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EPFL
EE-556: Mathematics of Data
Mock Exam

Instructions:

You are not allowed to use calculators, computers, phones, the internet, or any other computing device.
You are not allowed to use your textbook or course notes.

You are allowed to use handwritten notes (not typed, printed, or photocopied) on BOTH sides of ONE sheet of A4
paper.

Please show and EXPLAIN all of your work. For example, it is important to write down any formula you are using
so that we can give you partial credit if you make a small mistake along the way.

Problems marked with = are difficult; attempt them last.

In some questions, the answer to one part may depend on the answers to previous parts. You can get full credit for
the latter part even if the answer to the first part is wrong. In these cases, it is especially important to show your
working for all parts.

If you have any questions about the English vocabulary, please do not hesitate to ask us.
Once you begin the exam, please write your name on all pages.

If you run out of space, you may write on the extra blank pages at the end of the exam sheets.







Name:

PROBLEM 1: LOGISTIC REGRESSION WITH BINARY DATA

In medical diagnostics, we often predict binary outcomes from patient features. For example, given genome data, we
may want to predict whether a patient has breast cancer (s; = 1) or not (s; = 0).

We observe n independent binary outcomes.
1. Observation: At position i, we observe s; € {0, 1} where:
P(si =11a;,x) =m, P(si=0la,x)=1-m

2. Model: We model the success probability with:

1
I+e

T = o'(aiTx), o(u) =

where g; € R” are known feature vectors and x € R?” is the parameter to estimate.

3. Data: We observe pairs {(s;, a;)}!_; where s; is the binary outcome and g, are features.

(a) (4 points) Log-Likelihood Derivation
Write the negative log-likelihood L(x) as:

Lx) = )" fix)
i=1

Find: The explicit form of f;(x) in terms of s;, a;, and o ().

For position i, the probability of observing the data can be written as:
P(si| ai,x) = m'(1 =)'~
The full likelihood is: .,
L(x) = l_[ mi(l - )l
i=1

Taking the log:
log L(x) = Z[s,- logm; + (1 — s;)log(1 — m;)]
i=1

The negative log-likelihood is:

Lx)= ) fi(%)

n

i=1

where
fi(x) = =silog o(a x) — (1 — 5;)log(1 — o(a; x))

(b) (4 points) Gradient Computation
Derive V,L(x) € R? in terms of s;, 7;, and g;. Simplify the expression as much as possible.

Starting with fi(x) = —s;logm; — (1 — s;) log(l — 7;):

1 1
V. filx) = =s;—=V,m; = (1 - Si)l V(1 =m)
T

-7

Since 71; = o(a] x) and o’ (1) = o(u)(1 — o (u)):
Vi = mi(1 — m)a;
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Substituting:
Vifi(x) = _S"nl,»”’(l —ma; + (1 - Si)%mﬂi(l — i)
= —s5i(1 = mpa; + (1 = s)m;a,
= (m; — si)a;
Therefore: .,
V.L(x) = ) (mi - s
i=1

(c) Hessian Analysis and Convexity
(i) (3 points) Compute V2L(x) and show it has the form Yy @i(x) - a;a] for some scalar «;(x). Give the explicit formula for
a;(x) in terms of x;, s;.

From part (b), we have V, fi(x) = (7; — s:)a;.
Taking the gradient again:
V2£(x) = Vil = si)a;]

Since s; is constant:
Vifix) = (Vemda] = 7l = maa]

Therefore:

Vf,L(x) = Z a/,-(x)aia;r
i=1

where «a;(x) = m;(1 — 7;).

(ii) (3 points) Is L(x) convex? Justify.

To check convexity, we need to verify if V2L(x) is positive semidefinite (PSD).
For any vector v € R”:

VIVAL(x) = Z mi(l — JT,-)(al-Tv)2
P

Since m; € (0,1), we have m;(1 — ;) > 0 and (a,.Tv)2 > 0. Therefore vTV2L(x)v > 0 for all v, so the Hessian is PSD
everywhere, and L(x) is convex.

