvuHGhiFu/w51/4zTNQlsPXDicc+/cuceNOZPKsr6Nwtr6xuZWcbu0s7u3f2AeHnVklAgKbRrxSPRcIoGzENqKKQ69WAAJXA5dd3I797uPICSLwgc1jcEJyChkPqNEaWlongyyN1IB3gxXGpe4dlWvXwzNslW1MuBVYuekjHK0hubXwItoEkCoKCdS9m0rVk5KhGKUw6w0SCTEhE7ICPqahiQA6aTZ6hk+14qH/UjoChXO1N8TKQmknAau7gyIGstlby7+5/UT5d84KQvjREFIF4v8hGMV4XkW2GMCqOJTTQgVTP8V0zERhCqdWEmHYC+fvEo6tardqFr39XKzmsdRRKfoDFWQja5RE92hFmojilL0jF7Rm/FkvBjvxseitWDkM8foD4zPH5Jgk9o=</latexit>

(5, 2344)
<latexit sha1_base64="r5oV/dD/mWgsJEntXDaQ/FG5+Zc=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4GmZc0GPAi8cIZoFkDD09laRJz0J3jxKG/IcXD4p49V+8+Td2JnPQxAcFj/equrqenwiutON8W6WV1bX1jfJmZWt7Z3evun/QUnEqGTZZLGLZ8alCwSNsaq4FdhKJNPQFtv3xzcxvP6JUPI7u9SRBL6TDiA84o9pID738hUxiMCXueb9ac2wnB1kmbkFqUKDRr371gpilIUaaCapU13US7WVUas4ETiu9VGFC2ZgOsWtoRENUXpbvnJITowRkEEtTkSa5+nsio6FSk9A3nSHVI7XozcT/vG6qB9dexqMk1Rix+aJBKoiOySwCEnCJTIuJIZRJbv5K2IhKyrQJqmJCcBdPXiatM9u9tJ27i1rdLuIowxEcwym4cAV1uIUGNIGBhGd4hTfryXqx3q2PeWvJKmYO4Q+szx8Rc5Io</latexit>

13
<latexit sha1_base64="PmfGllzIeTfxhEgzGg6pN1FhPNQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgKiSi6LLgxmUF+4AmlMlk0g6dZMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeMONMadf9ttbWNza3tms79d29/YOGfXjUVSKXhHaI4EL2Q6woZyntaKY57WeS4iTktBdObud+75FKxUT6oKcZDRI8SlnMCNZGGtoNv3yjkDSaIV+Lod10HbcEWiVeRZpQoT20v/xIkDyhqSYcKzXw3EwHBZaaEU5ndT9XNMNkgkd0YGiKE6qColw6Q2dGiVAspKlUo1L9PVHgRKlpEprOBOuxWvbm4n/eINfxTVCwNMs1TcliUZxzpAWap4AiJinRfGoIJpKZvyIyxhITbbKqmxC85ZNXSffC8a4c9/6y2XKqOGpwAqdwDh5cQwvuoA0dIJDDM7zCm/VkvVjv1seidc2qZo7hD6zPH//qkz4=</latexit>!



Example of WL kernel 
 After K iterations, the WL kernel computes the histogram of colors 
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<latexit sha1_base64="qE+CwfCU6j5fSyANlntaXTkCCyA=">AAACJ3icbZDLSgMxFIYz9VbrbdSlm2ARKpQyU7wtVAoudFnBXmBmGDJp2oZmLiQZoQx9Gze+ihtBRXTpm5hpR6ytBxI+/nMOyf97EaNCGsanlltYXFpeya8W1tY3Nrf07Z2mCGOOSQOHLORtDwnCaEAakkpG2hEnyPcYaXmDq7Tfuidc0DC4k8OIOD7qBbRLMZJKcvVLO+rTku0j2ceIJdcj1zyEF9A6KcNqGZo/tzEFvwwdVy8aFWNccB7MDIogq7qrv9idEMc+CSRmSAjLNCLpJIhLihkZFexYkAjhAeoRS2GAfCKcZOxzBA+U0oHdkKsTSDhWpzcS5Asx9D01mRoSs71U/K9nxbJ75iQ0iGJJAjx5qBszKEOYhgY7lBMs2VABwpyqv0LcRxxhqaItqBDMWcvz0KxWzOOKcXtUrJ1nceTBHtgHJWCCU1ADN6AOGgCDB/AEXsGb9qg9a+/ax2Q0p2U7u+BPaV/fUFOdbw==</latexit>

�(G1) = [6, 2, 1, 2, 1, 0, 2, 1, 0, 0, 2, 1, 0]

<latexit sha1_base64="VuRlWSCAG9Dyb3Vr0wL0rft1Hh0=">AAACH3icbVDLSgMxFM34tr5GXbq5WAQXoUzUPtwJblwq2Ae0pWQyGQ1mHiQZoQz9Ezf+ihsXioi7/o3ptAutHrhwOOfem5vjp1Jo43ljZ2FxaXlldW29tLG5tb3j7u61dJIpxpsskYnq+FRzKWLeNMJI3kkVp5Evedt/uJz47UeutEjiWzNMeT+id7EIBaPGSgO31it25IoHIyAYTjCcYjjDUMVQw1DH0MBwjoF4tqxPbAM5hYFb9ipeAfhLyIyU0QzXA/erFyQsi3hsmKRad4mXmn5OlRFM8lGpl2meUvZA73jX0phGXPfz4rYRHFklgDBRtmIDhfpzIqeR1sPIt50RNfd63puI/3ndzISNfi7iNDM8ZtOHwkyCSWASFgRCcWbk0BLKlLC3ArunijJjIy3ZEMj8l/+S1kmFVCvezVn54nwWxxo6QIfoGBFURxfoCl2jJmLoCb2gN/TuPDuvzofzOW1dcGYz++gXnPE32H2apw==</latexit>

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13

<latexit sha1_base64="iDcWy81CVZY8r3vD/a6+AY3D5+g=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoUMpM8bVQKbjQZQX7gJlhyKSZNjTzIMkIZejfuPFX3Agqokv/xEw7grZeksvhnHtJzvFiRoU0jE+tsLC4tLxSXC2trW9sbunbO20RJRyTFo5YxLseEoTRkLQklYx0Y05Q4DHS8YZXmd65J1zQKLyTo5g4AeqH1KcYSUW5+qUdD2jFDpAcYMTS67FbP4QX0DqpwnoVmj99eowZDB1XLxs1Y1JwHpg5KIO8mq7+YvcinAQklJghISzTiKWTIi4pZmRcshNBYoSHqE8sBUMUEOGkE59jeKCYHvQjrm4o4YT9vZGiQIhR4KnJzJCY1TLyP81KpH/mpDSME0lCPH3ITxiUEcxCgz3KCZZspADCnKq/QjxAHGGpoi2pEMxZy/OgXa+ZxzXj9qjcOM/jKII9sA8qwASnoAFuQBO0AAYP4Am8gjftUXvW3rWP6WhBy3d2wZ/Svr4BUgOdcA==</latexit>

�(G2) = [6, 2, 1, 2, 1, 1, 1, 0, 1, 1, 1, 0, 1]

<latexit sha1_base64="VuRlWSCAG9Dyb3Vr0wL0rft1Hh0=">AAACH3icbVDLSgMxFM34tr5GXbq5WAQXoUzUPtwJblwq2Ae0pWQyGQ1mHiQZoQz9Ezf+ihsXioi7/o3ptAutHrhwOOfem5vjp1Jo43ljZ2FxaXlldW29tLG5tb3j7u61dJIpxpsskYnq+FRzKWLeNMJI3kkVp5Evedt/uJz47UeutEjiWzNMeT+id7EIBaPGSgO31it25IoHIyAYTjCcYjjDUMVQw1DH0MBwjoF4tqxPbAM5hYFb9ipeAfhLyIyU0QzXA/erFyQsi3hsmKRad4mXmn5OlRFM8lGpl2meUvZA73jX0phGXPfz4rYRHFklgDBRtmIDhfpzIqeR1sPIt50RNfd63puI/3ndzISNfi7iNDM8ZtOHwkyCSWASFgRCcWbk0BLKlLC3ArunijJjIy3ZEMj8l/+S1kmFVCvezVn54nwWxxo6QIfoGBFURxfoCl2jJmLoCb2gN/TuPDuvzofzOW1dcGYz++gXnPE32H2apw==</latexit>

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13

<latexit sha1_base64="dn2a1gj2j/M4AeUSFtgVMIbvKrw=">AAACNnicbVDLSsNAFJ3UV62vqEs3g0VoQUpSFF1oKbhQEKGCfUATwmQ6aYdOHsxMhBL6VW78DnfduFDErZ/gpM3Cth4YOHPuudx7jxsxKqRhTLTcyura+kZ+s7C1vbO7p+8ftEQYc0yaOGQh77hIEEYD0pRUMtKJOEG+y0jbHd6k9fYz4YKGwZMcRcT2UT+gHsVIKsnRH+5Llo/kACOW3I4d8xT+/VbL8BpeWdGAzrvKyrYoVss16OhFo2JMAZeJmZEiyNBw9DerF+LYJ4HEDAnRNY1I2gnikmJGxgUrFiRCeIj6pKtogHwi7GR69hieKKUHvZCrF0g4Vf92JMgXYuS7ypnuKRZrqfhfrRtL79JOaBDFkgR4NsiLGZQhTDOEPcoJlmykCMKcql0hHiCOsFRJF1QI5uLJy6RVrZjnFePxrFivZXHkwRE4BiVgggtQB3egAZoAgxcwAR/gU3vV3rUv7XtmzWlZzyGYg/bzC3Rtqeo=</latexit>

K(G1,G2) =< �(G1),�(G2) >

WL kernel 



Limitations of hand-crafted graph 
features
 Hand-engineered features are defined a priori: no adaptation to 

the data   

 Designing graph features can very often be a time consuming and 
expensive process 

 Not easy to incorporate additional features on the nodes 

 More flexibility can be achieved with an end-to-end learning 
pipeline

32
Graph Representations for Biology and Medicine - EE626 

Dr Dorina Thanou 



Graph representation learning 
 Intuition: Optimize the feature extraction part by adapting it to 

the specific instances of the graphs/data
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Actionable 
knowledge

e.g., node/graph classification, 
signal inpainting/denoising

ML model 

Feature Learning  

Y
<latexit sha1_base64="4Cr2sVOJH+fazr7BxgAaXr7yFL4=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiBz1WsLaQhrLZbtulm03YfRFK6M/w4kERr/4ab/4bN20O2jqwMMy8x86bMJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6SGS6F4CwVK3kk0p1EoeTsc3+R++4lrI2L1gJOEBxEdKjEQjKKV/G5EccSozG6nvWrNrbszkGXiFaQGBZq96le3H7M04gqZpMb4nptgkFGNgkk+rXRTwxPKxnTIfUsVjbgJslnkKTmxSp8MYm2fQjJTf29kNDJmEoV2Mo9oFr1c/M/zUxxcBZlQSYpcsflHg1QSjEl+P+kLzRnKiSWUaWGzEjaimjK0LVVsCd7iycvk8azuXdTd+/Na47qoowxHcAyn4MElNOAOmtACBjE8wyu8Oei8OO/Ox3y05BQ7h/AHzucPer6RYQ==</latexit>

G
<latexit sha1_base64="wPuc6qhx+wxPDEiA5TZFjoMSt00=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoiii6LLnRZwT6gKWUynbRDJ5MwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vm+DFnSjvOt1VYWV1b3yhulra2d3b37PJ+S0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Drz2w9UKhaJez2JaS/EQ8ECRrA2Ut8ue/GIVb0Q6xHBPL2ZnvTtilNzZkDLxM1JBXI0+vaXN4hIElKhCcdKdV0n1r0US80Ip9OSlygaYzLGQ9o1VOCQql46iz5Fx0YZoCCS5gmNZurvjRSHSk1C30xmGdWil4n/ed1EB5e9lIk40VSQ+aEg4UhHKOsBDZikRPOJIZhIZrIiMsISE23aKpkS3MUvL5PWac09rzl3Z5X6VV5HEQ7hCKrgwgXU4RYa0AQCj/AMr/BmPVkv1rv1MR8tWPnOAfyB9fkD2z2TvA==</latexit>

�(G)
<latexit sha1_base64="0YuMQ9uulm0B+2ZmH8vKu87F3AE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEdlMSUXRZdKHLCrYVmlIm00k7dDIJMxOhhuKvuHGhiFv/w51/46TNQlsPDBzOuZd75vgxZ0o7zrdVWFpeWV0rrpc2Nre2d+zdvZaKEklok0Q8kvc+VpQzQZuaaU7vY0lx6HPa9kdXmd9+oFKxSNzpcUy7IR4IFjCCtZF69kFQ8eIhq3gh1kOCeXo9qVZ7dtmpOVOgReLmpAw5Gj37y+tHJAmp0IRjpTquE+tuiqVmhNNJyUsUjTEZ4QHtGCpwSFU3naafoGOj9FEQSfOERlP190aKQ6XGoW8ms5Bq3svE/7xOooOLbspEnGgqyOxQkHCkI5RVgfpMUqL52BBMJDNZERliiYk2hZVMCe78lxdJ66TmntWc29Ny/TKvowiHcAQVcOEc6nADDWgCgUd4hld4s56sF+vd+piNFqx8Zx/+wPr8AXDrlJE=</latexit>

f(�(G))

Learned 
graph 

features 



Graph representation learning 
 Intuition: Optimize the feature extraction part by adapting it to 

the specific instances of the graphs/data

33
Graph Representations for Biology and Medicine - EE626 

Dr Dorina Thanou 

Actionable 
knowledge

e.g., node/graph classification, 
signal inpainting/denoising

ML model 

Feature Learning  

Y
<latexit sha1_base64="4Cr2sVOJH+fazr7BxgAaXr7yFL4=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiBz1WsLaQhrLZbtulm03YfRFK6M/w4kERr/4ab/4bN20O2jqwMMy8x86bMJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6SGS6F4CwVK3kk0p1EoeTsc3+R++4lrI2L1gJOEBxEdKjEQjKKV/G5EccSozG6nvWrNrbszkGXiFaQGBZq96le3H7M04gqZpMb4nptgkFGNgkk+rXRTwxPKxnTIfUsVjbgJslnkKTmxSp8MYm2fQjJTf29kNDJmEoV2Mo9oFr1c/M/zUxxcBZlQSYpcsflHg1QSjEl+P+kLzRnKiSWUaWGzEjaimjK0LVVsCd7iycvk8azuXdTd+/Na47qoowxHcAyn4MElNOAOmtACBjE8wyu8Oei8OO/Ox3y05BQ7h/AHzucPer6RYQ==</latexit>

G
<latexit sha1_base64="wPuc6qhx+wxPDEiA5TZFjoMSt00=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoiii6LLnRZwT6gKWUynbRDJ5MwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vm+DFnSjvOt1VYWV1b3yhulra2d3b37PJ+S0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Drz2w9UKhaJez2JaS/EQ8ECRrA2Ut8ue/GIVb0Q6xHBPL2ZnvTtilNzZkDLxM1JBXI0+vaXN4hIElKhCcdKdV0n1r0US80Ip9OSlygaYzLGQ9o1VOCQql46iz5Fx0YZoCCS5gmNZurvjRSHSk1C30xmGdWil4n/ed1EB5e9lIk40VSQ+aEg4UhHKOsBDZikRPOJIZhIZrIiMsISE23aKpkS3MUvL5PWac09rzl3Z5X6VV5HEQ7hCKrgwgXU4RYa0AQCj/AMr/BmPVkv1rv1MR8tWPnOAfyB9fkD2z2TvA==</latexit>

�(G)
<latexit sha1_base64="0YuMQ9uulm0B+2ZmH8vKu87F3AE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEdlMSUXRZdKHLCrYVmlIm00k7dDIJMxOhhuKvuHGhiFv/w51/46TNQlsPDBzOuZd75vgxZ0o7zrdVWFpeWV0rrpc2Nre2d+zdvZaKEklok0Q8kvc+VpQzQZuaaU7vY0lx6HPa9kdXmd9+oFKxSNzpcUy7IR4IFjCCtZF69kFQ8eIhq3gh1kOCeXo9qVZ7dtmpOVOgReLmpAw5Gj37y+tHJAmp0IRjpTquE+tuiqVmhNNJyUsUjTEZ4QHtGCpwSFU3naafoGOj9FEQSfOERlP190aKQ6XGoW8ms5Bq3svE/7xOooOLbspEnGgqyOxQkHCkI5RVgfpMUqL52BBMJDNZERliiYk2hZVMCe78lxdJ66TmntWc29Ny/TKvowiHcAQVcOEc6nADDWgCgUd4hld4s56sF+vd+piNFqx8Zx/+wPr8AXDrlJE=</latexit>

f(�(G))

Learned components

Learned 
graph 

features 



Graph representation learning: basic 
pipeline 
 Feature learning is a way of extracting data-adaptive graph 

representations
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Learned 
model 

Feature learning

Train data 

Test data 

Performance 

Data 
(graphs) 

Graph-based feature 
learning 



Learning features on graphs
 Learned features convert the graph data in a (low dimensional) 

latent space (i.e., embedding space) where hidden/discriminative 
information about data is revealed
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Original space Embedding space 
Node embedding Edge embedding Subgraph embedding Graph embedding 

How can we learn the embedding space? 



