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1 Problem 1: The differential pair
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Figure 1.1: Differential pair schematic.

1.1 Both transistors in weak inversion

1.1.1 Large-signal characteristic

In the following analysis, we will assume that M; and M, are perfectly matched, leading to

Vror = Vro2 = Vro,
Ipo1 = Ipo2 = Ipo,

ny =ng =n.

In the case both transistors are biased in weak inversion and saturation and since the bulks of M7 and
M> are connected to the ground, the drain currents are then given by

Vii—nVs
I =Ipy-e "Ur

Vio—n Vg
Iy =1Ipo-e "t

The differential output current is then given by

Vs Vi1
A _ Vs
Ig=0L —Irb=1Ipg-e UT'[@”UT

Now, the sum of I; and I5 is set by the bottom current source

I + I = 21,
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leading to
_Vs Vi1 Via
21, =Ipg-e Ut - |:enUT + e”UT:| (18)
from which we get
_Vs 21
IDO -e Ur = ‘/117[]‘42 (19)

enUT + enUT

Replacing (1.9) in (1.6) results in

Vi1 Vig
enUT _ enUT

6nUT + enUT
The input voltages can be written in terms of the differential and common mode voltages according
to

v

Vit Z‘/%c-i-?id, (1.11)
Via :V%c_%- (1.12)
Replacing in (1.10) results in
Vid _ Via
Iy = 2I, - QQZZT —° QZZT — 21, - tanh (QXUT) . (1.13)

€2nUT _|_ 6_ 2nUp
The differential output current I,y normalized to 21, can then be written as

1
iog 2 =22 = tanh(vy), (1.14)
21,

where vy = Vig/(2nUr).

1.1.2 Small-signal characteristic

The small-signal transconductance is defined by

dl g Vi
Gm 2 =2 =G |1—t h2( : ) 1.15
Vg [ T (1.15)
where G, is the transconductance for V;; = 0
Iy
Gmo = ——. 1.16
o= (1.16)

The maximum transconductance Gy, of the differential pair therefore corresponds to the transconduc-
tance of a single transistor for V;g = 0 (i.e. when I} = Iy = ).

The small-signal transconductance normalized to G, is then given by

G
Gm = o . =1 — tanh? (vig) - (1.17)

The normalized differential output current i,y and normalized transconductance g, are plotted below
versus the normalized differential input voltage v;q

From Figure 1.2, we see that the large-signal nonlinear characteristic can be approximated by a
piecewise linear characteristic where the middle part has the slope of the nonlinear characteristic
at v;g = 0. The linear range can then be defined as the input voltage covered by the middle linear
characteristic. In weak inversion the linear range is about 4nUr which is about 135 mV at room
temperature for n = 1.3. This is rather small.

© C. Enz Fundamentals of Analog VLSI Design 24.09.2025
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Figure 1.2: Differential current 4,4 and transconductance g,, versus differential input voltage v;q for
both transistors M; and My biased in weak inversion and saturation.

1.2 Both transistors in strong inversion

1.2.1 Large-signal characteristic

We again will assume that the two transistors are perfectly matched, which means that

Vro1 = Vro2 = Vro, (1.18)
p1 = P2 =P, (1.19)
ny =mnz =n. (1.20)

In the case both transistors are biased in strong inversion and saturation and since the bulks of M;
and M are connected to the ground, the drain currents are given by

L = g - (Vir = Vo — nVs)?, (1.21)
n
IQ = % . (‘/;2 — VTO — TLVS)Q, (122)

where Vg is the voltage of the common source node. Solving the above equations together with

Iog =1 — I, (1.23)
I + Iy = 21, (1.24)
Vi
Vii = Vie + 7‘1 (1.25)
Vig = Vie — V? (1.26)
Via = Vi1 — Via, (1.27)
leads to
201y g (Vid>2
Ig=Vig-{]— 4|1 - — [ — 1.2
a = Vid \/ n \/ 2nly 2 (1.28)
valid for
2nIb
|Vial <2 5 = 2(Vie — Viro — V). (1.29)
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The differential output current I,; can be normalized to the maximum output current 21,

