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SOURCE - LOAD INTERACTIONS
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Figure 1 AD/DC power electronics dominated and distributed power system

▶ Both source and load power electronic converters are active, closed loop controlled devices with certain control bandwidth
▶ Understanding their interactions is important for the understanding of the overal system stability
▶ Yet, first step is to understand input/output characteristics of every device on its own
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DYNAMICMODELLING OF GRID-CONNECTED CONVERTERS

Wecan consider two generic cases of Grid Connected 2L 3-phase converter (VSI):
▶ Voltage Fed VSI: some other input converter manages (control) DC-link (supply) voltage
▶ Current Fed VSI: some other input converter behaves as current source (e.g. MPPT Boost in our course)

Voltage-Fed Grid-Connected Inverter
▶ Input voltage controlled by a stiff source, e.g. battery storage
▶ Input: non-controllable, variables— vdc and vg (stiff sources)
▶ Output: controllable, variables— ig (idc)
▶ Control: switch duty cycle d
▶ System state is affected by change of input variables vdc , vg
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Figure 2 Three-phase grid connected inverter

Current-Fed Grid-Connected Inverter
▶ Input current controlled by a stiff source, e.g. boost converter
▶ Input: non-controllable, variables— idc and vg (stiff sources)
▶ Output: controllable, variables— vdc and ig
▶ Control: switch duty cycle d
▶ System state is affected by change of input variables idc , vg
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Figure 3 Three-phase grid connected inverter
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DYNAMICMODELLING - KCL AND KVL EQUATIONS

The open-loopmodel of the current-fed three-phase grid connected converter can be derived by applying Kirchoff’s voltage and current
laws to the circuit in Fig. 4.
We consider:

▶ on-time: upper switch in the leg turnedON (bottom switch if OFF)
▶ off-time: bottom switch in the leg turnedON (upper switch is OFF)

The equations are given as
▶ During the switch on-time

vLa = vdc − vga − vRa − vnN

vLb = vdc − vgb − vRb − vnN

vLc = vdc − vgc − vRc − vnN

vdc = vC

(1)
i
dc
L = iga + igb + igc

iC = idc − i
dc
L

(2)

▶ During switch off-time
vLa = −vga − vRa − vnN

vLb = −vgb − vRb − vnN

vLc = −vgc − vRc − vnN

vdc = vC

(3)
i
dc
L = 0

iC = idc
(4)

Equations are simple application of KCL and KVL for loops created depending on the
state of switch in each converter leg.
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Figure 4 Three-phase grid connected inverter
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DYNAMICMODELLING - TIME AVERAGING

Multiplying (1) by d and (3) by 1 − d and summing them together one obtains time-averaged equations as⟨vLa⟩ = da⟨vdc⟩ − ⟨vga⟩ − ⟨vRa⟩ − ⟨vnN⟩⟨vLb⟩ = db⟨vdc⟩ − ⟨vgb⟩ − ⟨vRb⟩ − ⟨vnN⟩⟨vLc⟩ = dc⟨vdc⟩ − ⟨vgc⟩ − ⟨vRc⟩ − ⟨vnN⟩⟨vdc⟩ = ⟨vC ⟩ (5)

Same holds for the current equations (2) and (4) where time-averaged equations are obtained as

⟨idcL ⟩ = da⟨iga⟩ + db⟨igb⟩ + dc⟨igc⟩⟨iC ⟩ = ⟨idc⟩ − ⟨idcL ⟩ (6)

Time domain derivatives of equations (5) and (6) can be obtained remembering that

diL
dt

= 1
L
vL

diC
dt

= 1
C
iC

(7)
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DYNAMICMODELLING - IDENTIFYING STATE VARIABLES

Applying (7) to (5) and (6) gives
d⟨iga⟩
dt

=
da⟨vdc⟩ − ⟨vga⟩ − ⟨vRa⟩ − ⟨vnN⟩

L

d⟨igb⟩
dt

=
db⟨vdc⟩ − ⟨vgb⟩ − ⟨vRb⟩ − ⟨vnN⟩

L

d⟨igc⟩
dt

=
dc⟨vdc⟩ − ⟨vgc⟩ − ⟨vRc⟩ − ⟨vnN⟩

L

d⟨vdc⟩
dt

=
⟨idc⟩ − da⟨iga⟩ − db⟨igb⟩ − dc⟨igc⟩

C

(8)