Supervised 
graph representation learning 
 Learn low-dimensional embeddings for a specific downstream 

task, e.g., node or graph classification
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ML task

e.g., node/graph classification, 
signal inpainting/denoising

ML model 
Learned 

graph 
features 



Supervised 
graph representation learning 
 Learn low-dimensional embeddings for a specific downstream 

task, e.g., node or graph classification
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ML task

e.g., node/graph classification, 
signal inpainting/denoising

ML model 

Joint learning 

Learned 
graph 

features 



Unsupervised                           
graph representation learning 
 Representations are not optimized for a specific downstream task 

- They are optimized with respect to some notion of “closeness” in the graph 
- The notion of “closeness” defines the design of the embedding algorithm 

 Potentially used for many downstream inference tasks
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Learned embedding vector

1. Node/graph classification 
2. Node/graph clustering  
3. Link prediction 
4. Visualization 
5. …

Example of tasks 



Embeddings on graphs: Definition 
 Given an input graph                      , and a predefined 

dimensionality of the embedding                , the goal is to convert     
(or a subgraph, or a node) into a      dimensional space in which 
graph properties are preserved  

 Graph properties can be quantified using proximity measures on 
the graph (e.g.,       hop neighborhood)  
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G = (V, E ,W )
<latexit sha1_base64="5K6vRyKTAfeNhjMyTj7++VvGE0Y=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0UWRghuXFewD2lAmk0k7dPJgZiKWNL/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48acSWVZ30ZpbX1jc6u8XdnZ3ds/MA+rHRklgtA2iXgkei6WlLOQthVTnPZiQXHgctp1J7e5332kQrIofFDTmDoBHoXMZwQrLQ3NqocaDTQbBFiNCeZpJ5sNzZpVt+ZAq8QuSA0KtIbm18CLSBLQUBGOpezbVqycFAvFCKdZZZBIGmMywSPa1zTEAZVOOs+eoVOteMiPhH6hQnP190aKAymngasn84xy2cvF/7x+ovxrJ2VhnCgaksUhP+FIRSgvAnlMUKL4VBNMBNNZERljgYnSdVV0Cfbyl1dJ57xuX9at+4ta86aoowzHcAJnYMMVNOEOWtAGAk/wDK/wZmTGi/FufCxGS0axcwR/YHz+AE1Yk/c=</latexit>

d << |V| <latexit sha1_base64="Jcj/AQNR/7BbkxVq3H4DsOyGPTE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoicpeNBjBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyux22qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgPuoAktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AHmKkV0=</latexit>

G
<latexit sha1_base64="CJ7A+E2VXg2X1I7t5OAIqWOiIjs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRU9S8OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9NA/65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7dEJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm07dJX2jOUI4toUwLeythQ6opQxtOyYbgLb68TJrnVe+y6t5fVGo3eRxFOIJjOAUPrqAGd1CHBjAI4Rle4c0ZOS/Ou/Mxby04+cwh/IHz+QMxko0f</latexit>

d�

<latexit sha1_base64="/EGOW5U4cse38e7KHei2f2Rk0c4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSSi6EkKXgQvVewHtKFstpt26WYTdidCCf0HXjwo4tV/5M1/47bNQVsfDDzem2FmXpBIYdB1v52l5ZXVtfXCRnFza3tnt7S33zBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG8mfvOJayNi9YijhPsR7SsRCkbRSg93p91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+ml47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbzyM6GSFLlis0VhKgnGZPI26QnNGcqRJZRpYW8lbEA1ZWjDKdoQvPmXF0njrOJdVNz783L1Oo+jAIdwBCfgwSVU4RZqUAcGITzDK7w5Q+fFeXc+Zq1LTj5zAH/gfP4AC5WNBg==</latexit>

K�

<latexit sha1_base64="Jcj/AQNR/7BbkxVq3H4DsOyGPTE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoicpeNBjBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyux22qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgPuoAktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AHmKkV0=</latexit>

G Embedding vector/Representations

Learning algorithm



Illustrative example: Node 
embeddings
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v1
v2

Original network Embedding space

What is the similarity in the graph that should be preserved in the 
embedding space? 

<latexit sha1_base64="dSikSKg8IxAl1gwDKIP7IsbZRuA=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQouiy40GUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmt7nfeeLaiFg94jThfkRHSoSCUbRSrx9RHDMqs7vZoFJ1a+4cZJV4BalCgeag8tUfxiyNuEImqTE9z03Qz6hGwSSflfup4QllEzriPUsVjbjxs3nkGTm3ypCEsbZPIZmrvzcyGhkzjQI7mUc0y14u/uf1Ugxv/EyoJEWu2OKjMJUEY5LfT4ZCc4ZyagllWtishI2ppgxtS2Vbgrd88ipp12veVc19uKw26kUdJTiFM7gAD66hAffQhBYwiOEZXuHNQefFeXc+FqNrTrFzAn/gfP4Ade6RUQ==</latexit>

G
<latexit sha1_base64="MLMnix8waPoVAx+HNGtMzZuSx24=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOl5kO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVbd5kWlXsvjKMIJnMI5eHAFdbiFBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPs7+M0Q==</latexit>

Y

<latexit sha1_base64="fGbYHa2n849FnJVa29eSMNdVEJs="></latexit>

simG(v1, v2) ⇡ simY (Y1, Y2)



Example: Laplacian Eigenmaps 
 Intuition: Preserve pairwise node similarities derived from the 

adjacency/weight matrix  

 Measure similarity in the embedding space using the mean 
square error   

 Impose larger penalty if two nodes with larger pairwise similarity 
are embedded far apart 
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<latexit sha1_base64="vLHBLlcNk/6Jmjb83AbpehPzf6U=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoQctMUXSjFNy4rGBfdMYhk6Zt2syDJCOU6XyDG3/FjQtF3Lpy59+YtrPQ1gOXezjnXpJ73JBRIQ3jW8ssLa+srmXXcxubW9s7+u5eXQQRx6SGAxbwposEYdQnNUklI82QE+S5jDTc4fXEbzwQLmjg38lRSGwP9XzapRhJJTl6UVDPiVtJoeXENDmGqg2SIryE1rjlUHiihIE1vi87ZUfPGyVjCrhIzJTkQYqqo39ZnQBHHvElZkiItmmE0o4RlxQzkuSsSJAQ4SHqkbaiPvKIsOPpSQk8UkoHdgOuypdwqv7eiJEnxMhz1aSHZF/MexPxP68dye6FHVM/jCTx8eyhbsSgDOAkH9ihnGDJRoogzKn6K8R9xBGWKsWcCsGcP3mR1Msl86xk3J7mK1dpHFlwAA5BAZjgHFTADaiCGsDgETyDV/CmPWkv2rv2MRvNaOnOPvgD7fMHez2cDA==</latexit>

simY (Yi, Yj) = kYi � Yjk22

<latexit sha1_base64="6i+EWDZnfLRMarugrY/Qhd/s6Y8=">AAACEXicbVBNS8MwGE7n15xfVY9egkOYIKMVRS/KwIMeJ7gP2EpJs3TLlqYlSQej9C948a948aCIV2/e/DemWw+6+UDIk+d5X/K+jxcxKpVlfRuFpeWV1bXiemljc2t7x9zda8owFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLG91kfmtMhKQhf1CTiDgB6nPqU4yUllyzImngJt0AqQFGLLlN08rYTWh6AvU1TI/hFWzp9zB1zbJVtaaAi8TOSRnkqLvmV7cX4jggXGGGpOzYVqScBAlFMSNpqRtLEiE8Qn3S0ZSjgEgnmW6UwiOt9KAfCn24glP1d0eCAikngacrs9HlvJeJ/3mdWPmXTkJ5FCvC8ewjP2ZQhTCLB/aoIFixiSYIC6pnhXiABMJKh1jSIdjzKy+S5mnVPq9a92fl2nUeRxEcgENQATa4ADVwB+qgATB4BM/gFbwZT8aL8W58zEoLRt6zD/7A+PwBa92dWA==</latexit>

simG(vi, vj) = Wij

<latexit sha1_base64="L7UKDB0jtky+7fQYuUIDVWFNCf4="></latexit>

l(simG(vi, vj), simY (Yi, Yj)) = simG(vi, vj) · simY (Yi, Yj)

= WijkYi � Yjk22



Laplacian Eigenmaps - algorithm
 Compute embeddings that minimize the expected square distance 

between connected nodes 

Laplacian Eigenmaps:      first non-trivial eigenvectors of the 
Laplacian!  
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<latexit sha1_base64="pl4yZ8DoAQIzUowUiGsEneAjxbc="></latexit>

min
Y 2RN⇥K :Y T 1=0;Y TY=IK

X

(i,j)2E

WijkYi � Yjk2

+
min

Y 2RN⇥K :Y T 1=0;Y TY=IK
tr(Y TLY ) Graph smoothness 

Uncorrelated 
embedding coordinates 

Centered embeddings 

<latexit sha1_base64="D2Ffv0kH5NjK0ImYGxtjyzjgvrM="></latexit>

min
Y 2RN⇥K ;Y T 1=0

tr(Y TLY � (Y TY � IK)�)

<latexit sha1_base64="iFClavgP14XpRl8nEV+0ls/XdLI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRb0V9OCxgv3AdinZNNuGZpMlyVrK0n/hxYMiXv033vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Gbmt56o0kyKBzOJqR/hgWAhI9hY6bF7K8cCKyXHvXLFrboZ0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n2YXT9GJVfoolMqWMChTf0+kONJ6EgW2M8JmqBe9mfif10lMeOWnTMSJoYLMF4UJR0ai2fuozxQlhk8swUQxeysiQ6wwMTakkg3BW3x5mTTPqt5F1b0/r9Su8ziKcATHcAoeXEIN7qAODSAg4Ble4c3Rzovz7nzMWwtOPnMIf+B8/gDMKZD4</latexit>

+

<latexit sha1_base64="fng5TQTlxDYtNpdz2xnDYxZH5DI=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5EUQshYKGFRQTzRe4Ic5u9ZMnu3rG7J4Qjf8PGQhFb/4yd/8ZNcoVGHww83pthZl6YcKaN6345haXlldW14nppY3Nre6e8u9fUcaoIbZCYx6odgqacSdowzHDaThQFEXLaCkfXU7/1SJVmsXww44QGAgaSRYyAsZJ/18FXuOPfgBDQK1fcqjsD/ku8nFRQjnqv/On3Y5IKKg3hoHXXcxMTZKAMI5xOSn6qaQJkBAPatVSCoDrIZjdP8JFV+jiKlS1p8Ez9OZGB0HosQtspwAz1ojcV//O6qYkugozJJDVUkvmiKOXYxHgaAO4zRYnhY0uAKGZvxWQICoixMZVsCN7iy39J86TqnVXd+9NK7TKPo4gO0CE6Rh46RzV0i+qogQhK0BN6Qa9O6jw7b877vLXg5DP76Becj299j5Cn</latexit>

LY = Y �

<latexit sha1_base64="iFClavgP14XpRl8nEV+0ls/XdLI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRb0V9OCxgv3AdinZNNuGZpMlyVrK0n/hxYMiXv033vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Gbmt56o0kyKBzOJqR/hgWAhI9hY6bF7K8cCKyXHvXLFrboZ0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n2YXT9GJVfoolMqWMChTf0+kONJ6EgW2M8JmqBe9mfif10lMeOWnTMSJoYLMF4UJR0ai2fuozxQlhk8swUQxeysiQ6wwMTakkg3BW3x5mTTPqt5F1b0/r9Su8ziKcATHcAoeXEIN7qAODSAg4Ble4c3Rzovz7nzMWwtOPnMIf+B8/gDMKZD4</latexit>

+

Lagrangian 

Gradient  

<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K

<latexit sha1_base64="DN5GMOklHLL+V3KBBbWko6VPrcE="></latexit>

) ui ! (�2(i), ...,�K+1(i))

[Belkin et al, 2003, Laplacian Eigenmaps for Dimensionality Reduction and Data Representation,  Neural Comp.]

<latexit sha1_base64="TDaELJRVWgW+5Ss0ghpyVNAtHWA=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTiFoIAS0sLCKYD0mOsLfZS5bs7h27e0I48itsLBSx9efY+W/cJFdo4oOBx3szzMwLYs60cd1vJ7e0vLK6ll8vbGxube8Ud/caOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbD64nffKJKs0g+mFFMfYH7koWMYGOlxzt0hW7QCWp2iyW37E6BFomXkRJkqHWLX51eRBJBpSEca9323Nj4KVaGEU7HhU6iaYzJEPdp21KJBdV+Oj14jI6s0kNhpGxJg6bq74kUC61HIrCdApuBnvcm4n9eOzHhhZ8yGSeGSjJbFCYcmQhNvkc9pigxfGQJJorZWxEZYIWJsRkVbAje/MuLpHFa9s7K7n2lVL3M4sjDARzCMXhwDlW4hRrUgYCAZ3iFN0c5L8678zFrzTnZzD78gfP5Ax6GjqA=</latexit>

L = D �W



Application of node embeddings:  
Node clustering/Community 
 The karate-club example 

- Compute node embeddings  
- Apply any clustering algorithm (e.g., K-means) on the learned embeddings
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Learning unsupervised embeddings on 
graphs: A (partial) taxonomy
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Laplacian 
eigenmaps 

Isomap 

Locally Linear 
Embeddings

Matrix 
factorisation

Distance-
based

Graph 
Factorization 

HOPE 

GraRep

DeepWalk 

Node2vec 

LINE

SDNE 

DNGR 

DVNE

Deep embeddings 
(graph neural 

networks)



Summary so far  
 Feature learning on graphs is a data-driven (and ofter more 

flexible) alternative to designing hand-crafted features  

 Unsupervised learning on graphs provides representations i.e., 
embeddings, that are not adapted to specific tasks 

 Different assumptions lead to different ways of preserving 
information from the original graph in the embedding space (e.g., 
weight matrix, random walks…) 

 The choice of what structure information to preserve depends on 
the application  
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Limitations of the (discussed) 
node embedding algorithms  
 Usually transductive not inductive  

- Learned embedding models often do not generalize to new nodes 

 Do not incorporate node attributes  

 Independent of downstream tasks  

 No parameter sharing: 
- Every node has its own unique embedding
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Graph neural networks (GNNs)
 A different way of obtaining ‘deeper’ embeddings inspired by deep 

learning  
 They generalize to graphs with node attributes
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Graph neural networks (GNNs)
 A different way of obtaining ‘deeper’ embeddings inspired by deep 

learning  
 They generalize to graphs with node attributes
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Computing embeddings from graphs 
with node attributes
 A naive approach:  

- Embed graph and node attributes into a Euclidean space 
- Feed them into a deep neural net (e.g., MLP) 

 Issues with that: 
- Computationally expensive   
- Not applicable to graphs of different sizes 
- Not invariant to node ordering: if we reorder nodes the representations will be 

different
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Good priors are key to learning
 We build intuition from classical deep learning algorithms 
 CNNs exploit structure in the images
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CNN architecture: Illustrative 
 CNNs hierarchically aggregate (through convolution) and pool 

(i.e., subsample) images along pixel-grid
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https://en.wikipedia.org/wiki/File:Typical_cnn.png

https://en.wikipedia.org/wiki/File:Typical_cnn.png


How can we extend CNNs on graphs?
 Desirable properties 

- Convolution: how to achieve translation invariance 

- Localization: what is the notion of locality 

- Graph pooling: how to downsample on graphs 

- Efficiency: how to keep the computational complexity low  

- Generalization: how to build models that generalize to unseen graphs

50
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Permutation Invariance
 Graph structure is independent of the labelling of the nodes or 

from how we choose to draw them 

 Graph and node representations should be permutation invariant   
- Graph representations should be invariant to the order of the nodes  
- Similar intuition to translation invariance on images
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<latexit sha1_base64="NqJBLbdnE+oogflcYWYnAZfWalA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUW8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFSo9MvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpu47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtFaM1w==</latexit>

X
<latexit sha1_base64="iAIr6IrmwSaLLOCsC+J3XYkl4mA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUW8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFSo90vV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpu47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPstKM1g==</latexit>

W
<latexit sha1_base64="9v+stV02zEGzi/V6r5AW2NTkj9c=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7oqi3ghePFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeN5305hZXVtfaO4Wdra3tndc/cPmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6Hbqt56o0kyKBzNOaBDjgWARI9hYqRlV2met055b9qreDGiZ+DkpQ456z/3q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQdZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0z6v+ZdW7vyjXbvI4inAEx1ABH66gBndQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDTUiOQw==</latexit>

f(X,W )



Permutation Invariance
 Graph structure is independent of the labelling of the nodes or 

from how we choose to draw them 

 Graph and node representations should be permutation invariant   
- Graph representations should be invariant to the order of the nodes  
- Similar intuition to translation invariance on images
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<latexit sha1_base64="UsfdJxoOsxMEEoQWJKEKnlNbQtQ=">AAAB8nicbVBNSwMxEM36WetX1aOXYBEqSNkVRb0VvHhcoV+wXUs2zbah2WRJZoVS+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8KBXcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSmKWtQJZRuR8QwwSVrAAfB2qlmJIkEa0XDu6nfemLacCXrMEpZmJC+5DGnBKwUxBW/fe63/Mf6WbdUdqvuDHiZeDkpoxx+t/TV6SmaJUwCFcSYwHNTCMdEA6eCTYqdzLCU0CHps8BSSRJmwvHs5Ak+tUoPx0rbkoBn6u+JMUmMGSWR7UwIDMyiNxX/84IM4ptwzGWaAZN0vijOBAaFp//jHteMghhZQqjm9lZMB0QTCjalog3BW3x5mTQvqt5V1X24LNdu8zgK6BidoAry0DWqoXvkowaiSKFn9IreHHBenHfnY9664uQzR+gPnM8fi6KQFw==</latexit>

f(PX,PWPT )
<latexit sha1_base64="6OJiYEtmrviGjRCR+tpl+xfcKp0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUW8FLx4jNG2hjWWz3bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRSln2rjut1NaW9/Y3CpvV3Z29/YPqodHLS0zRWhAJJeqE2FNORM0MMxw2kkVxUnEaTsa38389hNVmknRNJOUhgkeChYzgo2VAr/tPzb71Zpbd+dAq8QrSA0K+P3qV28gSZZQYQjHWnc9NzVhjpVhhNNppZdpmmIyxkPatVTghOownx87RWdWGaBYKlvCoLn6eyLHidaTJLKdCTYjvezNxP+8bmbimzBnIs0MFWSxKM44MhLNPkcDpigxfGIJJorZWxEZYYWJsflUbAje8surpHVR967q7sNlrXFbxFGGEziFc/DgGhpwDz4EQIDBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AUomjlA=</latexit>

PWPT<latexit sha1_base64="DAGPoThKTL4fC4TqZkOhnLAvSg0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEot4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ6PTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVR9WpV9/6yUr/J4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH1LZjTE=</latexit>

PX

P: permutation matrix 



Permutation Invariance
 Graph structure is independent of the labelling of the nodes or 

from how we choose to draw them 

 Graph and node representations should be permutation invariant   
- Graph representations should be invariant to the order of the nodes  
- Similar intuition to translation invariance on images
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<latexit sha1_base64="YvM96EU4d1rkss0BOMuz59wVq7I=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEILZSSiKIehIIXjxHaJtDGstlu2qWbTdjdCCX24F/x4kERr/4Nb/4bt20O2vpg4PHeDDPzgoRRqSzr21haXlldWy9sFDe3tnd2zb39loxTgUkTxywWXoAkYZSTpqKKES8RBEUBI24wvJn47gMRksa8oUYJ8SPU5zSkGCktdc3DsOx4Vei4zn2jAq9hWPaqbgV2zZJVs6aAi8TOSQnkcLrmV6cX4zQiXGGGpGzbVqL8DAlFMSPjYieVJEF4iPqkrSlHEZF+Nr1/DE+00oNhLHRxBafq74kMRVKOokB3RkgN5Lw3Ef/z2qkKL/2M8iRVhOPZojBlUMVwEgbsUUGwYiNNEBZU3wrxAAmElY6sqEOw519eJK3Tmn1es+7OSvWrPI4COALHoAxscAHq4BY4oAkweATP4BW8GU/Gi/FufMxal4x85gD8gfH5A0iVkwU=</latexit>

f(PX,PWPT ) = f(X,W )