. I via )2
lod = 2%;; =viq - \[1— (2(1) ; (1.30)
valid for
vial < V2, (1.31)
where v v
A id id
V; = = . 1.32
W= nd,JB - Va—Vio—nVs (12)
1.2.2 Small-signal transconductance
The small-signal transconductance is defined as
dl,q
Gm & = 1.33
nt 5 (1.33)
which is given by
G = Gmo - —(—= = (1.34)
where
281,
G = | 222 (1.35)
n

is the transconductance for V;4 = 0 which also corresponds to the transconductance of M; or My for
Via = 0.

The large-signal normalized differential output current and the normalized transconductance are plotted
versus v;q in Figure 1.3.

1.2 1.1
1.0} 11.0
0.8} 10.9
0.6f 108
0.2} ' 10.6 —— i, (left axis)
.8 0.0} 05 & __ (right axis)
ool | 104 Im (rig
0.4/ | 103
-0.6] | 10.2
-0.8] | 0.1
1.0} | 0.0
_1_2_2 e 5 i 2—0.1
Vid

Figure 1.3: Differential current i,q and transconductance g,, versus differential input voltage v;q for
both transistors M7 and My biased in strong inversion and saturation.

Similarly to what has been done in weak inversion we can approximate the nonlinear characteristic by
a piecewise linear model as shown in Figure 1.3. The linear range is now proportionnal to the overdrive
voltage according to 2(Vg — Vg —n Vg), which is much larger than what we get in weak inversion. We
can therefore make the differential pair more linear by increasing the overdrive voltage. However, this
comes at the cost of a reduced current efficiency Gy, /1.

© C. Enz Fundamentals of Analog VLSI Design 24.09.2025
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1.3 Optional: Both transistors in any modes of operation (saturation)

1.3.1 Large-signal characteristic

We can use the EKV charge-based model to express the gate voltages of My and Ms in terms of ¢
and gso according to

Vit = Vo —nVs

— 2¢41 + In(qs1), 1.
nUn gs1 +In(gs1) (1.36)
Vio = Vg —nVs
= 2¢s2 + In(gs). 1.37
nUs gs2 +In(gs2) ( )

If we want to be consistent with the analysis of the differential pair in weak inversion we need to use
the same normalization. This means that the voltages need to be normalized to 2n Ur, leading to

Vi — Vion — Us = qs1 + 3 In(gs1), (1.38)
Vig — Uton — Us = qs2 + 3 In(gs2), (1.39)
where

V

N ! 1.40

Vi1 277,UT, ( )
Vi

5 2 ¢ 1.41

V2 QnUTv ( )
Vs

2 . 1.42

Us 2nUr ( )

The normalized differential input voltage v;4 is then given by subtracting (1.39) to (1.38) resulting in

via 2
id 2nUT

gs1
=1 —Vi2 = ¢s1 — (gs2 + % In <(182> (1.43)
S

We need to be careful with the normalization of the currents. In order to have the output differential
current I,q = I; — I normalized to the maximum output current 21, like it was done for the analysis
in weak and strong inversion, we need to define the normalized currents 71, i2 and i,q as

a h

1 = — 1.44
11 2][)) ( )
Iy
o & 2 1.45
222 (145
. log Li—I, . .
4 04 _ =41 — 1o. 14

lod 21, 21, 11 — 12 ( 6)

The normalized source charges gs1 and gso are related to the normalized drain currents iy; and i
according to

. I

ia1 = 7 L= g (g1 + 1), (1.47)
spec

. I

142 = T 2 = qs2 - (QSQ + 1) (148)
spec

Notice that 71 and i9 are different than 74, and 74 since the former are normalized to 21, whereas the
latter are normalized to Ispe.. They are related according to

. 141

_ 1.49
"= orc, (1.49)
) a2

pr— 1.
2= o100, (1.50)
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where
Iy

Ispec

IC, & (1.51)

corresponds to the inversion coefficient of M and M» at the quiescent operating point, i.e. for V;q = 0.