Same equations can be represented in their matrix form for easier manipulation. Transforming the equations to this form, and
taking into consideration that the average value of vnN is zero, gives

d
dt

⎡⎢⎢⎢⎢⎢⎢⎢⎣
⟨iga⟩⟨igb⟩⟨igc⟩

⎤⎥⎥⎥⎥⎥⎥⎥⎦ = 1
L

⎡⎢⎢⎢⎢⎢⎢⎢⎣
da
db
dc

⎤⎥⎥⎥⎥⎥⎥⎥⎦ ⟨vdc⟩ − 1
L

⎡⎢⎢⎢⎢⎢⎢⎢⎣
⟨vRa⟩⟨vRb⟩⟨vRc⟩

⎤⎥⎥⎥⎥⎥⎥⎥⎦ − 1
L

⎡⎢⎢⎢⎢⎢⎢⎢⎣
⟨vga⟩⟨vgb⟩⟨vgc⟩

⎤⎥⎥⎥⎥⎥⎥⎥⎦ (9)

d⟨vdc⟩
dt

= ⟨idc⟩
C

−
1
C

⎡⎢⎢⎢⎢⎢⎢⎢⎣
da
db
dc

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎣
⟨iga⟩⟨igb⟩⟨igc⟩

⎤⎥⎥⎥⎥⎥⎥⎥⎦ (10)
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DYNAMICMODELLING - CLARKE TRANSFORM

Applying Clarke-Transform, three-phase variables can be represented in the stationary reference frame (or inα − β-domain)
as

d
dt

Tαβ

⎡⎢⎢⎢⎢⎢⎢⎢⎣
⟨iga⟩⟨igb⟩⟨igc⟩

⎤⎥⎥⎥⎥⎥⎥⎥⎦ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
i
αβ
g

= 1
L

Tαβ

⎡⎢⎢⎢⎢⎢⎢⎢⎣
da
db
dc

⎤⎥⎥⎥⎥⎥⎥⎥⎦ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï
dαβ

⟨vdc⟩ − 1
L

Tαβ

⎡⎢⎢⎢⎢⎢⎢⎢⎣
⟨vRa⟩⟨vRb⟩⟨vRc⟩

⎤⎥⎥⎥⎥⎥⎥⎥⎦ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
v
αβ
R

−
1
L

Tαβ

⎡⎢⎢⎢⎢⎢⎢⎢⎣
⟨vga⟩⟨vgb⟩⟨vgc⟩

⎤⎥⎥⎥⎥⎥⎥⎥⎦ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï
v
αβ
g

d
dt

⟨iαβ
g ⟩ = d

αβ ⟨vdc⟩
L

−
⟨vαβ

R ⟩
L

−
⟨vαβ

g ⟩
L

(11)

The same can be applied for the dc side (K is Clarke-Transformer scaling adjustment, if needed)

d⟨vdc⟩
dt

= ⟨idc⟩
C

−
3

2K2

dα⟨igα⟩ + dβ ⟨igβ ⟩
C

d⟨vdc⟩
dt

= ⟨idc⟩
C

−
3

2K2

R (⟨dαβ ⟩⟨iαβ
g ⟩∗)

C

(12)

Next step is Park-Transform. An arbitrary vector in theα − β-frame can be represented in the d-q-frame as

x
dq = x

αβ
e
−jωgt

x
αβ = x

dq
e
jωgt

(13)
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DYNAMICMODELLING - PARK TRANSFORM

Thus, the averaged state-spacemodel in d-q-frame can be given as:

d
dt

(⟨idqg ⟩ejωgt) = d
dq⟨vdc⟩ejωgt

L
−
⟨vdq

R ⟩ejωgt

L
−
⟨vdq

g ⟩ejωgt

L

d⟨vdc⟩
dt

= ⟨idc⟩
C

−
3

2K2

dd⟨igd⟩ + dq⟨igq⟩
C

(14)

After the derivation of d
dt

(⟨idqg ⟩ejωgt) and separating the real and imaginary parts of the equations gives the averaged state-
spacemodel in the d-q-frame as

d⟨igd⟩
dt

= ωg⟨igq⟩ + dd⟨vdc⟩
L

−
R
L
⟨igd⟩ − ⟨vgd⟩

L

d⟨igq⟩
dt

= −ωg⟨igd⟩ + dq⟨vdc⟩
L

−
R
L
⟨igq⟩ − ⟨vgq⟩

L

d⟨vdc⟩
dt

= ⟨idc⟩
C

−
3

2K2

dd⟨igd⟩ + dq⟨igq⟩
C

(15)