<latexit sha1_base64="UsfdJxoOsxMEEoQWJKEKnlNbQtQ=">AAAB8nicbVBNSwMxEM36WetX1aOXYBEqSNkVRb0VvHhcoV+wXUs2zbah2WRJZoVS+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8KBXcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSmKWtQJZRuR8QwwSVrAAfB2qlmJIkEa0XDu6nfemLacCXrMEpZmJC+5DGnBKwUxBW/fe63/Mf6WbdUdqvuDHiZeDkpoxx+t/TV6SmaJUwCFcSYwHNTCMdEA6eCTYqdzLCU0CHps8BSSRJmwvHs5Ak+tUoPx0rbkoBn6u+JMUmMGSWR7UwIDMyiNxX/84IM4ptwzGWaAZN0vijOBAaFp//jHteMghhZQqjm9lZMB0QTCjalog3BW3x5mTQvqt5V1X24LNdu8zgK6BidoAry0DWqoXvkowaiSKFn9IreHHBenHfnY9664uQzR+gPnM8fi6KQFw==</latexit>

f(PX,PWPT )
<latexit sha1_base64="6OJiYEtmrviGjRCR+tpl+xfcKp0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUW8FLx4jNG2hjWWz3bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRSln2rjut1NaW9/Y3CpvV3Z29/YPqodHLS0zRWhAJJeqE2FNORM0MMxw2kkVxUnEaTsa38389hNVmknRNJOUhgkeChYzgo2VAr/tPzb71Zpbd+dAq8QrSA0K+P3qV28gSZZQYQjHWnc9NzVhjpVhhNNppZdpmmIyxkPatVTghOownx87RWdWGaBYKlvCoLn6eyLHidaTJLKdCTYjvezNxP+8bmbimzBnIs0MFWSxKM44MhLNPkcDpigxfGIJJorZWxEZYYWJsflUbAje8surpHVR967q7sNlrXFbxFGGEziFc/DgGhpwDz4EQIDBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AUomjlA=</latexit>

PWPT<latexit sha1_base64="DAGPoThKTL4fC4TqZkOhnLAvSg0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEot4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ6PTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVR9WpV9/6yUr/J4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH1LZjTE=</latexit>

PX

P: permutation matrix 



Permutation Equivariance
 Graph structure is independent of the labelling of the nodes or 

from how we choose to draw them 

 Node representations should be permutation equivariant   
- If we permute the nodes of the graph, the nodes’ output should be permuted in 

the same way 
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<latexit sha1_base64="NqJBLbdnE+oogflcYWYnAZfWalA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUW8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFSo9MvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpu47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtFaM1w==</latexit>

X
<latexit sha1_base64="iAIr6IrmwSaLLOCsC+J3XYkl4mA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUW8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFSo90vV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpu47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPstKM1g==</latexit>

W
<latexit sha1_base64="9v+stV02zEGzi/V6r5AW2NTkj9c=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCBSm7oqi3ghePFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeN5305hZXVtfaO4Wdra3tndc/cPmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6Hbqt56o0kyKBzNOaBDjgWARI9hYqRlV2met055b9qreDGiZ+DkpQ456z/3q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQdZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0z6v+ZdW7vyjXbvI4inAEx1ABH66gBndQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDTUiOQw==</latexit>

f(X,W )



Permutation Equivariance
 Graph structure is independent of the labelling of the nodes or 

from how we choose to draw them 

 Node representations should be permutation equivariant   
- If we permute the nodes of the graph, the nodes’ output should be permuted in 

the same way 
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<latexit sha1_base64="6OJiYEtmrviGjRCR+tpl+xfcKp0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUW8FLx4jNG2hjWWz3bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRSln2rjut1NaW9/Y3CpvV3Z29/YPqodHLS0zRWhAJJeqE2FNORM0MMxw2kkVxUnEaTsa38389hNVmknRNJOUhgkeChYzgo2VAr/tPzb71Zpbd+dAq8QrSA0K+P3qV28gSZZQYQjHWnc9NzVhjpVhhNNppZdpmmIyxkPatVTghOownx87RWdWGaBYKlvCoLn6eyLHidaTJLKdCTYjvezNxP+8bmbimzBnIs0MFWSxKM44MhLNPkcDpigxfGIJJorZWxEZYYWJsflUbAje8surpHVR967q7sNlrXFbxFGGEziFc/DgGhpwDz4EQIDBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AUomjlA=</latexit>

PWPT
<latexit sha1_base64="DAGPoThKTL4fC4TqZkOhnLAvSg0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEot4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ6PTL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVR9WpV9/6yUr/J4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH1LZjTE=</latexit>

PX
<latexit sha1_base64="Cy6xRwCnOOofFOAWoY2nbI3lTGA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJUkJKIot4KXjxWsE2hDWWznbRLN5uwuxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJRrZBqFFxiw3AjsJUqpHEo0A+Hd1Pff0KleSIfzSjFIKZ9ySPOqLGSX48qrXP/rFsqu1V3BrJMvJyUIUe9W/rq9BKWxSgNE1TrtuemJhhTZTgTOCl2Mo0pZUPax7alksaog/Hs3Ak5tUqPRImyJQ2Zqb8nxjTWehSHtjOmZqAXvan4n9fOTHQTjLlMM4OSzRdFmSAmIdPfSY8rZEaMLKFMcXsrYQOqKDM2oaINwVt8eZk0L6reVdV9uCzXbvM4CnAMJ1ABD66hBvdQhwYwGMIzvMKbkzovzrvzMW9dcfKZI/gD5/MH7VaOnQ==</latexit>

Pf(X,W )

P: permutation matrix f(PX,PWPT ) = Pf(X,W )

<latexit sha1_base64="o8xGYdlfqsAGSwiB13s4unuMCF4=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbAaDkICEXYmohRCwsVwhyQaSNcxOZpMhsw9mZoUQ0vgrNhaK2PoZdv6Nk2QLTTxw4cw59zL3Hj/hTCrL+jZyK6tr6xv5zcLW9s7unrl/0JRxKghtkJjHouVjSTmLaEMxxWkrERSHPqeuP7yd+u4jFZLFUV2NEuqFuB+xgBGstNQ1j4KS0zpDjus81MvoBjlBST/dctcsWhVrBrRM7IwUIYPTNb86vZikIY0U4VjKtm0lyhtjoRjhdFLopJImmAxxn7Y1jXBIpTeeHTBBp1rpoSAWuiKFZurviTEOpRyFvu4MsRrIRW8q/ue1UxVceWMWJamiEZl/FKQcqRhN00A9JihRfKQJJoLpXREZYIGJ0pkVdAj24snLpHlesauVi/tqsXadxZGHYziBEthwCTW4AwcaQGACz/AKb8aT8WK8Gx/z1pyRzRzCHxifP+4Jk2M=</latexit>



GNN model: schematic overview 
 Applicable to most state-of-the-art architectures 

 We can construct permutation equivariant functions by applying 
permutation invariant functions on local neighbourhoods
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Graph and node attributes 

GNN blocks  
(graph convolution, pooling, nonlinearity)

Transformed graph  
(node/edge embeddings)

Classification layer

Prediction 
(node, edge, graph level)

<latexit sha1_base64="FV7uwz6z2ZwZt3qy/rA39CJ2XTU=">AAAB9XicbVDLSgMxFL2pr1pfVZdugkVwIWVGFF1JwYUuK9gHtGPJpJk2NJMZkoxShv6HGxeKuPVf3Pk3ZtpZaOuBwOGce7knx48F18ZxvlFhaXllda24XtrY3NreKe/uNXWUKMoaNBKRavtEM8ElaxhuBGvHipHQF6zlj64zv/XIlOaRvDfjmHkhGUgecEqMlR66ITFDSkR6MznB7V654lSdKfAicXNSgRz1Xvmr249oEjJpqCBad1wnNl5KlOFUsEmpm2gWEzoiA9axVJKQaS+dpp7gI6v0cRAp+6TBU/X3RkpCrcehbyezlHrey8T/vE5igksv5TJODJN0dihIBDYRzirAfa4YNWJsCaGK26yYDoki1NiiSrYEd/7Li6R5WnXPq87dWaV2lddRhAM4hGNw4QJqcAt1aAAFBc/wCm/oCb2gd/QxGy2gfGcf/gB9/gDu7pIf</latexit>

G, X
<latexit sha1_base64="sxPkKtc+h007OBT7dPiQk/VZs3w=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbRhZREFF24KLiwywr2AW0sk+mkHTp5MDNRSsynuHGhiFu/xJ1/46TNQlsPDBzOuZd75rgRZ1JZ1rdRWFpeWV0rrpc2Nre2d8zybkuGsSC0SUIeio6LJeUsoE3FFKedSFDsu5y23fF15rcfqJAsDO7UJKKOj4cB8xjBSkt9s9zzsRoRzJOb9D45Sk/qfbNiVa0p0CKxc1KBHI2++dUbhCT2aaAIx1J2bStSToKFYoTTtNSLJY0wGeMh7WoaYJ9KJ5lGT9GhVgbIC4V+gUJT9fdGgn0pJ76rJ7Ogct7LxP+8bqy8SydhQRQrGpDZIS/mSIUo6wENmKBE8YkmmAimsyIywgITpdsq6RLs+S8vktZp1T6vWrdnldpVXkcR9uEAjsGGC6hBHRrQBAKP8Ayv8GY8GS/Gu/ExGy0Y+c4e/IHx+QPgbJO5</latexit>

G
0
, H

<latexit sha1_base64="/ok5W41dej1M/dX18EhEFvEDreU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWlgEbCwTMB+SHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lvRkn6Ed0IHnIGTVWqj/0SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB7bBjNs=</latexit>

Y



First GNN architectures

 Recent trends  
- Spectrally-inspired architectures: GraphHeat (Xu’19), GWNN (Xu’19), SIGN 

(Frasca’20), DGN (Beaini’20), Framelets (Zheng’21), FAGCN (Bo’21) 
- More expressive GNNs: higher order WL test (Maron’19, Morris’20), physics-

inspired GNNs (Chamberlain’21), and many more!

MoNet
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2005 201720172009

Original 
GNN

Gori et al.

2017

Monti et al. 

20192018 2019

Spectral 
graph CNN

Bruna et al.

2015

ChebNet
Defferrard et al.

Li et al. 

Gated-GNN

2016

TIGraNet
   Khasanova et al.

1stChebNet
Kipf et al.

GraphSAGE
Hamilton at al.

GAT
Velickovic at al. CapsGNN

Xinyi at al.Spectral-based methods

Spatial-based methods

GNN
Scarselli 

et al.

2016

PATCHY-
SAN

Niepert 
et al.

2016 2019

GIN
Xu at al.

2017

SGN
Wu et al.MPNN

Gilmer at al.



The basic GNN: a spectral viewpoint 
 Typical GNN architectures consist of a set of graph convolutional 

layers, each of which is followed by elementwise nonlinearity 

 By learning the parameters of the each convolutional filter, we 
learn how to propagate information on a graph to compute node 
embeddings 
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Nonlinearity  
(e.g., ReLU) 

. 

. 

.
. 
. 

<latexit sha1_base64="D62OslnIOu2XfuYBmMCgoS5ABnQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovQbspEFF0WBHHhooJ9QJuGyXTSDp1MwsxEKCG48VfcuFDErV/hzr9x2mahrQcuHM65l3vv8WPOlEbo21paXlldWy9sFDe3tnd27b39pooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80dXEbz1QqVgk7vU4pm6IB4IFjGBtJM8+7A6xTgeZl157KOuh8m1l2EvLqJJ5dglV0RRwkTg5KYEcdc/+6vYjkoRUaMKxUh0HxdpNsdSMcJoVu4miMSYjPKAdQwUOqXLT6QsZPDFKHwaRNCU0nKq/J1IcKjUOfdMZYj1U895E/M/rJDq4dFMm4kRTQWaLgoRDHcFJHrDPJCWajw3BRDJzKyRDLDHRJrWiCcGZf3mRNE+rznkV3Z2VaiiPowCOwDEoAwdcgBq4AXXQAAQ8gmfwCt6sJ+vFerc+Zq1LVj5zAP7A+vwBhGOWJQ==</latexit>

ĝ0F0
(L)h(0)

<latexit sha1_base64="vB/Ye8o9wld5825lGvTq/ywd67k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL0G7KpCi6LLhx4aKCfUCbhsl00g6dTMLMRCghG3/FjQtF3PoZ7vwbp20W2nrgwuGce7n3Hj/mTGmEvq3C2vrG5lZxu7Szu7d/YB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT25mfueRSsUi8aCnMXVDPBIsYARrI3n2SX+MdTrKvLSeDVDlrjoepBVUzTy7jGpoDrhKnJyUQY6mZ3/1hxFJQio04VipnoNi7aZYakY4zUr9RNEYkwke0Z6hAodUuen8gQyeG2UIg0iaEhrO1d8TKQ6Vmoa+6QyxHqtlbyb+5/USHVy7KRNxoqkgi0VBwqGO4CwNOGSSEs2nhmAimbkVkjGWmGiTWcmE4Cy/vEra9ZpzWUP3F+UGyuMoglNwBirAAVegAW5BE7QAARl4Bq/gzXqyXqx362PRWrDymWPwB9bnDzISlW4=</latexit>

ĝ02(L)h
(0)

<latexit sha1_base64="yDJzkjq1je/s3QysD+jYVP+fleU=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR2k2ZiKLLghsXLirYB7RpmEwnzdDJJMxMhBKy8VfcuFDErZ/hzr9x2mahrQcuHM65l3vv8RPOlEbo21pZXVvf2Cxtlbd3dvf27YPDtopTSWiLxDyWXR8rypmgLc00p91EUhz5nHb88c3U7zxSqVgsHvQkoW6ER4IFjGBtJM8+7odYZ6Pcy5x8gKp3tXCQVVEt9+wKqqMZ4DJxClIBBZqe/dUfxiSNqNCEY6V6Dkq0m2GpGeE0L/dTRRNMxnhEe4YKHFHlZrMHcnhmlCEMYmlKaDhTf09kOFJqEvmmM8I6VIveVPzP66U6uHYzJpJUU0Hmi4KUQx3DaRpwyCQlmk8MwUQycyskIZaYaJNZ2YTgLL68TNrndeeyju4vKg1UxFECJ+AUVIEDrkAD3IImaAECcvAMXsGb9WS9WO/Wx7x1xSpmjsAfWJ8/MIGVbQ==</latexit>

ĝ01(L)h
(0)

<latexit sha1_base64="a+GXAg5wULcqQJIcLdxk+yyojYE=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR2k3JiKLLghsXLirYB7RpmEwnzdDJJMxMhBKy8VfcuFDErZ/hzr9x2mahrQcuHM65l3vv8RPOlHacb2tldW19Y7O0Vd7e2d3btw8O2ypOJaEtEvNYdn2sKGeCtjTTnHYTSXHkc9rxxzdTv/NIpWKxeNCThLoRHgkWMIK1kTz7uB9inY1yL0P5AFXvauEgq6Ja7tkVp+7MAJcJKkgFFGh69ld/GJM0okITjpXqISfRboalZoTTvNxPFU0wGeMR7RkqcESVm80eyOGZUYYwiKUpoeFM/T2R4UipSeSbzgjrUC16U/E/r5fq4NrNmEhSTQWZLwpSDnUMp2nAIZOUaD4xBBPJzK2QhFhiok1mZRMCWnx5mbTP6+iy7txfVBpOEUcJnIBTUAUIXIEGuAVN0AIE5OAZvII368l6sd6tj3nrilXMHIE/sD5/ADOVlW8=</latexit>

ĝ11(L)h
(1)

<latexit sha1_base64="tb+CsZV6kKbVe87DiBok+SDd+Mw=">AAACAHicbVBNS8NAEN3Ur1q/oh48eAkWob2UpCh6LHjx4KGC/YA2DZvtpl262YTdiVBCLv4VLx4U8erP8Oa/cdvmoK0PBh7vzTAzz485U2Db30ZhbX1jc6u4XdrZ3ds/MA+P2ipKJKEtEvFIdn2sKGeCtoABp91YUhz6nHb8yc3M7zxSqVgkHmAaUzfEI8ECRjBoyTNP+mMM6Sjz0no2cCp31fEgrTjVzDPLds2ew1olTk7KKEfTM7/6w4gkIRVAOFaq59gxuCmWwAinWamfKBpjMsEj2tNU4JAqN50/kFnnWhlaQSR1CbDm6u+JFIdKTUNfd4YYxmrZm4n/eb0Egms3ZSJOgAqyWBQk3ILImqVhDZmkBPhUE0wk07daZIwlJqAzK+kQnOWXV0m7XnMua/b9Rblh53EU0Sk6QxXkoCvUQLeoiVqIoAw9o1f0ZjwZL8a78bFoLRj5zDH6A+PzBzUmlXA=</latexit>

ĝ12(L)h
(1)

<latexit sha1_base64="s2AEJjYEf339/McduFpHSsVLPZQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovQbkpGFF0WBHHhooJ9QJuGyXTSDp1MwsxEKCG48VfcuFDErV/hzr9x2mahrQcuHM65l3vv8WPOlHacb2tpeWV1bb2wUdzc2t7Ztff2mypKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR1cTv/VApWKRuNfjmLohHggWMIK1kTz7sDvEOh1kXnrtoayHyreVYS8to0rm2SWn6kwBFwnKSQnkqHv2V7cfkSSkQhOOleogJ9ZuiqVmhNOs2E0UjTEZ4QHtGCpwSJWbTl/I4IlR+jCIpCmh4VT9PZHiUKlx6JvOEOuhmvcm4n9eJ9HBpZsyESeaCjJbFCQc6ghO8oB9JinRfGwIJpKZWyEZYomJNqkVTQho/uVF0jytovOqc3dWqjl5HAVwBI5BGSBwAWrgBtRBAxDwCJ7BK3iznqwX6936mLUuWfnMAfgD6/MHiQiWKA==</latexit>

ĝ1F1
(L)h(1)

Nonlinearity  
(e.g., ReLU) MLP Predictive 

task…

<latexit sha1_base64="7nlOKocbUIywWrQ7kNBvBoTN9Gg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKohcl4MVjBPPAZA2zk95kyOzsMjMrhCV/4cWDIl79G2/+jZPHQRMLGoqqbrq7gkRwbVz321laXlldW89t5De3tnd2C3v7dR2nimGNxSJWzYBqFFxizXAjsJkopFEgsBEMbsZ+4wmV5rG8N8ME/Yj2JA85o8ZKD/3HrOSejMhVs1MoumV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk4hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz0My6T1KBk00VhKoiJyfh90uUKmRFDSyhT3N5KWJ8qyowNKW9D8OZfXiT107J3XnbvzoqV61kcOTiEIyiBBxdQgVuoQg0YSHiGV3hztPPivDsf09YlZzZzAH/gfP4ABVqP0g==</latexit>

h(0) = X



The basic GNN: a spectral viewpoint 
 Typical GNN architectures consist of a set of graph convolutional 

layers, each of which is followed by element-wise nonlinearity 

 By learning the parameters of the each filter, we learn how to 
propagate information on a graph to compute node embeddings 
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Nonlinearity  
(e.g., ReLU) 

. 