Solving the above set of equations for gs; and ¢so results in

\/4IC’q (1+ipg)+1—1
2 M
VAIC, (1= iga) +1 -1
5 .

s1 = (1.52)

gs2 = (1.53)
We can now sweep the normalized differential output current for a given IC, and then calculate gs
and g¢s2 according to (1.52) and (1.53) and use them to calculate v;4 according to (1.43). The result is
plotted in Figure 1.4 for different IC,.

1.2¢

1.0

0.8} — 1C,=0.01

0.6} —— 1C,=0.30

0.41 IC,=1.00
3 gg IC,=3.00
PY: IC,=10.00

-04 : IC,=30.00

0.6 — 1C,=100.00

-0.8¢ —— Weak inversion

-1.0¢

B R B B R B R R

Figure 1.4: Differential current 4,4 versus differential input voltage v;4 valid in all regions of operation
(assuming M; and My in saturation).

We clearly see that increasing the inversion coefficient IC, from weak inversion to strong inversion
extends the linear range from 4nUr to 2(Vi. — Vg — nVs), where Vi. = (Vi1 + Viz)/2 is the input
common-mode voltage. However this comes at the cost of a reduced transconductance efficiency

Gmo/Ip.

1.3.2 Small-signal transconductance

In the previous section we have derived an expression of V;4 in terms of g1 and gso which depend on
I,4. We can derive the transconductance by differentiating V4 wrt I,4

dViqg 1
- 1.54
dIod Gm ( )
or in normalized form p on U .
Vid YT _ (1.55)

diog 21y G,

© C. Enz Fundamentals of Analog VLSI Design 24.09.2025



FExercise 2 9

The transconductance can then be written as

nUp d’Uid> -1 diyg
Gm - = = = Gm- 1.56
" (diod dvg " (1.56)
so that di o
A Qlog m
2 = ) 1.57
gm dvid Ib/(n UT) ( )
It can be shown that 4
gs1 * 4s2
— . A5k Hs2 1.58
gm I1C, gqs1+gs2 ( )
with ¢s1 and gs2 given by (1.52) and (1.53).
Now, we want to plot g, normalized to its value at v;q = 0
gm0 2 gim(vig = 0). (1.59)

For v;q = 0, we have i,q = 0 and from (1.52) and (1.53), we get

JIIC, 711
VG +1-1 (1.60)

A
ds == QSllvid:() = QS2’vid:0 - 9

gmo can therefore be written as

_ 4 _VHCGFI-1 (1.61)

Im0 =70, T aIc,
The transconductance normalized to the value it takes at v; = 0 is therefore given by

Gm:glzz_QSl'QS2 (162)

Gm(] gm0 Qs Qs1 + qs2
with ¢s, gs1 and gso2 given by (1.60), (1.52) and (1.53), respectively.

The normalized transconductance g, is plotted versus the normalized differential input voltage v;q in
Figure 1.5 for different values of the inversion coefficient IC|,.

© C. Enz Fundamentals of Analog VLSI Design 24.09.2025
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Figure 1.5: Transconductance normalized to its value at v;g = 0 versus differential input voltage v;q
valid in all regions of operation (assuming M; and M in saturation).
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2 Problem 2: The inverter as a transconductance
amplifier

2.1 Analysis

Figure 2.1: The CMOS inverter.

Assuming that both transistors are biased in weak inversion and saturation, the drain currents are
then given by

Vin
L, = Ipop - emVT (2.1)
VbD—Vin
Ip:IDop'e npUr (2 2)
where
—VTon
IDOn = lspecn * € nnUr (2 3)
—Vrop
IDOp = dspecp * € npUr (2 4)
with
W,
Ispecn = LspecnOd * fna (25)
n
W,
Ispecp = Lspecpd * 2. (26)
p

Defining V;, as the quiescent input voltage such that the output current is zero and hence I, = I, = I,

we can write
Vb Vpp—%%
Iy = Ipg, - eVt = IDOp -e mwUr | (27)