This model allows us to find the steady-state operating point of the converter (all derivatives equal to zero) as

ωgLIgq +DdVdc −RIgd − Vgd = 0 (16)

− ωgLIgd +DqVdc −RIgq − Vgq = 0 (17)

Idc −
3
2
(DdIgd +DqIgq) = 0 (18)
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DYNAMICMODELLING - STEADY STATE AND LINEARIZATION

More precisely, for a unity power factor operation, q-axis voltage and current are set to zero, i.e. Vgq = 0 and Igq = 0which
allows us to find the duty cycle and grid current steady state values as

Dd =
Vgd +

√
V 2
gd + (8/3)VdcIdcR

2Vdc
(19)

Igd = 2
3
Idc
Dd

(20)

Dq =
ωgLIgd
Vdc

(21)

Presence of the derivative terms in the equation (14) means that themodel is nonlinear and it is required to linearize it around a
small-signal operation point (K = 1).

dĩgd
dt

= ωg ĩgq +
Dd

L
ṽdc +

Vdc

L
d̃d −

R
L
ĩgd −

1
L
ṽgd

dĩgq
dt

= −ωg ĩgd +
Dq

L
ṽdc +

Vdc

L
d̃q −

R
L
ĩgq −

1
L
ṽgq

dṽdc
dt

= 1
C
ĩdc −

3
2
dd
C

ĩgd −
3
2

dq
C

ĩgq −
3
2

igd
C

d̃d −
3
2

igq
C

d̃q

(22)
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DYNAMICMODELLING - STATE SPACEMODEL

The same equation inmatrix form can be represented in s-domain by replacing the time derivatived/dt by the operator s:
s

⎡⎢⎢⎢⎢⎢⎢⎢⎣
ĩgd
ĩgq
ṽdc

⎤⎥⎥⎥⎥⎥⎥⎥⎦
s

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−
R
L

ωg
Dd

L

−ωg −
R
L

Dq

L

−
3
2
Dd

C
−
3
2

Dq

C
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï
A

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
ĩgd

ĩgq

ṽdc

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
s

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−
1
L

0 0
Vdc

L
0

0 −
1
L

0 0
Vdc

L

0 0
1
C

−
3
2

Igd
C

−
3
2

Igq
C

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï
B

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṽgd

ṽgq

ĩdc

d̃d

d̃q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

s

(23)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
ĩgd

ĩgq

ṽdc

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
s

=
⎡⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0
0 1 0
0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï
C

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
ĩgd

ĩgq

ṽdc

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
s

+

⎡⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
D

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṽgd

ṽgq

ĩdc

d̃d

d̃q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

s

(24)

State-spacemodel variables are
▶ state and output variables— ĩgd , ĩgq , ṽdc
▶ input variables— ṽgd , ṽgq , ĩdc , d̃d , d̃q
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DYNAMICMODELLING - STATE SPACEMODEL

With two previous equations the open-loop dynamics can be solved as

G = Y (s)
U (s) = C(sI −A)−1B +D

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
ĩgd
ĩgq
ṽdc

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
s

=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−Yindd,o −Yindq,o Giod,o Gcidd,o Gcidq,o

−Yinqd,o −Yinqq,o Gioq,o Gciqd,o Gciqq,o

Toid,o Toiq,o Zout,o Gcod,o Gcoq,o

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṽgd

ṽgq

ĩdc

d̃d

d̃q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

s

(25)

Where the transfer function in matrixG links the output and input variables and depict
the physical relation between the variables as follows:

▶ Yin,o - input admittancematrix
▶ Gio,o - forward transfer functionmatrix
▶ Gco,o - control-to-output transfer functionmatrix
▶ Toi,o - input-to-output reverse transfer functionmatrix
▶ Zout,o - output impedance
▶ Gci,o - control-to-input transfer functionmatrix

The open-loop dynamics can also be represented graphically with Figs. 5 and 6

Figure 5 DC side open-loop dynamics

Figure 6 AC side open-loop dynamics
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MEASURING SOURCE - LOAD INTERACTIONS
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Figure 7 AD/DC power electronics dominated and distributed power system