. 

.
. 
. 

<latexit sha1_base64="D62OslnIOu2XfuYBmMCgoS5ABnQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovQbspEFF0WBHHhooJ9QJuGyXTSDp1MwsxEKCG48VfcuFDErV/hzr9x2mahrQcuHM65l3vv8WPOlEbo21paXlldWy9sFDe3tnd27b39pooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80dXEbz1QqVgk7vU4pm6IB4IFjGBtJM8+7A6xTgeZl157KOuh8m1l2EvLqJJ5dglV0RRwkTg5KYEcdc/+6vYjkoRUaMKxUh0HxdpNsdSMcJoVu4miMSYjPKAdQwUOqXLT6QsZPDFKHwaRNCU0nKq/J1IcKjUOfdMZYj1U895E/M/rJDq4dFMm4kRTQWaLgoRDHcFJHrDPJCWajw3BRDJzKyRDLDHRJrWiCcGZf3mRNE+rznkV3Z2VaiiPowCOwDEoAwdcgBq4AXXQAAQ8gmfwCt6sJ+vFerc+Zq1LVj5zAP7A+vwBhGOWJQ==</latexit>

ĝ0F0
(L)h(0)

<latexit sha1_base64="vB/Ye8o9wld5825lGvTq/ywd67k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL0G7KpCi6LLhx4aKCfUCbhsl00g6dTMLMRCghG3/FjQtF3PoZ7vwbp20W2nrgwuGce7n3Hj/mTGmEvq3C2vrG5lZxu7Szu7d/YB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT25mfueRSsUi8aCnMXVDPBIsYARrI3n2SX+MdTrKvLSeDVDlrjoepBVUzTy7jGpoDrhKnJyUQY6mZ3/1hxFJQio04VipnoNi7aZYakY4zUr9RNEYkwke0Z6hAodUuen8gQyeG2UIg0iaEhrO1d8TKQ6Vmoa+6QyxHqtlbyb+5/USHVy7KRNxoqkgi0VBwqGO4CwNOGSSEs2nhmAimbkVkjGWmGiTWcmE4Cy/vEra9ZpzWUP3F+UGyuMoglNwBirAAVegAW5BE7QAARl4Bq/gzXqyXqx362PRWrDymWPwB9bnDzISlW4=</latexit>

ĝ02(L)h
(0)

<latexit sha1_base64="yDJzkjq1je/s3QysD+jYVP+fleU=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR2k2ZiKLLghsXLirYB7RpmEwnzdDJJMxMhBKy8VfcuFDErZ/hzr9x2mahrQcuHM65l3vv8RPOlEbo21pZXVvf2Cxtlbd3dvf27YPDtopTSWiLxDyWXR8rypmgLc00p91EUhz5nHb88c3U7zxSqVgsHvQkoW6ER4IFjGBtJM8+7odYZ6Pcy5x8gKp3tXCQVVEt9+wKqqMZ4DJxClIBBZqe/dUfxiSNqNCEY6V6Dkq0m2GpGeE0L/dTRRNMxnhEe4YKHFHlZrMHcnhmlCEMYmlKaDhTf09kOFJqEvmmM8I6VIveVPzP66U6uHYzJpJUU0Hmi4KUQx3DaRpwyCQlmk8MwUQycyskIZaYaJNZ2YTgLL68TNrndeeyju4vKg1UxFECJ+AUVIEDrkAD3IImaAECcvAMXsGb9WS9WO/Wx7x1xSpmjsAfWJ8/MIGVbQ==</latexit>

ĝ01(L)h
(0)

<latexit sha1_base64="a+GXAg5wULcqQJIcLdxk+yyojYE=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR2k3JiKLLghsXLirYB7RpmEwnzdDJJMxMhBKy8VfcuFDErZ/hzr9x2mahrQcuHM65l3vv8RPOlHacb2tldW19Y7O0Vd7e2d3btw8O2ypOJaEtEvNYdn2sKGeCtjTTnHYTSXHkc9rxxzdTv/NIpWKxeNCThLoRHgkWMIK1kTz7uB9inY1yL0P5AFXvauEgq6Ja7tkVp+7MAJcJKkgFFGh69ld/GJM0okITjpXqISfRboalZoTTvNxPFU0wGeMR7RkqcESVm80eyOGZUYYwiKUpoeFM/T2R4UipSeSbzgjrUC16U/E/r5fq4NrNmEhSTQWZLwpSDnUMp2nAIZOUaD4xBBPJzK2QhFhiok1mZRMCWnx5mbTP6+iy7txfVBpOEUcJnIBTUAUIXIEGuAVN0AIE5OAZvII368l6sd6tj3nrilXMHIE/sD5/ADOVlW8=</latexit>

ĝ11(L)h
(1)

<latexit sha1_base64="tb+CsZV6kKbVe87DiBok+SDd+Mw=">AAACAHicbVBNS8NAEN3Ur1q/oh48eAkWob2UpCh6LHjx4KGC/YA2DZvtpl262YTdiVBCLv4VLx4U8erP8Oa/cdvmoK0PBh7vzTAzz485U2Db30ZhbX1jc6u4XdrZ3ds/MA+P2ipKJKEtEvFIdn2sKGeCtoABp91YUhz6nHb8yc3M7zxSqVgkHmAaUzfEI8ECRjBoyTNP+mMM6Sjz0no2cCp31fEgrTjVzDPLds2ew1olTk7KKEfTM7/6w4gkIRVAOFaq59gxuCmWwAinWamfKBpjMsEj2tNU4JAqN50/kFnnWhlaQSR1CbDm6u+JFIdKTUNfd4YYxmrZm4n/eb0Egms3ZSJOgAqyWBQk3ILImqVhDZmkBPhUE0wk07daZIwlJqAzK+kQnOWXV0m7XnMua/b9Rblh53EU0Sk6QxXkoCvUQLeoiVqIoAw9o1f0ZjwZL8a78bFoLRj5zDH6A+PzBzUmlXA=</latexit>

ĝ12(L)h
(1)

<latexit sha1_base64="s2AEJjYEf339/McduFpHSsVLPZQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovQbkpGFF0WBHHhooJ9QJuGyXTSDp1MwsxEKCG48VfcuFDErV/hzr9x2mahrQcuHM65l3vv8WPOlHacb2tpeWV1bb2wUdzc2t7Ztff2mypKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR1cTv/VApWKRuNfjmLohHggWMIK1kTz7sDvEOh1kXnrtoayHyreVYS8to0rm2SWn6kwBFwnKSQnkqHv2V7cfkSSkQhOOleogJ9ZuiqVmhNOs2E0UjTEZ4QHtGCpwSJWbTl/I4IlR+jCIpCmh4VT9PZHiUKlx6JvOEOuhmvcm4n9eJ9HBpZsyESeaCjJbFCQc6ghO8oB9JinRfGwIJpKZWyEZYomJNqkVTQho/uVF0jytovOqc3dWqjl5HAVwBI5BGSBwAWrgBtRBAxDwCJ7BK3iznqwX6936mLUuWfnMAfgD6/MHiQiWKA==</latexit>

ĝ1F1
(L)h(1)

Nonlinearity  
(e.g., ReLU) MLP Predictive 

task…

<latexit sha1_base64="7nlOKocbUIywWrQ7kNBvBoTN9Gg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKohcl4MVjBPPAZA2zk95kyOzsMjMrhCV/4cWDIl79G2/+jZPHQRMLGoqqbrq7gkRwbVz321laXlldW89t5De3tnd2C3v7dR2nimGNxSJWzYBqFFxizXAjsJkopFEgsBEMbsZ+4wmV5rG8N8ME/Yj2JA85o8ZKD/3HrOSejMhVs1MoumV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk4hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz0My6T1KBk00VhKoiJyfh90uUKmRFDSyhT3N5KWJ8qyowNKW9D8OZfXiT107J3XnbvzoqV61kcOTiEIyiBBxdQgVuoQg0YSHiGV3hztPPivDsf09YlZzZzAH/gfP4ABVqP0g==</latexit>

h(0) = X learnable filters



The Fourier transform
 One of the most fundamental notions in signal processing/

analysis 

 A mathematical transform that decomposes functions depending 
on space or time into functions depending on spatial or temporal 
frequency 
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How can we define the Graph Fourier transform for graph structured data? 



A notion of frequency on the graph
 The Laplacian     admits the following eigendecomposition:
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L�` = �`�`L

one-dimensional Laplace operator: 
d2

dx2

eigenfunctions: ejωx

Classical FT

f(x) =
1

2π

�
f̂(ω)ejωxdω

graph Laplacian: 

eigenvectors:χ�

Graph FT: f̂(�) = �χ�, f� =
N�

i=1

χ∗
� (i)f(i)f̂(ω) =

�
(ejωx)∗f(x)dx

L

FT: Fourier Transform

<latexit sha1_base64="kchc9kBVW1++go+gMlpDTuRPvBI="></latexit>

f(i) =
NX

`=1

f̂(`)�`(i)

<latexit sha1_base64="WbZHF72KYVNR3gyZ0HvIAoa9YIY=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwVRJRFBdScONKqtgHNLFMppN26OTBzEQoIUs3/oobF4q49RPc+TdO2iy09cDAmXPu5d57vJgzqSzr25ibX1hcWi6tlFfX1jc2za3tpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8vcbz1QIVkU3qlRTN0A90PmM4KVlrrmnn+OnACrAcE8bWbIUdHk73npbXZ/3TUrVtUaA80SuyAVKFDvml9OLyJJQENFOJayY1uxclMsFCOcZmUnkTTGZIj7tKNpiAMq3XR8SIYOtNJDfiT0CxUaq787UhxIOQo8XZnvKKe9XPzP6yTKP3NTFsaJoiGZDPITjvS1eSqoxwQlio80wUQwvSsiAywwUTq7sg7Bnj55ljSPqvZJ1bo5rtQuijhKsAv7cAg2nEINrqAODSDwCM/wCm/Gk/FivBsfk9I5o+jZgT8wPn8AHGOZZA==</latexit>

f : V ! RN



Graph Fourier transform
 The eigenvectors of the Laplacian provide a harmonic analysis of 

graph signals 

 By exploiting the orthonormality of the eigenvectors, we obtain: 
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Graph Fourier Transform:  

Inverse Graph Fourier Transform: 

Low frequency High frequency
<latexit sha1_base64="UyMt1kIDfednV6e+m2EqWEVOs0Y=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIrkpSFN0IBTcuXFToDZoYJpNJO3RyYWYilNCVG1/FjQtF3PoM7nwbp20W2vrDwMd/zpmZ8/spZ1JZ1rextLyyurZe2ihvbm3v7Jp7+22ZZILQFkl4Iro+lpSzmLYUU5x2U0Fx5HPa8YfXk3rngQrJkripRil1I9yPWcgIVtryzCOHDJhn3zfRLZohukIO1xcE2LM9s2JVranQItgFVKBQwzO/nCAhWURjRTiWsmdbqXJzLBQjnI7LTiZpiskQ92lPY4wjKt18usYYnWgnQGEi9IkVmrq/J3IcSTmKfN0ZYTWQ87WJ+V+tl6nw0s1ZnGaKxmT2UJhxpBI0yQQFTFCi+EgDJoLpvyIywAITpZMr6xDs+ZUXoV2r2udV6+6sUq8VcZTgEI7hFGy4gDrcQANaQOARnuEV3own48V4Nz5mrUtGMXMAf2R8/gBGk5cJ</latexit>

�T
1 L�1 = �1

<latexit sha1_base64="3uWUciNkS0ip5ttWp6td18UxV18=">AAACBnicbZDLSgMxFIbPeK31NupShGARXJWZouhGKLhxIaVCb9AZh0wm04ZmLiQZoQxdufFV3LhQxK3P4M63Mb0stPWHwMd/zklyfj/lTCrL+jaWlldW19YLG8XNre2dXXNvvyWTTBDaJAlPRMfHknIW06ZiitNOKiiOfE7b/uB6XG8/UCFZEjfUMKVuhHsxCxnBSlueeeSQPvNq9w10i6aIrpDD9QUB9mqeWbLK1kRoEewZlGCmumd+OUFCsojGinAsZde2UuXmWChGOB0VnUzSFJMB7tGuxhhHVLr5ZI0ROtFOgMJE6BMrNHF/T+Q4knIY+bozwqov52tj879aN1PhpZuzOM0Ujcn0oTDjSCVonAkKmKBE8aEGTATTf0WkjwUmSidX1CHY8ysvQqtSts/L1t1ZqVqZxVGAQziGU7DhAqpwA3VoAoFHeIZXeDOejBfj3fiYti4Zs5kD+CPj8wfOZpdg</latexit>

�T
NL�N = �N

…

<latexit sha1_base64="UQREGEyquHTLTJM+uFUuWUiSzII="></latexit>

f(n) =
NX

`=1

f̂(�`)�`(n), 8n 2 V

<latexit sha1_base64="8kXz/DMAEFiUmP4r8SL3HeU4VPM=">AAACBHicbVC7SgNBFL3rM8bXqmWawSBYhd2gaCMEbCwsIuQF2XWZnZ1Nhsw+mJkVwpLCxl+xsVDE1o+w82+cJFto4oGBwzn3cOceP+VMKsv6NlZW19Y3Nktb5e2d3b198+CwI5NMENomCU9Ez8eSchbTtmKK014qKI58Trv+6Hrqdx+okCyJW2qcUjfCg5iFjGClJc+sOGTIvPp963ZO0BVyuI4H2Kt7ZtWqWTOgZWIXpAoFmp755QQJySIaK8KxlH3bSpWbY6EY4XRSdjJJU0xGeED7msY4otLNZ0dM0IlWAhQmQr9YoZn6O5HjSMpx5OvJCKuhXPSm4n9eP1PhpZuzOM0Ujcl8UZhxpBI0bQQFTFCi+FgTTATTf0VkiAUmSvdW1iXYiycvk069Zp/XrLuzaqNe1FGCChzDKdhwAQ24gSa0gcAjPMMrvBlPxovxbnzMR1eMInMEf2B8/gCVEZa4</latexit>

�T
2 L�2 = �2

<latexit sha1_base64="RVnN3hzM0yO8fdGaH0Fx45EyKY0="></latexit>

f̂(�`) =< f,�` >=
NX

n=1

f(n)�T
` (n), ` = 1, 2, ..., N



Example on movie rating
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3 1

34

=

1 1

11

X(2.75) +
0 2

-1-1

X(-0.83)

0 0

-11

X(0.5) +
3 -1

-1-1

X(-0.083)+



Example on movie rating
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3 1

34

=

1 1

11

X(2.75) +
0 2

-1-1

X(-0.83)

0 0

-11

X(0.5) +
3 -1

-1-1

X(-0.083)+

3 1

51

=

1 1

11

X(2.5) +
0 2

-1-1

X(-0.67)

0 0

-11

X(-2) +
3 -1

-1-1

X(0.167)+



Towards a convolution on graphs: 
A spectral viewpoint
 Key intuition: Convolution in the vertex domain is equivalent to 

multiplication in the spectral domain 
 We define convolution on graphs starting from the multiplication in 

the GFT domain 
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Classical convolution Convolution on graphs

<latexit sha1_base64="h/4nbm94XgT+cOAEQCPysYHKkgo=">AAACIHicbVDLSgMxFM34rPVVdekmWISpYJkRRRcKBTcuK9gHdGrJpJkazGSG5I50GPopbvwVNy4U0Z1+jWk7C18Hkns4516Se/xYcA2O82HNzM7NLywWlorLK6tr66WNzaaOEkVZg0YiUm2faCa4ZA3gIFg7VoyEvmAt//Z87LfumNI8kleQxqwbkoHkAacEjNQrHdvDvUHFhgo+wx6X0Mv2TQkgHV1nORnasO8BSSoDe1L647tXKjtVZwL8l7g5KaMc9V7p3etHNAmZBCqI1h3XiaGbEQWcCjYqeolmMaG3ZMA6hkoSMt3NJguO8K5R+jiIlDkS8ET9PpGRUOs09E1nSOBG//bG4n9eJ4HgpJtxGSfAJJ0+FCQCQ4THaeE+V4yCSA0hVHHzV0xviCIUTKZFE4L7e+W/pHlQdY+qzuVhuXaax1FA22gH2chFx6iGLlAdNRBF9+gRPaMX68F6sl6tt2nrjJXPbKEfsD6/ADnSonA=</latexit>

(x ⇤ g)(t) =
Z 1

�1
x(t� ⌧)g(⌧)d⌧

<latexit sha1_base64="Vre9cF2P9W3RntK/RNIQqzZlLmY=">AAACJnicbZBNSwMxEIazflu/qh69BItQPZRdUfSgIHjxqGBboVtKNjvdBrObJZnVlqW/xot/xYsHRcSbP8W0lqLVFwIvz8wwmTdIpTDouh/O1PTM7Nz8wmJhaXllda24vlEzKtMcqlxJpW8CZkCKBKooUMJNqoHFgYR6cHs+qNfvQBuhkmvspdCMWZSItuAMLWoVT/17EUKHYV7u7kW7/bKvYojYLj2l/oB2x8TnocIhi8asVSy5FXco+td4I1MiI122ii9+qHgWQ4JcMmManptiM2caBZfQL/iZgZTxWxZBw9qExWCa+fDMPt2xJKRtpe1LkA7pz4mcxcb04sB2xgw7ZrI2gP/VGhm2j5u5SNIMIeHfi9qZpKjoIDMaCg0cZc8axrWwf6W8wzTjaJMt2BC8yZP/mtp+xTusuFcHpbOTURwLZItskzLxyBE5IxfkklQJJw/kibyQV+fReXbenPfv1ilnNLNJfsn5/AKnu6VF</latexit>

\(x ⇤ g)(!) = x̂(!) · ĝ(!)
<latexit sha1_base64="Ibbo5dSZxRFVep7yjxwrFZ0pni4="></latexit>

\(x ⇤ g)(�) =
�
(�Tx) � ĝ

�
(�)