© C. Enz Fundamentals of Analog VLSI Design 24.09.2025
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We can then express Ipg, and Ipg, as

Ipon = I - e™¥r, (2.8)
Yw=VppD
IDOp =1y-e w»Ur | (2.9)
Replacing (2.8) and (2.9) in (2.1) and (2.2) results in
Vin—=Vp
L, =1, -¢ ™Ur (2.10)
_Vinfvb
Iy=1-e mUr | (2.11)
The output current can then be written as
7Vin_Vb Vin—V%
Iout = Ip — In = Ib . le nnUr — e nnUr . (212)

Assuming that n, = n, = n, the normalized output current can be written as

I
fout 2 [—b“t = —2 sinh(vi, — v) (2.13)

where vy, 2 Vi, /(nUr) and vy £ V;,/(nUr).

The normalized output current is plotted in Figure 2.2 together with the currents of the nMOS and
pMOS transistors. We see that the current is ideally not limited hence the inverter can operate as a
class AB transconductance amplifier. Contrary to the differential pair where the output current is
limited by the bias current 21, the output current of the inverter can be much larger than the bias
current I flowing in M; and My for V;,, = V4. The current will actually be limited by the supply
voltage and the supply series resistances.

10¢

Normalized currents

Vin = Vin/(n UT)

Figure 2.2: The inverter large-signal transfer characteristic in weak inversion.

© C. Enz Fundamentals of Analog VLSI Design 24.09.2025
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Figure 2.3: Schematic of the CMOS inverter used for simulation.

2.2 Design

We want to design a CMOS inverter to be used as a trnasconductance amplifier. For this we use the
schematic of Figure 2.3. In addition to the CMOS inverter made of M; and Mo, this circuit includes
a bias circuit made of M3, My, the current source setting the bias current I, and the OPAMP. The
bias circuit is used to prperly set the operating point of circuit in quiescent state, i.e. when V;, = 0.
This is needed to control the current and therefore the inverter small-signal transconductance.The bias
current imposes the current to the diode-connected transistors M3 and My which are made identical
to M; and Ma, respectively. This generates the required bias voltage V;, to apply at the gates of My
and Ms for their quiescent current to be equal to I provided the supply voltage applied to the CMOS
inverter is equal to the voltage at the source of My (node 3). This is realized with the OPAMP which
sets the supply voltage V,, to be equal to the voltage at node 3 and ensures that the bias current
flowing in M; and Mj is equal to Ip.

The specifications for the CMOS inverter are given in Table 2.1. We will design it for a generic 180nm
bulk CMOS process. The physical parameters are given in Table 2.2, the global process parameters in
Table 2.3 and finally the MOSFET parameters in Table 2.4.

Table 2.1: Specifications for the CMOS inverter.

Specification Symbol Value  Unit
Gain-bandwidth product GBW 2 MHz
Load capacitance Cr 1 pF
Length of My Ly 0.5 wm
Length of My Lo 0.5 um

Table 2.2: Physical parameters

Parameter Value Unit

T 300 K
Ur 25.875 mV

© C. Enz Fundamentals of Analog VLSI Design 24.09.2025
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Table 2.3: Global process parameters

Parameter Value Unit

Vbp 1.8 \%
Cox 8443 L

Wnin 200 nm

Lin 180 nm

Table 2.4: Transistor process parameters

Parameter NMOS PMOS Unit
sEKV parameters
n 1.27 1.31 -
Ispect 715 173 nA
Vo 0.455 0.445 \%
Lsat 26 36 nm
A 15 20 o
Overlap capacitances parameters
Capo 0.366  0.329 L2
Caso 0.366  0.329 LE
Ceo 0 0 o
Junction capacitances parameters
ol 1 1.121 %
Crsw 0.2 0.248 o
Flicker noise parameters
Krp 8.1e-24 8.1e-24 J
AF 1 1 -
P 0.05794 0.4828  Ym
Matching parameters
Ay ) ) mV - um
Aﬁ 1 1 % - nm
Source and drain sheet resistance parameter
Rgp 600 2386 o
Width and length parameters
AW 39 54 nm
AL -76 -72 nm