▶ Stability can be analysed on the complex system level
▶ Every new device is connected into system that can be aggregated as source and have its own characteristics
▶ Every device can be also characterized on its own
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MEASURING THE OPEN-LOOP DYNAMICS

In order to measure one of the characteristics of the system of the
system one needs to:

▶ Perturb a variable that can change the system state
▶ Measure the resulting response from the output variable
▶ Perform some kind of identification algorithm, e.g. a DFT to
obtain the response in the frequency domain

▶ Identify a characteristics by comparing the response to the
perturbation

DFT ||.||

Mag [dB]

ϕ [deg]

Frequency [Hz]

Figure 8 Input admittancemeasurement principle

Perturbation signals can be classified into:

Narrowband signals
▶ Single (few) frequency components(s)
▶ Signal energy concentrated around its frequency, easy to
identify the response

▶ Measurement time could be long, e.g. sine sweep

Wideband signals
▶ Several (many) frequency components
▶ Signal energy spread over the signal spectrum, some
frequenciesmight be harder to identify

▶ Shorter measurement time, e.g. Pseudo RandomBinary
Sequence (PRBS)
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SINE-SWEEP VS. PRBS

Sine-Sweep
▶ Perturb the systemwith a single frequency at the time
▶ Signal energy concentrated at a single frequency
▶ Strong system response but themeasurement timemight be
an issue
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Figure 9 Sine signal in time and frequency domain

Pseudo Random Binary Signal
▶ Perturb the systemwith a large set of frequencies, e.g. 4095
frequencies in Fig. 10

▶ Signal energy is spread over the spectrum and drops to zero at
the signal generation frequency, e.g. 5kHz in Fig. 10

▶ Measurement time is reduced andwe can performmore
measurements and average them
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Figure 10 PRBS signal in time and frequency domain

For the same number of frequencies, sine sweep and PRBSmeasurement times compare as

tmeas =
Nfreq=4095

∑
i=1

1
fi

≈ 7.3s fi = i
fgen
Nfreq

(26) tmeas =
Nfreq

fgen
≈ 4095
5kHz

= 0.82s (27)
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OPEN-LOOP AC-SIDE IMPEDANCEMEASUREMENT
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Figure 11 Grid-connected inverter AC side admittance - open loop
Table 1 System parameters.

vgd 580V vgq 0V
igd 41A igq 0A
Lg 1.8mH Rg 10mΩ
CDC 5mF VDC 1200V
IDC 30A vp ±30V
fsw 10 kHz fg 50Hz

iL
dc

vb vc

iga

igb

igc

Lg

n

vga

vgc
va

vCvdc

N

vLa

vLc

Rg

vRa

vRc

idc

Yout vp

Figure 12 Three-phase grid connected inverter with a small-
signal perturbation injected in series with the grid voltage
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OPEN-LOOP DC-SIDE IMPEDANCEMEASUREMENT
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Figure 13 Grid-connected inverter DC side impedance - open loop

Table 2 System parameters.

vgd 580V vgq 0V
igd 41A igq 0A
Lg 1.8mH Rg 10mΩ
CDC 5mF VDC 1200V
IDC 30A vp ±30V
fsw 10 kHz fg 50Hz

Please note that in this case perturbation is injected into DC side supply current. See Fig. 5
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Cdc NDLg INFLUENCE ON THE AC SIDE IMPEDANCE SHAPE

▶ From (23) and (24) it is obvious that any of themodel parameters can influence the output admittance and input impedance.
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Figure 14 Dependence of the a) magnitude and b) phase of the output admittance of the inverter on the change of dc-link capacitanceCdc .
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Figure 15 Dependence of the a) magnitude and b) phase of the output admittance of the inverter on the change of grid filter inductanceLg .
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Cdc NDLg INFLUENCE ON THE DC SIDE IMPEDANCE SHAPE

▶ From (23) and (24) it is obvious that any of themodel parameters can influence the output admittance and input impedance.
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Figure 16 Dependence of the a)magnitude and b) phase of the input impedance of the inverter on the change of (left) dc-link capacitanceCdc and (right) grid
filter inductanceLg .
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CLOSED-LOOPMODELLING OF GRID-CONNECTED CONVERTERS