(d) Lipschitz Smoothness and Bounds

Assume max; ||a;|], < R.

(i) (2 points) Find an upper bound for «;(x) that holds for all i and all x. Hint: The function p(1 — p) is maximized at
p=1/2.

We have a;(x) = m;(1 — ;) where r; € (0, 1). The function p(1 — p) attains its maximum value 1/4 at p = 1/2. Therefore:
a;(x) < %.

(ii) (2 points) Find an upper bound for ||[V2L(x)||,. Hints: - For any vector a: |laa’|l, = ||a||§ - Triangle inequality: || 3; Mill» <
2 Ml

From part (c):

V2L(x) = Z ai(x)a;a;

i=1
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Using triangle inequality:
IV2LIL < ) leiaia] | = > aillail}
i=1 i=1

Using «;(x) < 1/4 and ||ail, < R:
nR?

n 1
V2L <Y —R*="_
IV2L()ll, < Z‘ i 0

(iii) (2 points) Conclude the Lipschitz constant L, of VL. Hint: For twice-differentiable functions, Ly, = sup, (IVZL(x)|lo.

For twice-differentiable functions:
Liip = sup [V L(x)|l2
X

From part (ii), this supremum is bounded by #.
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PROBLEM 2: IMPLICIT BIAS OF GRADIENT DESCENT
Consider data points {(a;, b))} |, where a; € R” and b; € {1}. Define the log-sum-exp margin loss:

fx) = 10g(2 exp(—b; aiTx)] )
i=1
Assume the data are linearly well-separable, i.e., there exists vectors x such that b;ax > 0 for all i.

(a) (2 points) Is the optimization problem convex? Is it strongly convex?

fis O convex.
O concave.

O strongly convex.

Solution
The loss is

n
f(x) = log (Z e ] ,
i=1
which is a log-sum-exp of affine functions. Since the log-sum-exp function is convex and non-linear, f is
convex. It is not strongly convex.

(b) (2 points) Find a constant L > 0 such that f is L-smooth with respect to the Euclidean norm, i.e., such that

IVfx) - V(W2 < LIx -yl forallx,y € R”.

Solution
Write z; = —b;a] x so f(x) = LSE(z). The gradient:

VI == ) pibia,  pio) = 5
i=1 J

The Hessian is
V2 f(x) = AT diag(p)A — ATpp" A,
where rows of A are b;a].
i pixt = Yi(pix;)* > 0 since p; < 1, then this is true.
Since the Hessian of the LSE is PSD and bounded above by the identity,

V) < ) o aial < (max i) 1
i=1

A valid smoothness constant is
2
L= m[ax [la;ll5.

(c) (4 points) Consider gradient descent on f(x) with constant step-size n € (0,2/L) and initialization xy = 0:

X1 = X — V().
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Assume the iterates diverge in norm but converge in direction:

Xk

[lxel

A

Among all separating hyperplanes, & corresponds to the one that minimizes the Euclidean norm. Fill in the opti-
mization problem that characterizes #:

f=argmin __ subjectto bja'x > foralli
X

Solution

For linearly separable data and exponential-type losses such as the log-sum-exp loss, it is known that gradient
descent iterates diverge in norm but converge in direction to the separating vector of minimum Euclidean
norm.

Thus the limiting direction % is characterized as the solution of

min|lxl3 st b x>c, i=1,...,n,
X

for some fixed constant ¢ # 0 (typically ¢ > 0). The role of ¢ is simply to fix the scale of x: if x satisfies bax > 0
for all i, then any positive rescaling ¥ = ax with a > 0 is also a separator. Imposing b;a x > ¢ for a fixed ¢ # 0
removes this scaling ambiguity.

Different nonzero choices of ¢ lead to the same direction %/||%||, since changing c just rescales the optimal x. The
standard choice in classification is ¢ = 1, but any ¢ # 0 is acceptable for defining the direction.