FT

GFT

IGFT

<latexit sha1_base64="HohOUz6VFQjsUbiM9hFbM3/5/ls=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiti5KIoguFghsXXVToC5pYJpNJOnTyYGYiLaHf4cZfceNCEXfixr9x0mahrQcGDufcw517nJhRIQ3jW1taXlldWy9sFDe3tnd29b39togSjkkLRyziXQcJwmhIWpJKRroxJyhwGOk4w5vM7zwQLmgUNuU4JnaA/JB6FCOppL5ujk58eA0tPKDQGiCZ+pOyVVd5F1Uy8b4JR5mfW/XKqK+XjKoxBVwkZk5KIEejr39aboSTgIQSMyREzzRiaaeIS4oZmRStRJAY4SHySU/REAVE2On0tAk8VooLvYirF0o4VX8nUhQIMQ4cNRkgORDzXib+5/US6V3aKQ3jRJIQzxZ5CYMygllP0KWcYMnGiiDMqforxAPEEZaqzaIqwZw/eZG0T6vmedW4OyvVrvI6CuAQHIEyMMEFqIFb0AAtgMEjeAav4E170l60d+1jNrqk5ZkD8Afa1w8rc58T</latexit>

x ⇤ g = �ĝ(⇤)�Tx = ĝ(L)x

<latexit sha1_base64="cCtbzLcxZf0K9h3dHdg2SfVU4sE=">AAACAHicbVC7SgNBFL3rM8bXqoWFzWAQrMKuKNooARuLFBHyguwaZmdnkyGzD2ZmhbCk8VdsLBSx9TPs/Bsnmy008cDA4Zx7uHOPl3AmlWV9G0vLK6tr66WN8ubW9s6uubfflnEqCG2RmMei62FJOYtoSzHFaTcRFIcepx1vdDv1O49USBZHTTVOqBviQcQCRrDSUt88rKNr5JAhc+o65OOcPzRR36xYVSsHWiR2QSpQoNE3vxw/JmlII0U4lrJnW4lyMywUI5xOyk4qaYLJCA9oT9MIh1S6WX7ABJ1oxUdBLPSLFMrV34kMh1KOQ09PhlgN5bw3Ff/zeqkKrtyMRUmqaERmi4KUIxWjaRvIZ4ISxceaYCKY/isiQywwUbqzsi7Bnj95kbTPqvZF1bo/r9RuijpKcATHcAo2XEIN7qABLSAwgWd4hTfjyXgx3o2P2eiSUWQO4A+Mzx94qpUJ</latexit>

L = �⇤�T



Graph spectral filtering
 It is defined in direct analogy with classical filtering in the 

frequency domain 
- Filtering a graph signal    with a spectral filter         is performed in the graph 

Fourier domain  
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<latexit sha1_base64="a8r1iIHVbQ4g8L4cqOGkoE3yspc=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWlgEbCwTMB+QHGFvM5es2ds7dvfEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W4+oNI/lvRkn6Ed0IHnIGTVWqj/1SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw4L8678zFvXXHymSP4A+fzB+W9jPo=</latexit>x

ĝ(⇤) IGFT
<latexit sha1_base64="UppGZ125ucyblzCcuR2Nt8tkWZo=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJDKUiUIBANDJRYGhiL1JTWhchynseo4ke0gqqgDC7/CwgBCrHwEG3+D02aAliNZOjrnHl3f4yWMSmVZ38bS8srq2nppo7y5tb2za+7td2ScCkzaOGax6HlIEkY5aSuqGOklgqDIY6Trja5yv3tPhKQxb6lxQtwIDTkNKEZKSwOz4uCQOiFS2XBSc2500EfHuXbXehiYVatuTQEXiV2QKijQHJhfjh/jNCJcYYak7NtWotwMCUUxI5Oyk0qSIDxCQ9LXlKOISDebHjGBR1rxYRAL/biCU/V3IkORlOPI05MRUqGc93LxP6+fquDCzShPUkU4ni0KUgZVDPNGoE8FwYqNNUFYUP1XiEMkEFa6t7IuwZ4/eZF0Tur2Wd26Pa02Los6SqACDkEN2OAcNMA1aII2wOARPINX8GY8GS/Gu/ExG10yiswB+APj8wdiu5fn</latexit>

�ĝ(⇤)�Tx

` ` `

Shuman et al., “The emerging field of signal processing on graphs”, IEEE Signal Process. Mag., 2013

ĝ(·)

Convolution on graphs is equivalent to filtering! 

<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x

GFT
<latexit sha1_base64="VCH3LEWnCW+82gQ0HVZ4XDfkrOw=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswp0oWlgEbCwj5AuSM+xt9pIle3vH7pwYjvwIGwtFbP09dv4bN8kVmvhg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W49cGxGrOo4T7kd0oEQoGEUrtbpsKB7qT71S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m507IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz2M6GSFLli80VhKgnGZPo76QvNGcqxJZRpYW8lbEg1ZWgTKtoQvMWXl0nzvOJdVtz7i3L1Jo+jAMdwAmfgwRVU4Q5q0AAGI3iGV3hzEufFeXc+5q0rTj5zBH/gfP4AN4iPeA==</latexit>

�Tx
<latexit sha1_base64="BoMFWV2nukY/0IA4hfEfObqv7cc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKkuVIBAMDJVYGBiK1JfUhMpxnMaq40S2g6iiLPwKCwMIsfIZbPwNbpsBWo5k6eice3R9j5cwKpVlfRulpeWV1bXyemVjc2t7x9zd68g4FZi0ccxi0fOQJIxy0lZUMdJLBEGRx0jXG11P/O4DEZLGvKXGCXEjNOQ0oBgpLQ3MAydEKhvmNedWh3x04uCQ3rceB2bVqltTwEViF6QKCjQH5pfjxziNCFeYISn7tpUoN0NCUcxIXnFSSRKER2hI+ppyFBHpZtMDcnisFR8GsdCPKzhVfycyFEk5jjw9GSEVynlvIv7n9VMVXLoZ5UmqCMezRUHKoIrhpA3oU0GwYmNNEBZU/xXiEAmEle6sokuw509eJJ3Tun1et+7Oqo2roo4yOARHoAZscAEa4AY0QRtgkINn8ArejCfjxXg3PmajJaPI7IM/MD5/AElUli8=</latexit>

ĝ(⇤)�Tx

<latexit sha1_base64="HohOUz6VFQjsUbiM9hFbM3/5/ls=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiti5KIoguFghsXXVToC5pYJpNJOnTyYGYiLaHf4cZfceNCEXfixr9x0mahrQcGDufcw517nJhRIQ3jW1taXlldWy9sFDe3tnd29b39togSjkkLRyziXQcJwmhIWpJKRroxJyhwGOk4w5vM7zwQLmgUNuU4JnaA/JB6FCOppL5ujk58eA0tPKDQGiCZ+pOyVVd5F1Uy8b4JR5mfW/XKqK+XjKoxBVwkZk5KIEejr39aboSTgIQSMyREzzRiaaeIS4oZmRStRJAY4SHySU/REAVE2On0tAk8VooLvYirF0o4VX8nUhQIMQ4cNRkgORDzXib+5/US6V3aKQ3jRJIQzxZ5CYMygllP0KWcYMnGiiDMqforxAPEEZaqzaIqwZw/eZG0T6vmedW4OyvVrvI6CuAQHIEyMMEFqIFb0AAtgMEjeAav4E170l60d+1jNrqk5ZkD8Afa1w8rc58T</latexit>

x ⇤ g = �ĝ(⇤)�Tx = ĝ(L)x



Is the graph convolution localized?
 In general the answer is no!  
 However, if we consider polynomial filters, the answer is yes

63
Graph Representations for Biology and Medicine - EE626 

Dr Dorina Thanou 

<latexit sha1_base64="HohOUz6VFQjsUbiM9hFbM3/5/ls=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiti5KIoguFghsXXVToC5pYJpNJOnTyYGYiLaHf4cZfceNCEXfixr9x0mahrQcGDufcw517nJhRIQ3jW1taXlldWy9sFDe3tnd29b39togSjkkLRyziXQcJwmhIWpJKRroxJyhwGOk4w5vM7zwQLmgUNuU4JnaA/JB6FCOppL5ujk58eA0tPKDQGiCZ+pOyVVd5F1Uy8b4JR5mfW/XKqK+XjKoxBVwkZk5KIEejr39aboSTgIQSMyREzzRiaaeIS4oZmRStRJAY4SHySU/REAVE2On0tAk8VooLvYirF0o4VX8nUhQIMQ4cNRkgORDzXib+5/US6V3aKQ3jRJIQzxZ5CYMygllP0KWcYMnGiiDMqforxAPEEZaqzaIqwZw/eZG0T6vmedW4OyvVrvI6CuAQHIEyMMEFqIFb0AAtgMEjeAav4E170l60d+1jNrqk5ZkD8Afa1w8rc58T</latexit>
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 In general the answer is no!  
 However, if we consider polynomial filters, the answer is yes
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ĝ✓(�) =
KX

j=0

✓j�
j , ✓ 2 RK+1

<latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit>

ĝ✓(L) =
KX

j=0

✓jL
j

<latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit>

Example:

<latexit sha1_base64="HohOUz6VFQjsUbiM9hFbM3/5/ls=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiti5KIoguFghsXXVToC5pYJpNJOnTyYGYiLaHf4cZfceNCEXfixr9x0mahrQcGDufcw517nJhRIQ3jW1taXlldWy9sFDe3tnd29b39togSjkkLRyziXQcJwmhIWpJKRroxJyhwGOk4w5vM7zwQLmgUNuU4JnaA/JB6FCOppL5ujk58eA0tPKDQGiCZ+pOyVVd5F1Uy8b4JR5mfW/XKqK+XjKoxBVwkZk5KIEejr39aboSTgIQSMyREzzRiaaeIS4oZmRStRJAY4SHySU/REAVE2On0tAk8VooLvYirF0o4VX8nUhQIMQ4cNRkgORDzXib+5/US6V3aKQ3jRJIQzxZ5CYMygllP0KWcYMnGiiDMqforxAPEEZaqzaIqwZw/eZG0T6vmedW4OyvVrvI6CuAQHIEyMMEFqIFb0AAtgMEjeAav4E170l60d+1jNrqk5ZkD8Afa1w8rc58T</latexit>

x ⇤ g = �ĝ(⇤)�Tx = ĝ(L)x



Is the graph convolution localized?
 In general the answer is no!  
 However, if we consider polynomial filters, the answer is yes
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j=0

✓j�
j , ✓ 2 RK+1

<latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit>

ĝ✓(L) =
KX

j=0

✓jL
j

<latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit>

Example:

        defines the     -hop neighborhood: 
<latexit sha1_base64="aSdXv7DoCjSXx0lbSWXlpj7Yjzk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoicJeBH0ENE8IFnD7KQ3GTI7u8zMCmHJJ3jxoIhXv8ibf+PkcdDEgoaiqpvuriARXBvX/XZyS8srq2v59cLG5tb2TnF3r67jVDGssVjEqhlQjYJLrBluBDYThTQKBDaCwdXYbzyh0jyWD2aYoB/RnuQhZ9RY6f728aZTLLlldwKySLwZKcEM1U7xq92NWRqhNExQrVuemxg/o8pwJnBUaKcaE8oGtIctSyWNUPvZ5NQRObJKl4SxsiUNmai/JzIaaT2MAtsZUdPX895Y/M9rpSa88DMuk9SgZNNFYSqIicn4b9LlCpkRQ0soU9zeSlifKsqMTadgQ/DmX14k9ZOyd1Z2705LlctZHHk4gEM4Bg/OoQLXUIUaMOjBM7zCmyOcF+fd+Zi25pzZzD78gfP5A+6ajY0=</latexit>

LK
<latexit sha1_base64="+PB+W+h7g1d6IfBq7/zTlq1j3lg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0IGVGFN1YCi4U6qKCfUA7DplMpk2byQxJplCGfoAbf8WNC0Xc+gHu/BvTx0JbDwQO55zLzT1uxKhUpvltpJaWV1bX0uuZjc2t7Z3s7l5dhrHApIZDFoqmiyRhlJOaooqRZiQIClxGGm7/auw3BkRIGvJ7NYyIHaAOpz7FSGnJyeY85zo/cOgxHDi9AixVYFuFMH/7UCk4Ce2N4CU0dcosmhPARWLNSA7MUHWyX20vxHFAuMIMSdmyzEjZCRKKYkZGmXYsSYRwH3VIS1OOAiLtZHLMCB5pxYN+KPTjCk7U3xMJCqQcBq5OBkh15bw3Fv/zWrHyL+yE8ihWhOPpIj9mUN87bgZ6VBCs2FAThAXVf4W4iwTCSveX0SVY8ycvkvpJ0TormnenuXJpVkcaHIBDkAcWOAdlcAOqoAYweATP4BW8GU/Gi/FufEyjKWM2sw/+wPj8ARMSmHI=</latexit>

dG(vi, vj) > K ! (LK)ij = 0
<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K

<latexit sha1_base64="HohOUz6VFQjsUbiM9hFbM3/5/ls=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiti5KIoguFghsXXVToC5pYJpNJOnTyYGYiLaHf4cZfceNCEXfixr9x0mahrQcGDufcw517nJhRIQ3jW1taXlldWy9sFDe3tnd29b39togSjkkLRyziXQcJwmhIWpJKRroxJyhwGOk4w5vM7zwQLmgUNuU4JnaA/JB6FCOppL5ujk58eA0tPKDQGiCZ+pOyVVd5F1Uy8b4JR5mfW/XKqK+XjKoxBVwkZk5KIEejr39aboSTgIQSMyREzzRiaaeIS4oZmRStRJAY4SHySU/REAVE2On0tAk8VooLvYirF0o4VX8nUhQIMQ4cNRkgORDzXib+5/US6V3aKQ3jRJIQzxZ5CYMygllP0KWcYMnGiiDMqforxAPEEZaqzaIqwZw/eZG0T6vmedW4OyvVrvI6CuAQHIEyMMEFqIFb0AAtgMEjeAav4E170l60d+1jNrqk5ZkD8Afa1w8rc58T</latexit>
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<latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit>

Example:

        defines the     -hop neighborhood: 
<latexit sha1_base64="aSdXv7DoCjSXx0lbSWXlpj7Yjzk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoicJeBH0ENE8IFnD7KQ3GTI7u8zMCmHJJ3jxoIhXv8ibf+PkcdDEgoaiqpvuriARXBvX/XZyS8srq2v59cLG5tb2TnF3r67jVDGssVjEqhlQjYJLrBluBDYThTQKBDaCwdXYbzyh0jyWD2aYoB/RnuQhZ9RY6f728aZTLLlldwKySLwZKcEM1U7xq92NWRqhNExQrVuemxg/o8pwJnBUaKcaE8oGtIctSyWNUPvZ5NQRObJKl4SxsiUNmai/JzIaaT2MAtsZUdPX895Y/M9rpSa88DMuk9SgZNNFYSqIicn4b9LlCpkRQ0soU9zeSlifKsqMTadgQ/DmX14k9ZOyd1Z2705LlctZHHk4gEM4Bg/OoQLXUIUaMOjBM7zCmyOcF+fd+Zi25pzZzD78gfP5A+6ajY0=</latexit>

LK
<latexit sha1_base64="+PB+W+h7g1d6IfBq7/zTlq1j3lg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0IGVGFN1YCi4U6qKCfUA7DplMpk2byQxJplCGfoAbf8WNC0Xc+gHu/BvTx0JbDwQO55zLzT1uxKhUpvltpJaWV1bX0uuZjc2t7Z3s7l5dhrHApIZDFoqmiyRhlJOaooqRZiQIClxGGm7/auw3BkRIGvJ7NYyIHaAOpz7FSGnJyeY85zo/cOgxHDi9AixVYFuFMH/7UCk4Ce2N4CU0dcosmhPARWLNSA7MUHWyX20vxHFAuMIMSdmyzEjZCRKKYkZGmXYsSYRwH3VIS1OOAiLtZHLMCB5pxYN+KPTjCk7U3xMJCqQcBq5OBkh15bw3Fv/zWrHyL+yE8ihWhOPpIj9mUN87bgZ6VBCs2FAThAXVf4W4iwTCSveX0SVY8ycvkvpJ0TormnenuXJpVkcaHIBDkAcWOAdlcAOqoAYweATP4BW8GU/Gi/FufEyjKWM2sw/+wPj8ARMSmHI=</latexit>

dG(vi, vj) > K ! (LK)ij = 0
<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K

<latexit sha1_base64="HohOUz6VFQjsUbiM9hFbM3/5/ls=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiti5KIoguFghsXXVToC5pYJpNJOnTyYGYiLaHf4cZfceNCEXfixr9x0mahrQcGDufcw517nJhRIQ3jW1taXlldWy9sFDe3tnd29b39togSjkkLRyziXQcJwmhIWpJKRroxJyhwGOk4w5vM7zwQLmgUNuU4JnaA/JB6FCOppL5ujk58eA0tPKDQGiCZ+pOyVVd5F1Uy8b4JR5mfW/XKqK+XjKoxBVwkZk5KIEejr39aboSTgIQSMyREzzRiaaeIS4oZmRStRJAY4SHySU/REAVE2On0tAk8VooLvYirF0o4VX8nUhQIMQ4cNRkgORDzXib+5/US6V3aKQ3jRJIQzxZ5CYMygllP0KWcYMnGiiDMqforxAPEEZaqzaIqwZw/eZG0T6vmedW4OyvVrvI6CuAQHIEyMMEFqIFb0AAtgMEjeAav4E170l60d+1jNrqk5ZkD8Afa1w8rc58T</latexit>

x ⇤ g = �ĝ(⇤)�Tx = ĝ(L)x



Is the graph convolution localized?
 In general the answer is no!  
 However, if we consider polynomial filters, the answer is yes
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Example:

        defines the     -hop neighborhood: 
<latexit sha1_base64="aSdXv7DoCjSXx0lbSWXlpj7Yjzk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoicJeBH0ENE8IFnD7KQ3GTI7u8zMCmHJJ3jxoIhXv8ibf+PkcdDEgoaiqpvuriARXBvX/XZyS8srq2v59cLG5tb2TnF3r67jVDGssVjEqhlQjYJLrBluBDYThTQKBDaCwdXYbzyh0jyWD2aYoB/RnuQhZ9RY6f728aZTLLlldwKySLwZKcEM1U7xq92NWRqhNExQrVuemxg/o8pwJnBUaKcaE8oGtIctSyWNUPvZ5NQRObJKl4SxsiUNmai/JzIaaT2MAtsZUdPX895Y/M9rpSa88DMuk9SgZNNFYSqIicn4b9LlCpkRQ0soU9zeSlifKsqMTadgQ/DmX14k9ZOyd1Z2705LlctZHHk4gEM4Bg/OoQLXUIUaMOjBM7zCmyOcF+fd+Zi25pzZzD78gfP5A+6ajY0=</latexit>

LK
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dG(vi, vj) > K ! (LK)ij = 0
<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K