Closed-loopmodelling of grid-connected converter is performed in three stages. Each of these stages is
▶ Modelling the Phase-Locked Loop
▶ Modelling the Grid Current Control
▶ Modelling the dc-link Voltage Control

Phase Locked LoopModelling
Ideally, the angle detected by the PLL should be identical to the grid angle, but due to the limited PLL bandwidth therewill exist a small
deviation Θ̃ between the two angles. Thus, an arbitrary signal in d-q-frame affected by themisalignment can be given as:

[Xc
d + x̃

c
d

X
c
q + x̃

c
q
] = [ cos θ̃ sin θ̃

− sin θ̃ cos θ̃
] [Xd + x̃d

Xq + x̃q
] (28)

By solving the (28) and assuming that for very small values of θ̃, cos θ̃ = 1 and sin θ̃ = θ̃ and that the steady-state values are equal, i.e.
X

c = X one obtains the relation revealing the effect the grid synchronization has on a system variable:

x̃
c
d = x̃d +Xq θ̃

x̃
c
q = x̃q −Xdθ̃

(29)
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PLLMODELLING

From the PLL control loop (c.f. Fig. 17), the relation between the output angle and input q-axis voltage is given as

θ̃ = ṽ
c
q (Kp,PLL +

Ki,PLL
s )ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

GPLL
PI (s)

1
s = ṽ

c
q

Kp,PLLs +Ki,PLL

s2ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
HPLL,ol(s)

(30)

WhereHPLL,ol (s) is the PLL open-loop transfer function. From (29), replacing the q-axis signal by voltage and plugging in (30) gives the
relation between the angle θ̃ and unaffected voltage as

θ̃ =
HPLL,ol

1 + VdHPLL,ol
ṽq (31)

When this equation is replaced in (28), it gives the effect of the PLL dynamics on the small-signal variables x̃c
d and x̃c

q as

x̃
c
d = x̃d +Xq

HPLL,ol

1 + VdHPLL,ol
ṽq

x̃
c
q = x̃q −Xd

HPLL,ol

1 + VdHPLL,olÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
GPLL(s)

ṽq
(32)

ω1

ω'

||.||

||vg ||

mod
2π

1/s

θ'

3 2
vg,abc

abc

dq

θ'

Kp,PLL

Ki,PLL
s

Figure 17 Control block diagram of SRF-PLL
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GRID CURRENT CONTROLMODELLING

Grid Current Control Modelling
The controller action, affected by the PLL dynamics andwith the cross coupling between axes and input voltage feed-forward can be
formulated as:

d
⋆
dq = 1

Vdc
[ (Kp,gcc +

Ki,gcc
s )ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

Gi
PI(s)

(i⋆g,dq −Hi ĩ
c
g,dq) +GdecHi ĩ

c
g,dq + ṽ

c
g,dq] (33)

Gdec is the decouplingmatrix given as

Gdec = [ 0 −ωgLg

ωgLg 0
] (34)

Hi is thematrix representing the current transducer and

Hi = [Hi,d 0
0 Hi,q

] (35)

The transfer functionHi can be associatedwith the delays caused by the ADC,measurement sampling through the ZOH or any other
sampling type andwith control action update. ADC and control action and ZOH can bemodelled in the Laplace domain as

HADC (s) = 1 − Tsw
2 s

1 + Tsw
2 s

HZOH (s) = 1

1 + Tsw
2 s

(36)
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GCCCLOSED-LOOP SMALL-SIGNALMODEL OF AGRID-CONNECTED CONVERTER

The grid current, voltage and the duty cycle are given in the control system reference
frame as

[ĩcg,d
ĩ
c
g,q

] = [ĩg,d
ĩg,q

] + [0 Ig,qGPLL

0 −Ig,dGPLL
]ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

Gi
PLL

⋅ [ṽg,d
ṽg,q

] (37)

[ṽcg,d
ṽ
c
g,q

] = [ṽg,d
ṽg,q

] + [0 Vg,qGPLL

0 −Vg,dGPLL
]ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

Gv
PLL

⋅ [ṽg,d
ṽg,q

] (38)

[d̃d
d̃q

] = [d̃cd
d̃
c
q
] + [0 −DqGPLL

0 DdGPLL
]ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

Gd
PLL

⋅ [ṽg,d
ṽg,q

] (39)