14

To bias M; and My in weak inversion, we choose an inversion coefficient of IC; = ICs = 0.1. The
gain-bandwidth product GBW is set by the inverter transconductance G4 and the load capacitance

C'1, according to
Gmeq

2w Cr’

GBW =

(2.14)

where the inverter transcondcutance G,eq is simply the sum of the nMOS and pMOS transcondcu-

tances
Gmeq = Gml + Gm2

In weak inversion, the two transconductances are given by

Iy
Gm1 = ,
ml n UT
Iy
Gpo = .
m2 o UT

© C. Enz Fundamentals of Analog VLSI Design
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and hence

L /1 1
Gres=— | —+— 1. 2.18
1 Ur <n1 * n2> (2.18)

If the slope factors can be considered as equal n; = no = n, then G,,1 = Gima. Acounting for the fact
that M; and Ms are note biased in deep weak inversion we have

1 id(1 id (1
Gomeq Iy (gmsz (ICh) 4 gmsi ( CQ)) 7 (2.19)
Ur ni n2
where G U
gmsid = m U1 (2.20)
Ip
is the normalized G,,/Ip function. In our case IC} = ICy = IC and hence
Iy gmsid(1C) ( 1 1 )
Greg=——7-—7-—|—+—1, 2.21
q UT ny no ( )
We can then deduce the bias current as
Cineq Ur (2.22)

To = gmsid(IC) (1/ny + 1/ng)

The bias current is set to I, = 229 nA. We can now get the specific currents as Igpec1 = I,/IC) =
2.287 pA and Igpecp = Ip/I1Cy = 2.287 pA from which we deduce the aspect ratioes W;/L; = 3.198
and Wy /Ly = 13.207. Knowing the length we get the width W7 = 1.60 pm and Wy = 6.60 um.

2.3 Simulation

2.3.1 DC transfer characteristic

VELD

—‘1[ M

-'[p" lout out

I+

n
— M, lvﬂ

Figure 2.4: Schematic of the CMOS inverter used for the of the DC transfer characteristic.

To simulate the DC transfer characteristic I, versu V;,, we will use the schematic shown in Figure 2.4.
We first check the operating point looking at the quiescent voltages which are presented in Table 2.5.

© C. Enz Fundamentals of Analog VLSI Design 24.09.2025
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Table 2.5: Operating point information.

Node Voltage

vdd 1.8
vsup 0.826433
vb  0.418316
out  0.418316
1 0.418316
0.418316
3 0.826434
dl  0.418316
d2  0.418316

The large-signal transfer characteristic is shown in Figure 2.5.

50¢
40¢
30} Vop= 18V
— V,,,= 0.826 V
E 20} V,= 0418 V
10} l,= 229 nA
s ! IC, = 0.1
- 0 ICy= 0.1
<= -10} W, = 1.60 um
- i L,= 0.50 um
= ~20¢ W, = 6.60 um
-30} L,= 0.50 um
-40}
a0z 00 0z o4

Vin V]
Figure 2.5: Simulated large-signal input-output characteristic.
Figure 2.5 clearly illustrates the class AB operation of the CMOS inverter and its ability to deliver an

output current that is much larger than the bias current. We can zoom into the region close to the
operating as shown in Figure 2.6.

2.3.2 Open-loop transfer function

We can also simulate the open-loop transfer function which is plotted in Figure 2.7 and compared to
the theoretical estimation. We see that the gain-bandwidth product perfectly matches the simulation
and is right on target. The simulated DC gain is slightly larger tha the theoretical estimation. This
simply comes from the simple output conductance model which is not very accurate.