So a correct filled-in answer is, for example:

%=argmin|lx|[} st ba x>1, Vi
X
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In adaptive gradient methods such as AdaGrad, the update direction is scaled coordinate-wise based on past gradients.
AdaGrad maintains a diagonal matrix

k-1

H, = diag{z g O gi] , g = Vf(x)),

i=0

and performs the update
Xps| = Xg — UH,:”ng-

As k grows, Hy typically converges to a positive diagonal matrix H*. This suggests that AdaGrad behaves like gradient
descent in a geometry determined by a diagonal matrix H.

To understand this geometry, consider the constrained optimization problem

1
min —x' Hx such that bia/x>1,i=1,...,n,,
x€R? 2

where H is a diagonal matrix with strictly positive entries.

(d) (2 points) Write the Lagrangian £(x, A) of this problem using dual variable A.

Lx, ) =

i n
L(x,A) = flx Hx + E A (1 = ba; x) ;>0
) 2 1 [t ] 1 N

i=1

(e) (4 points) Write the KKT conditions and solve them to obtain the optimal solution x} and A*. Show your work.
(Hint: See the next page for a description of the KKT conditions.)

KKT conditions:

T+

Solution
We consider the problem

L1 .
min - x'Hx st ba'x>1, i=1,...,n,
xeR? 2

where H is diagonal and positive definite. Let A; > 0 be the Lagrange multipliers.
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Lagrangian.

1 n
Lx D) = 5 x Hx + D41 - b x).
i=1

KKT conditions.

¢ Primal feasibility:
¢ Dual feasibility:
¢ Complementary slackness:

¢ Stationarity:

V. L(x, 1) = HX — Z Aibia; = 0.

i=1
Solving for x7,. From stationarity,

Hxy = Mbai = xp=H') Vba:.
=1 i=1
Let A € R be the matrix with rows a, and let b = (by,...,b,) and * = (41},..., 4;). Then
Z ba; = AT(A* 0b),
i=1

and therefore

X, = H'AT(A* @ b).

(f) (6 points) Suppose AdaGrad converges and H; — H*, so that its limit is the point x};, from part (e). Briefly explain
what you expect the implicit bias of AdaGrad to be (i.e., which norm it prefers among all separating solutions),
and state for which diagonal matrices H* AdaGrad and standard GD would be expected to converge to the same
separating direction.

Solution
From part (c), gradient descent converges in direction to the separating vector of minimum Euclidean norm,

characterized by
min|xl3 st bal x> c.
X

Since AdaGrad’s updates scale each coordinate according to H*, it behaves like gradient descent in the H*-
geometry. Thus we expect AdaGrad to converge in direction to the separating vector that minimizes the H*-

weighted norm:
minx'H*x st bia/x>c.
X

The two methods produce the same separating direction exactly when the two norms define the same geome-

try, which occurs iff
H* =cI
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for some scalar ¢ > 0. In that case, AdaGrad and GD prefer the same minimum-norm separator (up to scaling).
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KKT CONDITIONS:

Given a problem
argmin f(x) subjectto g;(x) <0,i=1,...,nand h;(x)=0,j=1,...,p.

xeR?
with dual variables 4 € R” and p € R", the KKT conditions state that the triplet of points (x*, A*, u*) is a solution to the
problem only if

1. (Primal feasibility) We have Vi=1,...,n, gx*)<0andVj=1,...,p, h(x*)=0.
2. (Dual feasibility) We have A* > 0.
3. (Stationarity) We have
VFix*) + zn] AFVgi(x*) + zn:y;‘th(x*) =0.
i=1 J=1

4. (Complementary slackness) Either A* = 0 or g;(x*) = 0.

Conversely, if Slater’s conditions hold, then any point verifying these 4 conditions is necessarily a solution to the prob-
lem.
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PROBLEM 3: CONVERGENCE RATE AND PER-ITERATION COMPLEXITY TRADEOFFS (20 points)

(a) (6 points)

—= Agorithm |
— Algorithm Il

0 200 400 600 800 1000
#iterations

Wanda and Tony are discussing what they learned in Math of Data class for convergence of algorithms. Wanda
shows Tony a plot like above, saying that it is a convergence plot she obtained from optimizing one function with
two optimization algorithms that she learned from the course.