The converter duty cycle can be solved from Fig. 18 and is given as

d̃dq = G
i
PIi

⋆
g,dq + (Gdec −G

i
PI) ĩg,dq + [I + (Gdec −G

i
PI)Gi

PLL +G
d
PLL +G

v
PLL]ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

Gvd
PLL

ṽg,dq

(40)

Figure 18 Small-signal closed loop model of the AFE
with the influence of the PLL and under the current con-
trol
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GCCCLOSED-LOOP SMALL-SIGNALMODEL OF AGRID-CONNECTED CONVERTER

With the duty cycle defined as in (40) the closed loop dynamics under current control can be solved. To solve the closed loop dynamics one
has to take a look back to (25). The output side dynamics is given as

G
gcc
io,cl = [I +Gci,oGdel (Gi

PI −Gdec)]−1Gio,o (41)

Y
gcc
in,cl = [I +Gci,oGdel (Gi

PI −Gdec)]−1 [−Yin,o +Gci,oGdel (I + (Gdec −G
i
PI)Gi

PLL +G
d
PLL +G

v
PLL)] (42)

G
gcc
ci,cl = [I +Gci,oGdel (Gi

PI −Gdec)]−1Gci,oGdelG
i
PI (43)

While the input dynamics is given as

Z
gcc
out,cl = Zout,o +Gco,oGdel (Gdec −G

i
PI)Ggcc

io,cl (44)

G
gcc
co,cl = Gco,oGdelG

i
PI +Gco,oGdel (Gdec −G

i
PI)Ggcc

ci,cl (45)

T
gcc
oi,cl = Toi,o +Gco,oGdel [(Gdec −G

i
PI)Ygcc

in,cl +G
vd
PLL] (46)

Where the transfer functionmatrixGdel is associatedwith half-a-period update delay due to the PWMand is given as

Gdel = [Gdel,d 0
0 Gdel,q

] Gdel (s) = 1 − Tsw
4 s

1 + Tsw
4 s

(47)
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DC-LINK CONTROLMODELLING

DC-link Voltage Control Modelling
The controller action can be formulated as

i
⋆
g,d = (Kp,dvc +

Ki,dvc
s )ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

Gv
PI(s)

(v⋆dc −Hv ṽdc) (48)

The closed loop dynamics under cascaded control and dc-link voltage control can be
solved by first solving the dc-side (c.f. Fig. 20), and then solving the ac side dynamics (c.f.
Fig. 19). The input side dynamics is given as

Z
dvc
out,cl = (I +G

gcc
co,clG

v
PI)−1Zgcc

out,cl (49)

G
dvc
co,cl = (I +G

gcc
co,clG

v
PI)−1Ggcc

co,clG
v
PI (50)

T
dvc
oi,cl = (I +G

gcc
co,clG

v
PI)−1Tgcc

oi,cl (51)

While the output side dynamics is given as

G
dvc
io,cl = G

gcc
io,cl +G

gcc
ci,clG

v
PIZ

dvc
out,cl (52)

Y
dvc
in,cl = Y

gcc
in,cl +G

gcc
ci,clG

v
PIT

dvc
oi,cl (53)

G
dvc
ci,cl = G

gcc
ci,clG

v
PI −G

gcc
ci,clG

v
PIG

dvc
co,cl (54)

Figure 19 AC side closed-loop dynamics

Figure 20 DC side closed-loop dynamics
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EE-465 - GRID CONNECTED CONVERTERS

Grid connected converters are essential elements of new ”power electronics dominated power systems”:
▶ PV energy generation (DC by nature) requires converter to connect to the AC grid
▶ Battery energy storage (DC by nature)
▶ Wind energy generation - from electrical machine to AC grid through a converters

We have covered various ”technologies” needed tomaster to realize these grid connected system:
▶ HW - various converter topologies and role of passive elements
▶ SW -modulations, grid synchronization, current, voltage, power control in various reference frames

There also some issues related to resonances, that must be considered during implementation

CPV

LB
CDC

D

TVPV

VDC

iL,B

Input stage (DC/DC) Inverter stage

PV string
Grid filter

GridPCC

RB

PWM

MPPT
DVC

GCC
PLLPVC

BCC
PWMfast

slow

fast

slow

Figure 21 PV double-stage grid connected converter.
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