<latexit sha1_base64="HohOUz6VFQjsUbiM9hFbM3/5/ls=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiti5KIoguFghsXXVToC5pYJpNJOnTyYGYiLaHf4cZfceNCEXfixr9x0mahrQcGDufcw517nJhRIQ3jW1taXlldWy9sFDe3tnd29b39togSjkkLRyziXQcJwmhIWpJKRroxJyhwGOk4w5vM7zwQLmgUNuU4JnaA/JB6FCOppL5ujk58eA0tPKDQGiCZ+pOyVVd5F1Uy8b4JR5mfW/XKqK+XjKoxBVwkZk5KIEejr39aboSTgIQSMyREzzRiaaeIS4oZmRStRJAY4SHySU/REAVE2On0tAk8VooLvYirF0o4VX8nUhQIMQ4cNRkgORDzXib+5/US6V3aKQ3jRJIQzxZ5CYMygllP0KWcYMnGiiDMqforxAPEEZaqzaIqwZw/eZG0T6vmedW4OyvVrvI6CuAQHIEyMMEFqIFb0AAtgMEjeAav4E170l60d+1jNrqk5ZkD8Afa1w8rc58T</latexit>

x ⇤ g = �ĝ(⇤)�Tx = ĝ(L)x



Is the graph convolution localized?
 In general the answer is no!  
 However, if we consider polynomial filters, the answer is yes
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Example:

        defines the     -hop neighborhood: 
<latexit sha1_base64="aSdXv7DoCjSXx0lbSWXlpj7Yjzk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoicJeBH0ENE8IFnD7KQ3GTI7u8zMCmHJJ3jxoIhXv8ibf+PkcdDEgoaiqpvuriARXBvX/XZyS8srq2v59cLG5tb2TnF3r67jVDGssVjEqhlQjYJLrBluBDYThTQKBDaCwdXYbzyh0jyWD2aYoB/RnuQhZ9RY6f728aZTLLlldwKySLwZKcEM1U7xq92NWRqhNExQrVuemxg/o8pwJnBUaKcaE8oGtIctSyWNUPvZ5NQRObJKl4SxsiUNmai/JzIaaT2MAtsZUdPX895Y/M9rpSa88DMuk9SgZNNFYSqIicn4b9LlCpkRQ0soU9zeSlifKsqMTadgQ/DmX14k9ZOyd1Z2705LlctZHHk4gEM4Bg/OoQLXUIUaMOjBM7zCmyOcF+fd+Zi25pzZzD78gfP5A+6ajY0=</latexit>

LK
<latexit sha1_base64="+PB+W+h7g1d6IfBq7/zTlq1j3lg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0IGVGFN1YCi4U6qKCfUA7DplMpk2byQxJplCGfoAbf8WNC0Xc+gHu/BvTx0JbDwQO55zLzT1uxKhUpvltpJaWV1bX0uuZjc2t7Z3s7l5dhrHApIZDFoqmiyRhlJOaooqRZiQIClxGGm7/auw3BkRIGvJ7NYyIHaAOpz7FSGnJyeY85zo/cOgxHDi9AixVYFuFMH/7UCk4Ce2N4CU0dcosmhPARWLNSA7MUHWyX20vxHFAuMIMSdmyzEjZCRKKYkZGmXYsSYRwH3VIS1OOAiLtZHLMCB5pxYN+KPTjCk7U3xMJCqQcBq5OBkh15bw3Fv/zWrHyL+yE8ihWhOPpIj9mUN87bgZ6VBCs2FAThAXVf4W4iwTCSveX0SVY8ycvkvpJ0TormnenuXJpVkcaHIBDkAcWOAdlcAOqoAYweATP4BW8GU/Gi/FufEyjKWM2sw/+wPj8ARMSmHI=</latexit>

dG(vi, vj) > K ! (LK)ij = 0
<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K

<latexit sha1_base64="HohOUz6VFQjsUbiM9hFbM3/5/ls=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiti5KIoguFghsXXVToC5pYJpNJOnTyYGYiLaHf4cZfceNCEXfixr9x0mahrQcGDufcw517nJhRIQ3jW1taXlldWy9sFDe3tnd29b39togSjkkLRyziXQcJwmhIWpJKRroxJyhwGOk4w5vM7zwQLmgUNuU4JnaA/JB6FCOppL5ujk58eA0tPKDQGiCZ+pOyVVd5F1Uy8b4JR5mfW/XKqK+XjKoxBVwkZk5KIEejr39aboSTgIQSMyREzzRiaaeIS4oZmRStRJAY4SHySU/REAVE2On0tAk8VooLvYirF0o4VX8nUhQIMQ4cNRkgORDzXib+5/US6V3aKQ3jRJIQzxZ5CYMygllP0KWcYMnGiiDMqforxAPEEZaqzaIqwZw/eZG0T6vmedW4OyvVrvI6CuAQHIEyMMEFqIFb0AAtgMEjeAav4E170l60d+1jNrqk5ZkD8Afa1w8rc58T</latexit>

x ⇤ g = �ĝ(⇤)�Tx = ĝ(L)x



A spatial interpretation of graph 
convolution 
 If we approximate the filter with polynomials of the Laplacian, we 

get a spatial interpretation on the graph 

 Note that: 

 Graph convolution can be computed recursively by exchanging 
information in a local neighborhood (i.e., message passing)  

 The kernel         does not depend on the order of the nodes: 
permutation invariant! 
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<latexit sha1_base64="nrd0bt6v7HKFXefUaIsWr6s9F5k=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQL2VXFD1JwYvHCvYDumvJptk2NJssyaxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL0wEN+C6305hZXVtfaO4Wdra3tndK+8ftIxKNWVNqoTSnZAYJrhkTeAgWCfRjMShYO1wdDP1249MG67kPYwTFsRkIHnEKQErPfhDAtlgUvVpX8Fpr1xxa+4MeJl4OamgHI1e+cvvK5rGTAIVxJiu5yYQZEQDp4JNSn5qWELoiAxY11JJYmaCbHb1BJ9YpY8jpW1JwDP190RGYmPGcWg7YwJDs+hNxf+8bgrRVZBxmaTAJJ0vilKBQeFpBLjPNaMgxpYQqrm9FdMh0YSCDapkQ/AWX14mrbOad1Fz784r9es8jiI6Qseoijx0ieroFjVQE1Gk0TN6RW/Ok/PivDsf89aCk88coj9wPn8AQPSSVQ==</latexit>

ĝ(·)

<latexit sha1_base64="KCGiflVHiSYMZxLTgXyrLVqmuv4="></latexit>

x ⇤ g = ĝ(L)x =
KX

k=0

✓kL
kx =

KX

k=0

✓kzk

<latexit sha1_base64="9AKgYgpmNI0vgKVu6SEqnCrt5BI="></latexit>z0 = x

z1 = Lz0

z2 = Lz1 = L2z0
...

zK = LzK�1 = · · · = LKz0



The receptive field of graph 
convolution
 Node embeddings are based on local neighborhood propagation 

 Due to the irregular nature of the graph, there is no fixed size 
neighbourhood 

 The degree    of the polynomial defines the receptive field of each 
node

65
Graph Representations for Biology and Medicine - EE626 

Dr Dorina Thanou 

Receptive field on an image Receptive field on a graph 

<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K



Spectral approaches in one slide
 Convolution is defined in the graph Fourier domain 

 Spectral GCNN:  

 ChebNet: 

 GCN: 

 Parameters     are learned through the network   
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x ⇤✓ g = �ĝ(✓)�Tx

K = 1

<latexit sha1_base64="d487f2DEwpPL2EwMAIH9aA9g+hY=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAI4qIkouhGKbhxWaE3aGKZTCfN0MmFmRNpKQU3voobF4q49SXc+TZO0yy09YeBj/+cw5nze4ngCizr21hYXFpeWS2sFdc3Nre2zZ3dhopTSVmdxiKWLY8oJnjE6sBBsFYiGQk9wZpe/2ZSbz4wqXgc1WCYMDckvYj7nBLQVsfcH5z08BV2aMCxAwEDkvF9DQ86ZskqW5nwPNg5lFCuasf8croxTUMWARVEqbZtJeCOiAROBRsXnVSxhNA+6bG2xoiETLmj7IYxPtJOF/ux1C8CnLm/J0YkVGoYerozJBCo2drE/K/WTsG/dEc8SlJgEZ0u8lOBIcaTQHCXS0ZBDDUQKrn+K6YBkYSCjq2oQ7BnT56HxmnZPi9bd2elynUeRwEdoEN0jGx0gSroFlVRHVH0iJ7RK3oznowX4934mLYuGPnMHvoj4/MHxGiWUQ==</latexit>

x ⇤ g = �✓�Tx
<latexit sha1_base64="p2nem2thtdzU1BXkyn7sFLiblI8=">AAACA3icbVC7SgNBFJ2NrxhfUTttBoMQm7ArijZKwMYygnlAdgl3ZyfJkNkHM3eFsARs/BUbC0Vs/Qk7/8bJo9DEAwOHc+7hzj1+IoVG2/62ckvLK6tr+fXCxubW9k5xd6+h41QxXmexjFXLB82liHgdBUreShSH0Je86Q9uxn7zgSst4ugehwn3QuhFoisYoJE6xQO3D5j1RmVXmlAAJ/SKutjnCLRTLNkVewK6SJwZKZEZap3ilxvELA15hEyC1m3HTtDLQKFgko8Kbqp5AmwAPd42NIKQay+b3DCix0YJaDdW5kVIJ+rvRAah1sPQN5MhYF/Pe2PxP6+dYvfSy0SUpMgjNl3UTSXFmI4LoYFQnKEcGgJMCfNXyvqggKGprWBKcOZPXiSN04pzXrHvzkrV61kdeXJIjkiZOOSCVMktqZE6YeSRPJNX8mY9WS/Wu/UxHc1Zs8w++QPr8weDAJbE</latexit>

ĝ(�) = ✓

<latexit sha1_base64="/vSYyRljHddYi5OtjtpV7NrysnE=">AAACGHicbZBNS0JBFIbn2pfZ162WbYYksEC9V4raFEItWhrkB6jJ3HHUwbkfzJwbysWf0aa/0qZFEW3d9W8a9QalvTDw8J5zOHNeJxBcgWV9GYml5ZXVteR6amNza3vH3N2rKD+UlJWpL3xZc4hignusDBwEqwWSEdcRrOr0ryf16iOTivvePQwD1nRJ1+MdTgloq2XmByddfIkzDegxIC0L4yyO2cY3D1HWzhdG1R84HrTMtJWzpsKLYMeQRrFKLXPcaPs0dJkHVBCl6rYVQDMiEjgVbJRqhIoFhPZJl9U1esRlqhlNDxvhI+20cceX+nmAp+7viYi4Sg1dR3e6BHpqvjYx/6vVQ+hcNCPuBSEwj84WdUKBwceTlHCbS0ZBDDUQKrn+K6Y9IgkFnWVKh2DPn7wIlULOPstZd6fp4lUcRxIdoEOUQTY6R0V0i0qojCh6Qi/oDb0bz8ar8WF8zloTRjyzj/7IGH8D3JCciQ==</latexit>

x ⇤ g = (✓0 � ✓1D
�1/2WD�1/2)x

<latexit sha1_base64="lihwHep4jpqmjbob2xoHKN8oZ1Y=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoicJePEYwTwgWcLspDcZMvtgplcIIR/hxYMiXv0eb/6Nk2QPmljQUFR1090VpEoact1vp7C2vrG5Vdwu7ezu7R+UD4+aJsm0wIZIVKLbATeoZIwNkqSwnWrkUaCwFYzuZn7rCbWRSfxI4xT9iA9iGUrByUqtLg2ROOuVK27VnYOtEi8nFchR75W/uv1EZBHGJBQ3puO5KfkTrkkKhdNSNzOYcjHiA+xYGvMIjT+ZnztlZ1bpszDRtmJic/X3xIRHxoyjwHZGnIZm2ZuJ/3mdjMIbfyLjNCOMxWJRmClGCZv9zvpSoyA1toQLLe2tTAy55oJsQiUbgrf88ippXlS9q6r7cFmp3eZxFOEETuEcPLiGGtxDHRogYATP8ApvTuq8OO/Ox6K14OQzx/AHzucP+/WPUg==</latexit>

✓

<latexit sha1_base64="lK4l37NywuZwtBY2jnmTgBFT6EY=">AAACHnicbVDJSgNBFOxxjXGLevTSGAS9hBkx6EURvAheImQRMnF40+nJNOlZ6H4jhCFf4sVf8eJBEcGT/o2dBVwLGoqqerx+5adSaLTtD2tmdm5+YbGwVFxeWV1bL21sNnWSKcYbLJGJuvZBcyli3kCBkl+nikPkS97y++cjv3XLlRZJXMdByjsR9GIRCAZoJK9UdUPAvDfcc6UZ6sI+PaGuziIv75/Yw5tLF0OO4Ala98RXxiuV7Yo9Bv1LnCkpkylqXunN7SYsi3iMTILWbcdOsZODQsEkHxbdTPMUWB96vG1oDBHXnXx83pDuGqVLg0SZFyMdq98ncoi0HkS+SUaAof7tjcT/vHaGwXEnF3GaIY/ZZFGQSYoJHXVFu0JxhnJgCDAlzF8pC0EBQ9No0ZTg/D75L2keVJxqxb46LJ+dTusokG2yQ/aIQ47IGbkgNdIgjNyRB/JEnq1769F6sV4n0RlrOrNFfsB6/wR9Z6Ft</latexit>

ĝ(�) =
KX

k=0

✓iTi(�)

<latexit sha1_base64="ftauyYahqYYZaQMQVGxUTzC8LoI=">AAACDHicbVDLSgMxFM34rPVVdekmWITqosyIoptKwY2giwp9QWccMmnahmYeJHekZegHuPFX3LhQxK0f4M6/MW1noa0HAodzzuXmHi8SXIFpfhsLi0vLK6uZtez6xubWdm5nt67CWFJWo6EIZdMjigkesBpwEKwZSUZ8T7CG178a+40HJhUPgyoMI+b4pBvwDqcEtOTm8oPjLi5hW8W+m/RL5uj+xoYeA+JyXHV54fYID3TKLJoT4HlipSSPUlTc3JfdDmnsswCoIEq1LDMCJyESOBVslLVjxSJC+6TLWpoGxGfKSSbHjPChVtq4E0r9AsAT9fdEQnylhr6nkz6Bnpr1xuJ/XiuGzoWT8CCKgQV0uqgTCwwhHjeD21wyCmKoCaGS679i2iOSUND9ZXUJ1uzJ86R+UrTOiubdab58mdaRQfvoABWQhc5RGV2jCqohih7RM3pFb8aT8WK8Gx/T6IKRzuyhPzA+fwAm2JnD</latexit>

x ⇤ g =
KX

k=0

✓iTi(L)x



Graph Convolutional Networks 
 Main intuition: Design a scalable architecture with first-order 

approximation of spectral graph convolution 

 A convolutional layer is defined as: 
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<latexit sha1_base64="ARwdK2Ke2PHkCjnA70zAf6UAnK8="></latexit>

g ⇤ x ⇡ ✓0x+ ✓1(L� IN )x = ✓0x� ✓1D
�1/2WD�1/2x

<latexit sha1_base64="kFXcD8XlZ6/YowUkaWBLFub3Sqk=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAI9VZniqIrKehCdxXsBdqxZNK0Dc1cSM5Iy9CXcOOruHGhiFvBnW9j2o6grQdCPv7/HJLzO4HgCkzzy0jMzM7NLyQXU0vLK6tr6fWNsvJDSVmJ+sKXVYcoJrjHSsBBsGogGXEdwSpO92LoV+6ZVNz3bqEfMNslbY+3OCWgpUb6oL3Xw3USBNLXN3QYEJy9xvv48i46tI7yg8oP7OJeI50xc+ao8DRYMWRQXMVG+rPe9GnoMg+oIErVLDMAOyISOBVskKqHigWEdkmb1TR6xGXKjkZbDfCOVpq45Ut9PMAj9fdERFyl+q6jO10CHTXpDcX/vFoIrTM74l4QAvPo+KFWKDD4eBgRbnLJKIi+BkIl13/FtEMkoaCDTOkQrMmVp6Gcz1knOfPmOFM4j+NIoi20jbLIQqeogK5QEZUQRQ/oCb2gV+PReDbejPdxa8KIZzbRnzI+vgGBdpva</latexit>

g ⇤ x ⇡ ✓(I +D�1/2WD�1/2)x

<latexit sha1_base64="8uEdqj07VaBEg96g7+/Ub/QgT5o=">AAACJXicbVDLSgMxFM34rPVVdekmWAQRrDOi6EKkoAuXFawVOmPJpLdtaOZBckcsw/yMG3/FjQuLCK78FdM6C60eCDk5515u7vFjKTTa9oc1NT0zOzdfWCguLi2vrJbW1m90lCgOdR7JSN36TIMUIdRRoITbWAELfAkNv38+8hv3oLSIwmscxOAFrBuKjuAMjdQqnXZ3H6jL4lhF5sYeIHNRyDakF9lduufsH2T5u5FNGg+tUtmu2GPQv8TJSZnkqLVKQ7cd8SSAELlkWjcdO0YvZQoFl5AV3URDzHifdaFpaMgC0F463jKj20Zp006kzAmRjtWfHSkLtB4EvqkMGPb0pDcS//OaCXZOvFSEcYIQ8u9BnURSjOgoMtoWCjjKgSGMK2H+SnmPKcbRBFs0ITiTK/8lNwcV56hiXx2Wq2d5HAWySbbIDnHIMamSS1IjdcLJI3kmr2RoPVkv1pv1/l06ZeU9G+QXrM8vw7ulZw==</latexit>

g ⇤ x ⇡ ✓D̃�1/2W̃ D̃�1/2x

<latexit sha1_base64="1fuaeyufgvmm7ER3BVOaVF/HFRc=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0UQhJCIoheh4EUvUsE2hTaEzWbTLt18sLsRSqh/xYsHRbz6Q7z5b9y2OWjrg4HHezPMzAsyzqSy7W9jaXlldW29slHd3Nre2TX39tsyzQWhLZLyVHQCLClnCW0ppjjtZILiOODUDYbXE999pEKyNHlQo4x6Me4nLGIEKy35Zq2nGA9p4Y7RFXLRCbr173yzblv2FGiROCWpQ4mmb371wpTkMU0U4VjKrmNnyiuwUIxwOq72ckkzTIa4T7uaJjim0iumx4/RkVZCFKVCV6LQVP09UeBYylEc6M4Yq4Gc9ybif143V9GlV7AkyxVNyGxRlHOkUjRJAoVMUKL4SBNMBNO3IjLAAhOl86rqEJz5lxdJ+9Ryzi37/qzesMo4KnAAh3AMDlxAA26gCS0gMIJneIU348l4Md6Nj1nrklHO1OAPjM8ffSmTSw==</latexit>