(1) Wanda asks Tony to guess which type of function she was dealing with and what Algorithm I was. She gave
Tony three options:
(A) function: L-smooth, convex; algorithm: accelerated gradient descent
(B) function: L-smooth, u-strongly convex; algorithm: gradient descent
(C) function: L-smooth, convex; algorithm: AMSGrad

Which one/ones do you think is the correct answer, and why (explain briefly)? If you need a brush-up on
accelerated gradient descent and AMSGrad, please refer to the next page.

Answer
(B): The plot shows a linear convergence. The other two result in sublinear convergence.

(2) Wanda reveals that Algorithm II is ADAM. Tony knows that ADAM is the most widely used optimizer these
days and is not convinced by Wanda. He suggests that there might be a bug in Wanda’s implementation
because the curve of Algorithm II is not monotonic and it seems to lag far behind Algorithm I. Do you think
Tony’s rationale is well-founded? If you need a brush-up on ADAM, please refer to the next page.

Answer
No. There is no descent guarantee of ADAM in general. And it is normal for it to lag behind SGD in some

setups.
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Reminder.

Accelerated Gradient Descent

Input. Step size @ and momentum coefficients {y}ren

1. Choose x° = y° € dom(f)
2.Fork=0,1,..., iterate

Xk+1 — yk _ an(yk)
yI<+1 L 7k+1(Xk+] _ Xk)

Output : x**T of the last iteration.

AMSGrad

Input. Step size y, exponential decay rates 81,53, € [0, 1)

1.Setmg = 0,vo = 0 and v{'™ > 0
2.Fork=1,2,..., iterate

g =VfKxH

m; =pBimy_; + (1 —B)gr « st order estimate
Vi =PavVio1 + (1 —B2)g « 2nd order estimate
Vi = max{v®, vi}

m,  =m;/(1-BY) « Bias correction

Ve =veea- B5) « Bias correction

H; = diag( V) + el

X = xk — yH i

(Every vector operation is an element-wise operation)

Output : x**! of the last iteration.

ADAM

Input. Step size y, exponential decay rates 81,5, € [0, 1)

1.Setmgy, vy =0
2.Fork=1,2,... iterate

g =VfKxh

m; = Bmy_; + (1 —B1)g « 1st order estimate
Vi =PBoVi-1 + (1 - B2)g « 2nd order estimate
my =m/(1- ﬁ’;) « Bias correction

¥« = vi/(1-p5) « Bias correction

H; = diag( Vo) + €l

X = Xk~ yH iy

(Every vector operation is an element-wise operation)

k+1

Output : x“*' of the last iteration.
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(b) (5 points) Alban and Volfgang are trying to solve an unconstrained optimization problem:
1 n
* . . _ = .
fr=min fx) = - ;:1 i),

where each f; is a smooth and strongly convex function. He implements stochastic gradient descent (SGD) with
decreasing step size y; = 1 and stochastic variance reduced gradient method (SVRG) with fixed step size y = <.
For the number of iterations in the inner loop of SVRG, Alban uses n. Alban draws convergence plots with respect
to epochs, where 1 epoch means that the algorithm either used n stochastic gradients (V f;) or 1 full gradient (Vf).

After running his implementations, he obtains the following plots. Volfgang says that there must be a bug in the
code (i.e., the results are not reasonable, so there is something wrong). Do you agree or disagree with Volfgang?
Explain your answer. (No credits will be given unless you provide a clear explanation.)

10°
107" ¢

X
“~ 102+
[

— 1073

~—

10

10° ¢

10® : ‘
10° 10" 10? 103
epoch

Solution

* log-log time plot: sublinear rates are displayed as lines.

— Both SGD and SVRG feature a sublinear rate here, and we see that SGD has rate O(1/k) whereas
SVRG has rate O(1/k%).

e Recall from the course that:

- We know from the course that SGD with decreasing step size converges at a rate O(1/k) when f; is
strongly convex.
- For SVRG, given f strongly convex and a learning rate y < 1/4L, linear convergence is obtained.