© C. Enz Fundamentals of Analog VLSI Design 24.09.2025
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Vpp= 1.8V
V= 0.826 V
V,= 0.418 V
l,= 229 nA
IC,= 0.1
IC,= 0.1
W, = 1.60 um
L,= 0.50 um
W, = 6.60 um
L,= 0.50 um
=20 0 0 10 20 30
vV, [mV]
Figure 2.6: Simulated large-signal input-output characteristic.
50 D.......................
E (J
i —— Theory
40F ) .
e  Simulation
— 30F
m :
O, 20¢F
<« 10H A = 44.9dB (theory)
< ] “de ~ : Yy
— OF Ay = 48.1dB (sim.)
| GBW= 2.0 MHz (theory)
~10H GBW= 2.0 MHz (sim.)
_20' sl sl P
-180
o)
()
| -
(@)
S
— =225
——
>
<
&2 Theory
© e  Simulation NN
—270 g e g 6 7
10 10 10 10 10 10 10

Frequency [HZz]

Figure 2.7: Simulated gain response compared to theoretical estimation.
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3 Problem 3: Effect of velocity saturation on the
gate transconductance

3.1 Strong inversion

For the strong inversion case we assume a bias current I, = 20 pA, an inversion coefficient IC' = 30
and load capacitance Cp, = 1 pF.

3.1.1 Long-channel case

For the long-channel case the normalized source transconductance is given by

VAIC +1 -1
gme = YOI, (31)

which for the given inversion coefficient IC = 30 gives gms £ G, /Gspec = 5. Knowing the bias current
I, = 20 pA and the inversion coefficient 7C' = 30, we can deduce the specific current as Ispe. = I,/IC =
667 nA. The gate transconductance is then given by

ms Ispec
Gm = Gspec ' L = L g (32)

n n-Ur ms»

which is equal to G,, = 128.2 uA/V. The corresponding bandwidth is then given by BW =
Gn/(27Cr) =20.4 MHz.

3.1.2 Short-channel case

For the short-channel case, the normalized source transconductance now also depends on the velocity
saturation parameter \. according to

 VAICH T+ (A IC)2 -1
Jms = 2+ \2IC

(3.3)

For A\, = 0.333 and IC' = 30, we get gms = 2.600. Keeping the same current I, = 20 pA and inversion
coefficient /C' = 30 and assuming that I,pe. remains the same, we get Gy, = Ispec/(nUT) - gms = 66.664
wA/V, which is 1.923 times smaller than what we get for the long-channel case. The corresponding
bandwidth is now reduced accordingly to BW = G,,/(27 Cr) = 10.6 M Hz.

3.2 Weak inversion

In the case of weak inversion we assume an inversion coefficient IC' = 0.1, a bias current I, = 100 nA
and a load capacitance Cr, = 0.1 pF'.

© C. Enz Fundamentals of Analog VLSI Design 24.09.2025
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3.2.1 Long-channel case

For the long-channel case the normalized source transconductance is given by gms = G /Gpec =
0.092. Knowing the bias current I, = 100 nA and the inversion coefficient /C' = 0.1, we can deduce
the specific current as Igpec = Ip/IC = 1 pA. The gate transconductance is then given by G,, = 3.523
pA/V and the corresponding bandwidth is equal to BW = G,,/(27 Cr) = 5.6 M Hz.

3.2.2 Short-channel case

For the short-channel case, the normalized source transconductance is given by gm,s = 0.091 which
is almost equal to what we got for the long-channel case in weak inversion. This is expected since
velocity saturation has no effect in weak inversion.

Keeping the same current I, = 100 nA and inversion coefficient /C' = 0.1 and assuming that Igpe.
remains the same, we get G, = Ispec/(nUT) - gms = 3.513 pA/V, which is about equal to what we got
for the long-channel case. The corresponding bandwidth is also unchanged BW = G,,/(27 CL) = 5.6
MHz.

This example shows that velocity saturation reduces the transconductance that we get for a given
current and inversion coefficient. For best current efficiency, we should move to moderate or even weak
inversion to avoid the effect of velocity saturation. Now, moving the operating point to weak inversion
results in a much lower transconductance and therefore bandwidth for a given capacitance. It also
leads to large transistors and large parasisics.
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