W̃ = W + IN

<latexit sha1_base64="TxGjtwuSJbjDCLBFrdLEXVXYGWc=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiuDEkouhGKLhxWcFeoA1hMp20QyeTMHMilNCVG1/FjQtF3PoM7nwbp20W2vrDwMd/zuHM+cNUcA2u+22VlpZXVtfK65WNza3tHXt3r6mTTFHWoIlIVDskmgkuWQM4CNZOFSNxKFgrHN5M6q0HpjRP5D2MUubHpC95xCkBYwX2YRcGDAi+xjMIXIOnBXuBXXUddyq8CF4BVVSoHthf3V5Cs5hJoIJo3fHcFPycKOBUsHGlm2mWEjokfdYxKEnMtJ9PzxjjY+P0cJQo8yTgqft7Iiex1qM4NJ0xgYGer03M/2qdDKIrP+cyzYBJOlsUZQJDgieZ4B5XjIIYGSBUcfNXTAdEEQomuYoJwZs/eRGaZ4534bh359WaU8RRRgfoCJ0gD12iGrpFddRAFD2iZ/SK3qwn68V6tz5mrSWrmNlHf2R9/gDMEJdZ</latexit>

✓ = ✓0 = �✓1

<latexit sha1_base64="HSWFwkX6koJ4g9R2Nhr6LGFds/A="></latexit>

hl+1 = �(D̃�1/2W̃ D̃�1/2hl✓l+1)

Adjacency/Weight matrix
Degree matrix

Learned parameters 



GCN architecture 
 Very often, it consists of two GCN layers
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<latexit sha1_base64="zGDbAnr1ox51avn+wwOkVYcAnpI="></latexit>

hl+1 = �(D̃�1/2W̃D̃�1/2hl✓l+1)

<latexit sha1_base64="jjNmH2qbFa6zZ39ImrqeiFrdKq8=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjOiqAuh4MZlBfuAdiyZNNOGJpkhyRTK0D9x40IRt/6JO//GTDsLbT0QOJxzL/fkhAln2njet7Oyura+sVnaKm/v7O7tuweHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0V3ut8ZUaRbLRzNJaCDwQLKIEWys1HPdrsBmGEbZ8MlDt6g97bkVr+rNgJaJX5AKFKj33K9uPyapoNIQjrXu+F5iggwrwwin03I31TTBZIQHtGOpxILqIJsln6JTq/RRFCv7pEEz9fdGhoXWExHayTynXvRy8T+vk5roOsiYTFJDJZkfilKOTIzyGlCfKUoMn1iCiWI2KyJDrDAxtqyyLcFf/PIyaZ5X/cuq93BRqd0UdZTgGE7gDHy4ghrcQx0aQGAMz/AKb07mvDjvzsd8dMUpdo7gD5zPH26dktc=</latexit>

h0 = X

[Kipf et al., Semi-Supervised Classification with Graph Convolutional Networks, ICLR, 2017] 



Each layer increases the receptive 
field of each node
 Each layer increases the receptive field by     hops 

 Example:    
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<latexit sha1_base64="StyRNWdB+7DfW2Ga8LrlYIKxFN4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtS8CJ4qWDaQhvKZjttl242YXcjlNDf4MWDIl79Qd78N27bHLT1wcDjvRlm5oWJ4Nq47rdTWFldW98obpa2tnd298r7Bw0dp4qhz2IRq1ZINQou0TfcCGwlCmkUCmyGo9up33xCpXksH804wSCiA8n7nFFjJf+eXBOvW664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvwoyLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVe+i6j6cV2o3eRxFOIJjOAUPLqEGd1AHHxhweIZXeHOk8+K8Ox/z1oKTzxzCHzifPz+7jaU=</latexit>

K = 1

<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K

Layer 1Layer 0 Layer 2



The basic GNN: a spatial viewpoint 
 Consists of a set of graph convolutional layers, each of which is 

followed by elementwise nonlinearity, i.e.,  

 Each layer increases the receptive field by 1-hop neighbors
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Nonlinearity  
(e.g., ReLU) 

. 

. 

.
. 
. 

Nonlinearity  
(e.g., ReLU) MLP Predictive 

task…<latexit sha1_base64="WDXPuAgA0rAm3GTjYJpoBwsao8s=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhLopSVF0WXDjsoK9QBvDZDpph04mYeZEKLELX8WNC0Xc+hrufBunbRba+sPAx3/O4Zz5g0RwDY7zbRVWVtfWN4qbpa3tnd09e/+gpeNUUdaksYhVJyCaCS5ZEzgI1kkUI1EgWDsYXU/r7QemNI/lHYwT5kVkIHnIKQFj+fZRe3ifVdyzSQ+GDMic/Zpvl52qMxNeBjeHMsrV8O2vXj+macQkUEG07rpOAl5GFHAq2KTUSzVLCB2RAesalCRi2stm90/wqXH6OIyVeRLwzP09kZFI63EUmM6IwFAv1qbmf7VuCuGVl3GZpMAknS8KU4EhxtMwcJ8rRkGMDRCquLkV0yFRhIKJrGRCcBe/vAytWtW9qDq35+W6k8dRRMfoBFWQiy5RHd2gBmoiih7RM3pFb9aT9WK9Wx/z1oKVzxyiP7I+fwBHHpTr</latexit>

Wh(1)✓(1)2

<latexit sha1_base64="QvbmnCdDUGuINVY3ejA6BF3wPUg=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaLUDclEUWXBTcuK9gLtDFMppNm6GQSZk6EErvwVdy4UMStr+HOt3HaZqGtPwx8/Occzpk/SAXX4Djf1tLyyuraemmjvLm1vbNr7+23dJIpypo0EYnqBEQzwSVrAgfBOqliJA4EawfD60m9/cCU5om8g1HKvJgMJA85JWAs3z5sR/d51T0d9yBiQGbsu75dcWrOVHgR3AIqqFDDt796/YRmMZNABdG66zopeDlRwKlg43Iv0ywldEgGrGtQkphpL5/eP8YnxunjMFHmScBT9/dETmKtR3FgOmMCkZ6vTcz/at0Mwisv5zLNgEk6WxRmAkOCJ2HgPleMghgZIFRxcyumEVGEgomsbEJw57+8CK2zmntRc27PK3WniKOEjtAxqiIXXaI6ukEN1EQUPaJn9IrerCfrxXq3PmatS1Yxc4D+yPr8AUWalOo=</latexit>

Wh(1)✓(1)1

<latexit sha1_base64="decY6nBTf1U0Btj0ked3PNb3Ugg=">AAACA3icbZDLSsNAFIYn9VbrLepON8Ei1E1JRNFlQRCXFewF2hgm00kzdDIJMydCCQE3voobF4q49SXc+TZO2yy09YeBj/+cw5nz+wlnCmz72ygtLa+srpXXKxubW9s75u5eW8WpJLRFYh7Lro8V5UzQFjDgtJtIiiOf044/uprUOw9UKhaLOxgn1I3wULCAEQza8syDTnif1ZyTvA8hBTxjL7v2nNwzq3bdnspaBKeAKirU9Myv/iAmaUQFEI6V6jl2Am6GJTDCaV7pp4ommIzwkPY0ChxR5WbTG3LrWDsDK4ilfgKsqft7IsORUuPI150RhlDN1ybmf7VeCsGlmzGRpEAFmS0KUm5BbE0CsQZMUgJ8rAETyfRfLRJiiQno2Co6BGf+5EVon9ad87p9e1Zt2EUcZXSIjlANOegCNdANaqIWIugRPaNX9GY8GS/Gu/Exay0Zxcw++iPj8wdtKJav</latexit>

Wh(1)✓(1)F1

<latexit sha1_base64="twFxUwuKojFsy1dBL52qGyI5gs8=">AAACA3icbZDLSsNAFIYn9VbrLepON8Ei1E2ZiKLLgiAuK9gLtDFMppNm6OTCzIlQQsCNr+LGhSJufQl3vo3TNgtt/WHg4z/ncOb8XiK4Aoy/jdLS8srqWnm9srG5tb1j7u61VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFGV5N654FJxePoDsYJc0IyjLjPKQFtueZBJ7jPavgk70PAgMzYza5dO3fNKq7jqaxFsAuookJN1/zqD2KahiwCKohSPRsn4GREAqeC5ZV+qlhC6IgMWU9jREKmnGx6Q24da2dg+bHULwJr6v6eyEio1Dj0dGdIIFDztYn5X62Xgn/pZDxKUmARnS3yU2FBbE0CsQZcMgpirIFQyfVfLRoQSSjo2Co6BHv+5EVon9bt8zq+Pas2cBFHGR2iI1RDNrpADXSDmqiFKHpEz+gVvRlPxovxbnzMWktGMbOP/sj4/AFqBJat</latexit>

Wh(0)✓(0)F1

<latexit sha1_base64="AV2KIByMnmgIzddsJhZYbT0C7cg=">AAACAXicbZDLSsNAFIYn9VbrLepGcBMsQt2USVF0WXDjsoK9QBvDZDpphk4uzJwIJcSNr+LGhSJufQt3vo3TNgtt/WHg4z/ncOb8XiK4Aoy/jdLK6tr6RnmzsrW9s7tn7h90VJxKyto0FrHseUQxwSPWBg6C9RLJSOgJ1vXG19N694FJxePoDiYJc0IyirjPKQFtueZRN7jPavgsH0DAgMzZzRq5a1ZxHc9kLYNdQBUVarnm12AY0zRkEVBBlOrbOAEnIxI4FSyvDFLFEkLHZMT6GiMSMuVkswty61Q7Q8uPpX4RWDP390RGQqUmoac7QwKBWqxNzf9q/RT8KyfjUZICi+h8kZ8KC2JrGoc15JJREBMNhEqu/2rRgEhCQYdW0SHYiycvQ6dRty/q+Pa82sRFHGV0jE5QDdnoEjXRDWqhNqLoET2jV/RmPBkvxrvxMW8tGcXMIfoj4/MHFgCV9Q==</latexit>

Wh(0)✓(0)2

<latexit sha1_base64="5m/SZUQH4siO4NNfvxCNyegFGEg=">AAACAXicbZDLSsNAFIYnXmu9Rd0IboJFqJsyEUWXBTcuK9gLtDFMppN26GQSZk6EEuLGV3HjQhG3voU738Zpm4W2/jDw8Z9zOHP+IBFcA8bf1tLyyuraemmjvLm1vbNr7+23dJwqypo0FrHqBEQzwSVrAgfBOoliJAoEawej60m9/cCU5rG8g3HCvIgMJA85JWAs3z5sD++zKj7NezBkQGbsZ27u2xVcw1M5i+AWUEGFGr791evHNI2YBCqI1l0XJ+BlRAGnguXlXqpZQuiIDFjXoCQR0142vSB3TozTd8JYmSfBmbq/JzISaT2OAtMZERjq+drE/K/WTSG88jIukxSYpLNFYSociJ1JHE6fK0ZBjA0Qqrj5q0OHRBEKJrSyCcGdP3kRWmc196KGb88rdVzEUUJH6BhVkYsuUR3doAZqIooe0TN6RW/Wk/VivVsfs9Ylq5g5QH9kff4AFHuV9A==</latexit>

Wh(0)✓(0)1

<latexit sha1_base64="38xyVVIMTOYpCVZWjyEVn/dWpgE=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQIpQZUXSjFNy4rGAf0I4lk6ZtaJIZkoxQh1m48VfcuFDErR/hzr8x085CWw9cOJxzL/fe44eMKu0431ZuaXlldS2/XtjY3NresXf3miqIJCYNHLBAtn2kCKOCNDTVjLRDSRD3GWn546vUb90TqWggbvUkJB5HQ0EHFCNtpJ5dHN3FZXbkVhJ4AbuKDjkqP6RSJan07JJTdaaAi8TNSAlkqPfsr24/wBEnQmOGlOq4Tqi9GElNMSNJoRspEiI8RkPSMVQgTpQXT59I4KFR+nAQSFNCw6n6eyJGXKkJ900nR3qk5r1U/M/rRHpw7sVUhJEmAs8WDSIGdQDTRGCfSoI1mxiCsKTmVohHSCKsTW4FE4I7//IiaR5X3dOqc3NSql1mceRBERyAMnDBGaiBa1AHDYDBI3gGr+DNerJerHfrY9aas7KZffAH1ucP7DqWWA==</latexit>

h(l+1) = �(z(l))

<latexit sha1_base64="7nlOKocbUIywWrQ7kNBvBoTN9Gg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKohcl4MVjBPPAZA2zk95kyOzsMjMrhCV/4cWDIl79G2/+jZPHQRMLGoqqbrq7gkRwbVz321laXlldW89t5De3tnd2C3v7dR2nimGNxSJWzYBqFFxizXAjsJkopFEgsBEMbsZ+4wmV5rG8N8ME/Yj2JA85o8ZKD/3HrOSejMhVs1MoumV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk4hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz0My6T1KBk00VhKoiJyfh90uUKmRFDSyhT3N5KWJ8qyowNKW9D8OZfXiT107J3XnbvzoqV61kcOTiEIyiBBxdQgVuoQg0YSHiGV3hztPPivDsf09YlZzZzAH/gfP4ABVqP0g==</latexit>

h(0) = X



Towards a graph convolution:  
A spatial viewpoint
 Key intuition: Generalize the notion of convolution from images 

(grid graph) to networks (irregular graph)  
 Example of a single CNN layer with 3x3 filter 

- Fixed neighbourhood  
- Canonical order across neighbors 
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Animation from V. Dumoulin

Can we exploit similar structure for graph data? 

<latexit sha1_base64="x6pjUN7zgt+Miq+S8V3T5gauOVw=">AAACGnicbZDJSgNBEIZ74hbjNurRS2MQEoQwI4rxEAh48RjBLJBl6Ol0kiY9C901QjLMc3jxVbx4UMSbePFt7CyCJhY0fPx/FdX1u6HgCizry0itrK6tb6Q3M1vbO7t75v5BTQWRpKxKAxHIhksUE9xnVeAgWCOUjHiuYHV3eD3x6/dMKh74dzAKWdsjfZ/3OCWgJce0xw7vxDlxaucTXMItFXlOzEtW0im2YMCAzOx8Mv4Bx8xaBWtaeBnsOWTRvCqO+dHqBjTymA9UEKWathVCOyYSOBUsybQixUJCh6TPmhp94jHVjqenJfhEK13cC6R+PuCp+nsiJp5SI8/VnR6BgVr0JuJ/XjOCXrEdcz+MgPl0tqgXCQwBnuSEu1wyCmKkgVDJ9V8xHRBJKOg0MzoEe/HkZaidFeyLgnV7ni1fzeNIoyN0jHLIRpeojG5QBVURRQ/oCb2gV+PReDbejPdZa8qYzxyiP2V8fgNgLZ/U</latexit>

z(l+1)
i =

8X

i=0

✓(l)i z(l)i

<latexit sha1_base64="LnSLE+9MOfzBuSYnLaWfXr9U4lw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z6kZX426RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0mzWvEuKu7teal2ksWRhyM4hjJ4cAk1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QMTi4/W</latexit>

z(l)0

<latexit sha1_base64="XfDcnVB1MvKts/Vd5fNPUj7S4iM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z2kZX426RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0mzWvEuKu7teal2ksWRhyM4hjJ4cAk1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QMVFY/X</latexit>

z(l)1

<latexit sha1_base64="0E4Fy+eY+JLPHMejnfZHglZteM4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NmteJdVNzb81LtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcWn4/Y</latexit>

z(l)2

<latexit sha1_base64="Zw79NKSBgtJ6E1d2xznu/Bl/+hk=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIprghez6iB5JvHjERB4GVjI7zMKEmdnNzKwJbvgKLx40xquf482/cYA9KFhJJ5Wq7nR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4fXEbz5SpVkk78wopr7AfclCRrCx0v1T9+whLfOTcbdYcivuFGiReBkpQYZat/jV6UUkEVQawrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtlVhQ7afTg8fo2Co9FEbKljRoqv6eSLHQeiQC2ymwGeh5byL+57UTE175KZNxYqgks0VhwpGJ0OR71GOKEsNHlmCimL0VkQFWmBibUcGG4M2/vEgapxXvouLenpeqR1kceTiAQyiDB5dQhRuoQR0ICHiGV3hzlPPivDsfs9ack83swx84nz8YKY/Z</latexit>

z(l)3

<latexit sha1_base64="uVJcTHqtpd7YArLdpwQyEMkF0V0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquVPRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecW7qLi31VLtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcZs4/a</latexit>

z(l)4

<latexit sha1_base64="6Xn2F3KGqHnsrB2J5hFoe6Y2fqI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquWPRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecWrVtzbi1LtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcbPY/b</latexit>

z(l)5

<latexit sha1_base64="9r9/pjIbpkkObPWJvweRzN4MceQ=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIprghewaX0cSLx4xkYeBlcwOszBhZnYzM2uCG77CiweN8ernePNvHGAPClbSSaWqO91dQcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geD3xm49UaRbJOzOKqS9wX7KQEWysdP/UvXhIy/xk3C2W3Io7BVokXkZKkKHWLX51ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n04DE6tkoPhZGyJQ2aqr8nUiy0HonAdgpsBnrem4j/ee3EhFd+ymScGCrJbFGYcGQiNPke9ZiixPCRJZgoZm9FZIAVJsZmVLAhePMvL5LGacU7r7i3Z6XqURZHHg7gEMrgwSVU4QZqUAcCAp7hFd4c5bw4787HrDXnZDP78AfO5w8cx4/c</latexit>

z(l)6

<latexit sha1_base64="g4sTnvdJqrI7VvdaVaczPS/JVrY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquKPVY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecW7rLi3F6XaSRZHHo7gGMrgQRVqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wceUY/d</latexit>

z(l)7

<latexit sha1_base64="OSpeL38VyJgDTTyjgd5AIkAXaI0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquKPZY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFU/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzvOJdVtzbi1LtJIsjD0dwDGXw4ApqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcf24/e</latexit>

z(l)8

<latexit sha1_base64="BZ59uN/xHBDTE6vHMsEPRxNInXs=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BKtQLyURxR4LXjxWsB/QpmWz3bRLN5uwO1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/FhwjY7zbeXW1jc2t/LbhZ3dvf2D4uFRU0eJoqxBIxGptk80E1yyBnIUrB0rRkJfsJY/vp35rUemNI/kA05i5oVkKHnAKUEj9bo4Ykj61V5aFhfTfrHkVJw57FXiZqQEGer94ld3ENEkZBKpIFp3XCdGLyUKORVsWugmmsWEjsmQdQyVJGTaS+dXT+1zowzsIFKmJNpz9fdESkKtJ6FvOkOCI73szcT/vE6CQdVLuYwTZJIuFgWJsDGyZxHYA64YRTExhFDFza02HRFFKJqgCiYEd/nlVdK8rLjXFef+qlQ7y+LIwwmcQhlcuIEa3EEdGkBBwTO8wpv1ZL1Y79bHojVnZTPH8AfW5w/qkpII</latexit>

✓(l)8

<latexit sha1_base64="wlg4WQ9YOmH4m3g0A1ZHDq/pKX4=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBTiJeyKoseAF48RzAOSTZidTJIhs7PLTK8SlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHBYN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBGMbqd+45FrIyL1gOOY+yEdKNEXjKKVOm0ccqRdt5OW5PmkWyi6ZXcGsky8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bop1SjYJJP8u3E8JiyER3wlqWKhtz46ezqCTmzSo/0I21LIZmpvydSGhozDgPbGVIcmkVvKv7ntRLs3/ipUHGCXLH5on4iCUZkGgHpCc0ZyrEllGlhbyVsSDVlaIPK2xC8xZeXSf2i7F2V3fvLYuU0iyMHx3ACJfDgGipwB1WoAQMNz/AKb86T8+K8Ox/z1hUnmzmCP3A+fwDeQpIA</latexit>

✓(l)0

<latexit sha1_base64="bWlAlXHgDSirHzWmo6X4zJrJ7Wg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BKtQLyUpih4LXjxWsB/QpmWz3bRLN5uwO1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/FhwjY7zbeXW1jc2t/LbhZ3dvf2D4uFRU0eJoqxBIxGptk80E1yyBnIUrB0rRkJfsJY/vp35rUemNI/kA05i5oVkKHnAKUEj9bo4Ykj61V5aFhfTfrHkVJw57FXiZqQEGer94ld3ENEkZBKpIFp3XCdGLyUKORVsWugmmsWEjsmQdQyVJGTaS+dXT+1zowzsIFKmJNpz9fdESkKtJ6FvOkOCI73szcT/vE6CwY2XchknyCRdLAoSYWNkzyKwB1wximJiCKGKm1ttOiKKUDRBFUwI7vLLq6RZrbhXFef+slQ7y+LIwwmcQhlcuIYa3EEdGkBBwTO8wpv1ZL1Y79bHojVnZTPH8AfW5w/hVpIC</latexit>

✓(l)2



Towards a graph convolution:  
A spatial viewpoint
 Key intuition: Generalize the notion of convolution from images 

(grid graph) to networks (irregular graph)  
 Example of a single CNN layer with 3x3 filter 

- Fixed neighbourhood  
- Canonical order across neighbors 
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Animation from V. Dumoulin

Can we exploit similar structure for graph data? 