* Solution. SVRG converges at a sublinear rate O(1/ k?), whereas it satisfies the hypotheses that guarantee
its convergence at a linear rate in this setting. Volfgang is correct, there is a bug in the code.




Name:

(c) (4 points) John and Kim study the constrained optimization problem

min f(x) subject to g(x) =0,
xeR?
where f, g € C*(R?). To enforce the constraint, they decide to instead solve the unconstrained problem

m]g) F(x) := f(x) + 100 g(x),

using gradient descent.

Let {x*};>0 be the iterates produced by gradient descent on F. During training, John and Kim record the sequences
f(x*) and g(x*) and obtain the following diagnostic plot:

Objective
6 -
<4
=
2 -
0 L T T T T T
0 20 40 60 80 100
Step
Constraint
0.0 A
-0.51
X101
o
_15 -
_20 L T T T T T T
0 20 40 60 80 100
Step

John concludes that there must be a bug in their implementation, since (i) f(x*) does not decrease and (ii) g(x*) is
never exactly zero. Kim is not convinced and argues that the plot alone does not prove there is a mistake.

Which person do you agree with more? Give a clear choice accompanied by a short justification.

Answer. No, there is no clear evidence of a bug.

They are running gradient descent on the penalized objective F(x) = f(x) + 100 g(x), so one only expects (under
suitable step sizes) F (x*) to decrease, not necessarily f (x¥) itself. Moreover, minimizing F with a fixed finite
penalty 100 does not guarantee g(x") = 0, so g(xb) converging to a small nonzero value is compatible with a
correct implementation.
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(d) (5 points) Jameson and Drew are training a neural network on an image classification dataset. Drew implemented
two adaptive gradient methods: AdaGrad and RMSProp. Drew followed the simplified flavors of these two

algorithms as shown in the boxes below.

RAACP- (Q 3 116 ad)
Adar 1.4C: 120 1) < ANIVIOLE 1 O PTIIICU)
Input. s RSHddSimplifisd %(l‘)lpll;t Initial point XU, step size &, decay S €
1. Set accumulator hy = 0 ’
5 Fork — 1.2 terate 1. Set accumulator hy = 0
: Py 2.Fork=1,2,...,iterate
Sk = Vf (Xk) g v f(Xk)
h =h;_| +¢g’
Hk d{‘ : hgk he =ph.+(1-p)g
k - lag( k)_ Hk — dlag(hk)
X4 =k o H g, i
k Xk+1 — Xk _ cka g
. okt+1 : :
Output : x™ of the last iteration. Output : x**T of the last iteration.

Notation. In the above algorithms

(i) For a vector v € RY, v> denotes the componentwise square, i.e. (v*); = v7.
(ii) For a vector h € RY, diag(h) denotes the diagonal matrix in R¥*“ where the diagonal entries are equal to h,
elementwise.
(iii) For a diagonal matrix H = diag(h), H"!/? denotes the diagonal matrix whose ith diagonal entry is 1/ Vh;.
(iv) x* represents the parameter vector (e.g. the neural network weights) at iteration k.
(v) The gradient Vf(x) is computed over data samples or mini-batches, which are kept implicit in the notation
for brevity.

During training, Drew monitored the effective learning rate at one coordinate i, computed as n; = @ (H;l/ 2)ii. The
plot below shows 7;; as a function of iteration & for both algorithms.

1.0k - AdaGrad (Simplified)
== RMSProp (Simplified)
S 0.8F
S
%
o 0.6
=
=]
S o4 ————
4 r - -~ - -
E ~“-_---—'_"
0.2
1 1 1 1

1 1 1
0 25 50 75 100 125 150
Iteration k

Jameson saw this plot and claimed that there must be a bug in the implementation of the optimizers. Namely, he
thought Drew did not strictly follow the two algorithms in the above two boxes. Do you think Jameson is correct?
Please give a clear yes-no answer accompanied by a short justification.

Hint. You can check whether the effective learning rates of the two algorithms should be monotonic in theory.
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Answer. Yes. Jameson is correct. Because the effective LR of AdaGrad must be non-increasing.
For AdaGrad,
hii = hici+8p; = hii>Moy; (monotone).

Hence +/hy; is non-decreasing and the effective step

[0

M = a(H ')y =

is non-increasing in k.
Note that one can also prove RMSProp’s effective learning rates might not be monotonic.
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PROBLEM 4: THE PROXIMAL OPERATOR AND THE PROXIMAL POINT METHOD
Recall the following definitions from the lectures:

Definition 1. Let f : R” — R be a continuous and differentiable function. The proximal operator of f is defined as:

- : 1 2
prox,4(y) = arg min {f(z) + ﬁHy - Z||2} . (1)

Next, we introduce Bregman proximal operator which is based on the Bregman divergence:

1
prox_;(y) = arg min {f(z) + 2Di(y, z)}, @

where the Bregman divergence is defined as follows: Let  be a continuously-differentiable and strictly convex function.
The Bregman divergence associated with 4 for points z and y is:

Dy(y, 2) = h(y) — h(z) - (Vh(z),(y — 2))

(a) (5 points) Show that when h(x) = $|[x|[3, the Bregman proximal operator reduces to the proximal operator.

Solution

We have: . | .
Dp(y,x) = §||y||§ - §||X||§ —Xy—-x)= §||y - X||§~

Therefore,

. 1
prox,(y) = argmin {f(x) + 7 Dulx, y)}

(b) (5 points) Next, when f(x) is convex and we replace f(x) with its lower bound f(x,)+(V f(x,), x—X,) inside the proximal
operator, prove that the new optimization problem results in a gradient descent step with step size A.

Does the objective value always decrease in such update step? That is, does f(x¢+1) < f(x¢) always hold? Provide a proof
if yes or a counterexample if not.

Solution
. 1
PIOX ) fLower bound (x,) = argmin § f(x;) + (Vf(x),x = x;) + —|Ix — Xr”% .
/ xeR4 21
By setting the gradient of the right-hand side to zero , we get
Xis1 = X — AVf(X,).

No. In general gradient descent may not decrease for arbitrary 4 and f. For a convex counterexample with too large
stepsize: take f(x) = %xz, choose A = 3. Then x;,1 = x;x — 3x; = —2x; and

[ = 5(=2x)% = 20 > 32 = f(x)  for x # 0.

(c) (5 points) For minimization, the proximal point method (PPM) update is given by
Xt = argmin (%) + 57 l1x = xell3).

As discussed in the homework, the same idea applies to min—-max problems.
Consider minyerr maxyerr O(X,y) =ax'y, a>0.
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Define

I = (Xk) ) G(Z) _ ( VX(D(X’ Y) )
Yk -V, 0(x,y)

The PPM update is
Ziv1 = 2 — AG(Z411)

Starting from the PPM step above, write the updates for x;.; and y.; explicitly in terms of x; and yy.
I  —al )

al 1

Hint: The inverse of [ 1 ) is =

Solution
Here
Vi® = ay, Vy® = ax,
SO
G(z) = ( @ )
—ax

PPM:

X ayi+1

Zk+1=Zk—/lG(Zk+1)=(A)—/l( ' )

Yk —aXk+1

Thus

( 1 Cl/l]) (Xk+l) B (Xk)
—all I N\yit) \yi)
Applying the inverse from the hint gives
Xk+]) . 1 1 —a/ll) Xk)
Veo) L+a22\adl 1 J\yi)

X; — adyg _adXg + yi
1 +a222”° 1 +a222 "’

Hence

Xk+1 = Yi+1 =

(d) (5 points) Replacing f(x) by its first-order lower bound f(x) ~ f(x) + (Vf(Xx), X — X;) inside the Bregman proximal
objective leads to the update

1
Xpy1 = arg mxin {(Vf(Xk), X) + " Dy (x, Xk)},

This update is known as the mirror descent step.
Recall the Fenchel conjugate introduced in class: A*(y) = maxyer» {{y, X) — h(X)}.