<latexit sha1_base64="x6pjUN7zgt+Miq+S8V3T5gauOVw=">AAACGnicbZDJSgNBEIZ74hbjNurRS2MQEoQwI4rxEAh48RjBLJBl6Ol0kiY9C901QjLMc3jxVbx4UMSbePFt7CyCJhY0fPx/FdX1u6HgCizry0itrK6tb6Q3M1vbO7t75v5BTQWRpKxKAxHIhksUE9xnVeAgWCOUjHiuYHV3eD3x6/dMKh74dzAKWdsjfZ/3OCWgJce0xw7vxDlxaucTXMItFXlOzEtW0im2YMCAzOx8Mv4Bx8xaBWtaeBnsOWTRvCqO+dHqBjTymA9UEKWathVCOyYSOBUsybQixUJCh6TPmhp94jHVjqenJfhEK13cC6R+PuCp+nsiJp5SI8/VnR6BgVr0JuJ/XjOCXrEdcz+MgPl0tqgXCQwBnuSEu1wyCmKkgVDJ9V8xHRBJKOg0MzoEe/HkZaidFeyLgnV7ni1fzeNIoyN0jHLIRpeojG5QBVURRQ/oCb2gV+PReDbejPdZa8qYzxyiP2V8fgNgLZ/U</latexit>

z(l+1)
i =

8X

i=0

✓(l)i z(l)i

<latexit sha1_base64="LnSLE+9MOfzBuSYnLaWfXr9U4lw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z6kZX426RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0mzWvEuKu7teal2ksWRhyM4hjJ4cAk1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QMTi4/W</latexit>

z(l)0

<latexit sha1_base64="XfDcnVB1MvKts/Vd5fNPUj7S4iM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z2kZX426RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0mzWvEuKu7teal2ksWRhyM4hjJ4cAk1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QMVFY/X</latexit>

z(l)1

<latexit sha1_base64="0E4Fy+eY+JLPHMejnfZHglZteM4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NmteJdVNzb81LtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcWn4/Y</latexit>

z(l)2

<latexit sha1_base64="Zw79NKSBgtJ6E1d2xznu/Bl/+hk=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIprghez6iB5JvHjERB4GVjI7zMKEmdnNzKwJbvgKLx40xquf482/cYA9KFhJJ5Wq7nR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4fXEbz5SpVkk78wopr7AfclCRrCx0v1T9+whLfOTcbdYcivuFGiReBkpQYZat/jV6UUkEVQawrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtlVhQ7afTg8fo2Co9FEbKljRoqv6eSLHQeiQC2ymwGeh5byL+57UTE175KZNxYqgks0VhwpGJ0OR71GOKEsNHlmCimL0VkQFWmBibUcGG4M2/vEgapxXvouLenpeqR1kceTiAQyiDB5dQhRuoQR0ICHiGV3hzlPPivDsfs9ack83swx84nz8YKY/Z</latexit>

z(l)3

<latexit sha1_base64="uVJcTHqtpd7YArLdpwQyEMkF0V0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquVPRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecW7qLi31VLtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcZs4/a</latexit>

z(l)4

<latexit sha1_base64="6Xn2F3KGqHnsrB2J5hFoe6Y2fqI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquWPRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecWrVtzbi1LtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcbPY/b</latexit>

z(l)5

<latexit sha1_base64="9r9/pjIbpkkObPWJvweRzN4MceQ=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIprghewaX0cSLx4xkYeBlcwOszBhZnYzM2uCG77CiweN8ernePNvHGAPClbSSaWqO91dQcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geD3xm49UaRbJOzOKqS9wX7KQEWysdP/UvXhIy/xk3C2W3Io7BVokXkZKkKHWLX51ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n04DE6tkoPhZGyJQ2aqr8nUiy0HonAdgpsBnrem4j/ee3EhFd+ymScGCrJbFGYcGQiNPke9ZiixPCRJZgoZm9FZIAVJsZmVLAhePMvL5LGacU7r7i3Z6XqURZHHg7gEMrgwSVU4QZqUAcCAp7hFd4c5bw4787HrDXnZDP78AfO5w8cx4/c</latexit>

z(l)6

<latexit sha1_base64="g4sTnvdJqrI7VvdaVaczPS/JVrY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquKPVY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecW7rLi3F6XaSRZHHo7gGMrgQRVqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wceUY/d</latexit>

z(l)7

<latexit sha1_base64="OSpeL38VyJgDTTyjgd5AIkAXaI0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquKPZY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFU/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzvOJdVtzbi1LtJIsjD0dwDGXw4ApqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcf24/e</latexit>

z(l)8

<latexit sha1_base64="BZ59uN/xHBDTE6vHMsEPRxNInXs=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BKtQLyURxR4LXjxWsB/QpmWz3bRLN5uwO1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/FhwjY7zbeXW1jc2t/LbhZ3dvf2D4uFRU0eJoqxBIxGptk80E1yyBnIUrB0rRkJfsJY/vp35rUemNI/kA05i5oVkKHnAKUEj9bo4Ykj61V5aFhfTfrHkVJw57FXiZqQEGer94ld3ENEkZBKpIFp3XCdGLyUKORVsWugmmsWEjsmQdQyVJGTaS+dXT+1zowzsIFKmJNpz9fdESkKtJ6FvOkOCI73szcT/vE6CQdVLuYwTZJIuFgWJsDGyZxHYA64YRTExhFDFza02HRFFKJqgCiYEd/nlVdK8rLjXFef+qlQ7y+LIwwmcQhlcuIEa3EEdGkBBwTO8wpv1ZL1Y79bHojVnZTPH8AfW5w/qkpII</latexit>

✓(l)8

<latexit sha1_base64="wlg4WQ9YOmH4m3g0A1ZHDq/pKX4=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBTiJeyKoseAF48RzAOSTZidTJIhs7PLTK8SlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHBYN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBGMbqd+45FrIyL1gOOY+yEdKNEXjKKVOm0ccqRdt5OW5PmkWyi6ZXcGsky8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bop1SjYJJP8u3E8JiyER3wlqWKhtz46ezqCTmzSo/0I21LIZmpvydSGhozDgPbGVIcmkVvKv7ntRLs3/ipUHGCXLH5on4iCUZkGgHpCc0ZyrEllGlhbyVsSDVlaIPK2xC8xZeXSf2i7F2V3fvLYuU0iyMHx3ACJfDgGipwB1WoAQMNz/AKb86T8+K8Ox/z1hUnmzmCP3A+fwDeQpIA</latexit>

✓(l)0

<latexit sha1_base64="bWlAlXHgDSirHzWmo6X4zJrJ7Wg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BKtQLyUpih4LXjxWsB/QpmWz3bRLN5uwO1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/FhwjY7zbeXW1jc2t/LbhZ3dvf2D4uFRU0eJoqxBIxGptk80E1yyBnIUrB0rRkJfsJY/vp35rUemNI/kA05i5oVkKHnAKUEj9bo4Ykj61V5aFhfTfrHkVJw57FXiZqQEGer94ld3ENEkZBKpIFp3XCdGLyUKORVsWugmmsWEjsmQdQyVJGTaS+dXT+1zowzsIFKmJNpz9fdESkKtJ6FvOkOCI73szcT/vE6CwY2XchknyCRdLAoSYWNkzyKwB1wximJiCKGKm1ttOiKKUDRBFUwI7vLLq6RZrbhXFef+slQ7y+LIwwmcQhlcuIYa3EEdGkBBwTO8wpv1ZL1Y79bHojVnZTPH8AfW5w/hVpIC</latexit>

✓(l)2



Spatial graph convolution 
 Main issue: We cannot have variable number of weights; it 

requires assuming an order on the nodes 

 Solution: Impose same filter weights for all nodes  
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<latexit sha1_base64="LnSLE+9MOfzBuSYnLaWfXr9U4lw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z6kZX426RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0mzWvEuKu7teal2ksWRhyM4hjJ4cAk1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QMTi4/W</latexit>

z(l)0
<latexit sha1_base64="XfDcnVB1MvKts/Vd5fNPUj7S4iM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z2kZX426RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0mzWvEuKu7teal2ksWRhyM4hjJ4cAk1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QMVFY/X</latexit>

z(l)1

<latexit sha1_base64="0E4Fy+eY+JLPHMejnfZHglZteM4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NmteJdVNzb81LtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcWn4/Y</latexit>

z(l)2

<latexit sha1_base64="g4sTnvdJqrI7VvdaVaczPS/JVrY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquKPVY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecW7rLi3F6XaSRZHHo7gGMrgQRVqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wceUY/d</latexit>

z(l)7
<latexit sha1_base64="OSpeL38VyJgDTTyjgd5AIkAXaI0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquKPZY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFU/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzvOJdVtzbi1LtJIsjD0dwDGXw4ApqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcf24/e</latexit>
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Spatial approaches in one slide
 Generate node embeddings based on local neighborhoods  

- Nodes aggregate information from their neighbors using a permutation-invariant 
function  

- The feature vector of each node is updated based on its current values and the 
aggregated neighbourhood representation 

 Feed the embeddings into a loss function (usually task specific) 

 Key difference between architectures: How nodes aggregate 
information across layers
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MPNN - Example 

 At each iteration, the embeddings are updated as follows: 
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Graph isomorphism network
 Motivation: introduce a way of defining expressive power of 

MPNNs 
- for example, for graph classification, what kinds of graphs can they distinguish?
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Xu et al., “How powerful are graph neural networks?,” ICLR, 2019.

[source: M. Bronstein]

• Inspiration from the Weisfeiler-Lehman test for graph isomorphism 
(whether two graphs are isomorphic)

potentially isomorphic graphs 
(necessary but not sufficient)



Graph isomorphism network
 Striking similarity between MPNNs and 1-WL test 

- both follow three steps: 1) message passing, 2) neighbourhood aggregation, 3) 
node update
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• Can we design an MPNN that is as powerful as the WL test?
- more than graph isomorphism we can use it for graph classification or regression
- hash func in WL is injective       injective aggregator/update func in MPNNs?



Graph isomorphism network
 What aggregator function is injective? 

- expressive power on a multiset: sum > mean > max-pooling
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• GIN is provably as powerful as 1-WL test (under certain conditions)
- aggregator & update: sum + MLP

- global readout: sum + MLP

[source: X. Bresson]



Comparison between spatial and 
spectral design 
 Spectral convolution: Generalizes the notion of convolution by 

following a frequency viewpoint 

 Spatial convolution: Generalizes the notion of convolution by 
following a spatial viewpoint 

 Strong links exist between both; The practical difference usually 
relies on the receptive field 
- Spectral approaches: Every layer can ‘reach’ K-hops neighbors 
- Spatial approaches: Each layer can ‘reach’ 1-hops neighbors
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Graph attention networks (GAT)
 Intuition: learn relative importance of neighbors in aggregation 

 In attentional GNNs, weights depend on the neighborhood’s 
features 
- Different weights to different nodes in a neighbourhood 
- Remove dependence on the global graph structure

79
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Attention	weights

Comparison	of	
input	features

Input	features	of	nodes	i,	j

Output	features
[Velickovic et al., Graph Attention Networks, ICLR 2018] 

Updated embedding
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Graph transformers
 Generalise GAT to global attention 
 Capture long-range dependencies (but computationally 

expensive)
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[Dwivedi and Bresson, “A generalization of transformer networks to graphs,” AAAI Workshop, 2021]

transformers graph transformers

PEs retaining 
graph info



How to use GNNs?
 GNNs typically provide embeddings at a node level   
 These embeddings can be used for learning a downstream task 
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Node 
classification

GNN-based 
embeddings 

Graph 
classification

Link prediction
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Neuroscience: learn to compare brain 
networks

82
Graph Representations for Biology and Medicine - EE626 

Dr Dorina Thanou 

[Ktena et al., Metric learning with spectral graph convolutions on brain connectivity networks, NeuroImage, 2018]



Protein-protein interactions
 Predicting interactions between proteins and other biomolecules 

solely based on structure remains a challenge in biology 
 Exploit GNNs to learn interaction fingerprints in protein molecular 

surfaces that determine protein interactions
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[Gainza et al, Deciphering interaction fingerprints from protein molecular surfaces using geometric deep learning, Nature methods, 2019]
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[Gainza et al, Deciphering interaction fingerprints from protein molecular surfaces using geometric deep learning, Nature methods, 2019]



De novo design of protein-protein interactions
 Design PPIs by targeting sites using only structural information 

from the target protein
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[Gainza et al, De novo design of protein interactions with learned surface fingerprints, Nature, 2023]



Protein folding 

85
Graph Representations for Biology and Medicine - EE626 

Dr Dorina Thanou 

[Jumper et al., High protein structure prediction with AlphaFold, Nature, 2021]



Future cardiovascular events prediction
 Graphs are used to model the geometry of the arteries 
 Graph neural networks extract predictive features from invasive 

coronary artery images

86
Graph Representations for Biology and Medicine - EE626 

Dr Dorina Thanou 

[Sun et al., Graph neural network based future clinical events prediction from invasive coronary angiography, ISBI, 2024]



Geometric deep learning models cellular 
microenvironment 
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[Wu et al, Graph deep learning for the characterization of tumour microenvironments from spatial protein profiles in tissue specimens, 
Nature Biomedical Engineering, 2022]



Spherical imaging
• Spherical data has specific spatial and statistical properties that cannot 

be captured by regular CNN models   

• Sphere is modelled as a graph and classical operation (convolution,  

88
Graph Representations for Biology and Medicine - EE626 

Dr Dorina Thanou 

[Perraudin et al., “DeepSphere”, Astronomy and Computing, 2019] 
[Bidgoli et al, OSLO: On-the-Sphere Learning for Omnidirectional images and its application to 360-degree image compression, arXiv, 2021] 

Brain activity (MEG) Cosmic microwave  
background temperature Omnidirectional images



Point cloud semantic segmentation
 Graph attention convolution are successful in capturing specific 

shapes that adapt to the structure of an object 
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[Wang et al., Graph Attention Convolution for Point Cloud Semantic Segmentation, CVPR, 2019]



Recommender systems: Aligraph 
 The system is currently deployed at Alibaba to support product 

recommendation and personalized search at Alibaba’s E-
Commerce platform 
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[Zhu et al., AliGraph: A Comprehensive Graph Neural Network Platform, 2019]



Self driving cars 
 GNNs provide probabilistic estimates of future trajectories 

- A CNN detects objects  
- A GNN captures interactions between objects and predicts behaviors 
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[Casas et al,  Spatially aware graph neural networks for relational behaviour forecasting for sensor data, ICRA, 2020]  



Traffic prediction
 As the road network is naturally modelled by a graph of road 

segments and intersections, ETA prediction can be improved with 
graph representation learning 
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[Derrow-Pinion et al., ETA Prediction with Graph Neural Networks in Google Maps, 2021]



Traffic prediction
 As the road network is naturally modelled by a graph of road 

segments and intersections, ETA prediction can be improved with 
graph representation learning 
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[Derrow-Pinion et al., ETA Prediction with Graph Neural Networks in Google Maps, 2021]



Drug repurposing for COVID-19
 Deep GNN approaches have been used to derive the candidate 

drug’s representation based on the biological interactions
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[Hsieh et al, Drug repurposing for COVID-19 using graph neural network and harmonizing multiple evidence, Nature Sc. Rep., 2021]



Learning physical simulations
 Mesh-based simulations are central to modeling complex physical 

systems  
 High-dimensional scientific simulations are very expensive  
 GNNs have been used to learn mesh-based simulations and 

predict the dynamics of physical systems    
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[Pfaff et al, Learning mesh-based simulation with Graph Networks, ICML 2021]
[Sanchez-Gonzales et al, Learning to Simulate Complex Physics with Graph Networks, ICML 2020]



Molecular graph generation
 Recent advances in antibiotic discovery …
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[Simonovsky et al, 2017, De Cao et al 2018, Stokes et al 2020] 



Useful resources 
 Toolboxes 

- https://github.com/rusty1s/pytorch_geometric 
- https://github.com/dmlc/dgl 
- https://github.com/deepmind/jraph 
- https://github.com/tensorflow/gnn 

 Datasets 
- DGL datasets: https://docs.dgl.ai/api/python/dgl.data.html 
- PyG datasets: https://pytorch-geometric.readthedocs.io/en/latest/modules/

datasets.html 
- OGB datasets: https://ogb.stanford.edu 
- https://chrsmrrs.github.io/datasets/ 
- https://chrsmrrs.github.io/datasets/
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Summary 
 Machine learning on graphs/networks requires developing new 

tools that extract information (i.e., features) from complex 
structures   

 Graph-based features (i.e., embeddings) can be designed based 
on some prior, or learned from data 

 Graph neural networks: A very active area of research 
- Different architecture designs, most of them can be categorized as 

convolutional, message passing, attentional 

 A variety of applications, especially in science and biomedicine! 
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Thank you!