Using the first-order optimality condition and the following hint to show that the update is
Xpr1 = VI(VA(X) — 1 Vf(X0)).

[Hint] [not need to prove] Vi and Vi* are inverse maps.

Solution

Expand the objective:
(9 00,30 + (hX) =~ (Th(x). ) + const.
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Differentiate and set to zero: |
Vf(xp) + E(Vh(xlm) - Vh(xy)) = 0.

Thus
Vh(Xis1) = Vh(Xi) =V f(X0),
and applying Vi* gives the explicit update.
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PROBLEM 5: CONSTRAINED CONVEX OPTIMIZATION (20 POINTS)
Consider the following convex optimization problem:

1
min f(x) := §||Ax—b||§ subject to ||x|l; < 1,

xeRP

where A € R™* and b € R™ are given.
LetA;., Az, ...,An. € R? denote the rows of A, and define the row norm:

Alleo,2 := max [|A;.[l2.
1<ism
The Frank-Wolfe method for this problem is given by:
e arg min (VF(x5), x),
Il <1
+1 o 2
)H( =(- yk)xk + ykxk, where Vi = m

(a) [10 points] Show that f(x) has a Lipschitz continuous gradient and prove that:
IV£(x) = VD)l < mlAIZ, 5 llx =yl forall x,y € R”.

Frank-Wolfe lies as a core of Scion.

Solution

We have:
Vf(x) = AT(Ax=b),  Vf(x)=Vf(y) = ATAGx - ).
By properties of operator norms,
IV£(x) = VWl < AT Allz [lx = ylla-

Since
AT All, = 1All3,

and using the bound
Al < Vm [lAlle 2,

we obtain:
IV£(x) = VIO < (VmllAllw2)*l1x = yll, = m ||A||§O,2||X =

Hence, f is Lipschitz smooth with constant
L=m|AlZ,.

(b) [5 points] Show that a solution to the linear minimization problem

e arg ”n”linl(Vf(xk), X)
x|l <

is given by the one-sparse vector:
()%k) — _Sign((vf(xk))i)’ [ = imaxs
"o, otherwise,

where
imax € arg max |(Vf(xk)),-|.
1<i<p
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Solution

By Holder’s inequality,
(V) x)y > =V L)ool
For all ||x]|; < 1, we therefore have:

(VEEE), x) = =lIVF (D)o

Choose ¥ defined as:
# = —sign(Vf(¥");,,). others 0.

Ima;

Then ||#]|; = 1 and
(VER), Y = =Vl = = IV FD) oo

Thus, ¥ is an optimal solution.

(c) [5 points] Suppose one wants to bound the smoothness of f(x) = %Ile - bII% in terms of different matrix norms:
e the row norm [|Allc2 = max; ||A;. ||,
¢ the Frobenius norm [|A]|f,
¢ the column norm ||Al»,. = max;|IA. jll.

Discuss which of these norms lead to tighter convergence guarantees for the Frank—-Wolfe method on the feasible set
{x : |lxll; <1}, and explain which ones are less suitable and why.

Solution

Since we derived in part (a) that
IVF(x) = Vil <m ||A||Zo,z||)C =,

the row norm ||A]|.» provides a valid smoothness constant.
However, Frank-Wolfe over the ¢;-ball is naturally aligned with the (¢, () geometry, where the column norm [|A||,«
typically provides tighter smoothness bounds.
The row norm ||All« > is better aligned with Euclidean geometry and leads to looser bounds when applying Frank—
Wolfe on the ¢,-ball.
The Frobenius norm satisfies:

lAllF > llAllco2,

and therefore yields even larger smoothness constants and slower theoretical convergence rates.

Conclusion:
* The row norm [|Alls» provides a valid but generally loose bound.
e The column norm is more suitable for Frank—Wolfe on the ¢;-ball.

* The Frobenius norm produces the weakest convergence guarantees.
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