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1 Problem 1: Design of a low-pass cascade
switched-capacitor filter

1.1 Filter specifications

We want to design a low-pass (LP) switched-capacitor filter (SCF) that satisfies the specifications given
in Table 1.1 using the Chebyshev approximation [1] and the cascade implementation. The filter mask
corresponding to the specifications of Table 1.1 is shown in Figure 1.1.

Table 1.1: Filter specifications.

Specification Symbol Value  Unit
Cut-off frequency fe 20 kHz
Stop-band frequency fs 120 kHz
Pass-band gain Gp -1 dB
Stop-band gain Gs -40 dB
Clock frequency fer 2 MHz
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Figure 1.1: Filter mask.
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1.2 Order estimation

We first need to evaluate the required order N in order to satisfy the specifications given in Table 1.1
and the mask shown in Figure 1.1 for a Chebyshev approximation. We can determine N with the help
of the plot shown in Figure 1.2, where Q, £ w, Jwp is the ratio between the edge of the stop-band and
the pass-band, A; = —G; is the attenuation in the stop-band and ¢ determines the ripple allowed in
the passband which is related to the attenuation in the passband A, = —G), according to

A
=101 — 1. (1.1)

A, +20log(1/g)

11 12 13 14 15 16 1.7 18 19 20
Q,=w w,

Figure 1.2: Order estimation for the Chebyshev approximation.

Knowing A, and hence ¢, A5 and €, we can find a point in the above plot and take the order immediatly
on the curve above this point.

We can also use the approximate estimation of the order in terms of €24, A5 and & given by [1]

As +20 log(1l/e) +6

N>
8.68 - acosh(€2)

(1.2)

which is plotted versus €)s in Figure 1.3 for various A and e.

For the specifications given in Table 1.1, we have A, = 1 dB, Ay = 40 dB, ¢ = 0.508847, 2, = 6,
Nest = 2.412 and hence the required order is N = 3. The magnitude of the corresponding transfer
function is plotted in Figure 1.4.

© C. Enz Fundamentals of Analog VLSI Design 17.12.2025



Exercise 13 4

10 10
9 9_
> 8 > 8
C 7 - Tk
() ()
'g 6 'g 6F
e 5 o 5F
() () o
= 4 = 4F
L L F
3 3F
2 2H A= 40dB
1 2 3 4 5 6 1. 2 3 4 5 6
QS QS

Figure 1.3: Chebyshev order estimation using (1.2).
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Figure 1.4: Magnitude of the Chebyshev transfer function for N = 3.
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1.3 Transfer function factorization

It can be shown that the factorized transfer function is then given by
2
Wp1l CL)O
T(s) = ——. 1.3
) = o 2+ s+ (1.3)
where w1 = 27 9.883412 krad/s, wy = 27 19.941962 krad/s and @ = 2.017720. Figure 1.5 shows
that the magnitude of the factorized transfer function actually corresponds to that of the Chebyshev

approximation.
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Figure 1.5: Magnitude of the Chebyshev transfer function for N = 3.

1.4 Cascade implementation
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Figure 1.6: SC 1%*-order section [2].

The 15t-order section can be implemented with the SC schematic shown in Figure 1.6, which has a
transfer function given by [2]
Carrz— (o + )

Hiz) = (I+as)-z—1

(1.4)

© C. Enz Fundamentals of Analog VLSI Design 17.12.2025



Exercise 13 6

In the case of the LP filter we can remove capacitor a1 C leading to the schematic shown in Figure 1.7.
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Figure 1.7: SC 15%-order LP section.

The transfer function then simplifies to

a2

H = 1.5
1) = Aoy 21 (15)

The design equations assuming that w,T' < 1 and w1 T' < 1 are simply
Qg = (g = wp1 -T. (16)

where T' = 1/ f.. For our design this leads to ag = ag = 0.031050. The transfer function of the
1st-order section is plotted in Figure 1.8.
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Figure 1.8: Transfer function magnitude of the 15%-order section.

The 2"-order section can be implemented by the circuit shown in Figure 1.9, which has the following
z transfer function [3]

Biz? —(2B1—a1-Ba) 2+ B
(14+083)-22—2—ag-Ba+B3)-2+1

H(z) = — (1.7)

For the implementation of LP filters we don’t need capacitance 1 Coa nd the circuit simplifies to the
one shown in Figure 1.10, which transfer function is given by [3]

_ ay- Pz
Hy(z) = (1—}-,33)'22—(2—042-,324—,33)'24-1 (1.8)
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Figure 1.10: LP 2"d-order section.

with
a1 =ag =By =wyT, (1.9)
woT
Bs = 07 (1.10)

For the given specification we get ay = as = 2 = 0.062650 and 83 = 0.031050. The transfer function
of the 2"-order section is shown in Figure 1.11.

The schematic of the complete filter is shown in Figure 1.12 with the capacitance ratios summarized in
Table 1.2.

Table 1.2: Capacitance ratios.

Symbol  Value

aia  0.03105
aiz  0.03105
as 0.06265
az  0.06265
P22 0.06265
B2z 0.03105

The transfer function of the complete filter is then simply given by
H(z) = Hi(z) - Ha(2), (1.11)

where Hi(z) and Hs(z) are given by (1.5) and (1.8), respectively. The magnitude of the transfer
functions are plotted in Figure 1.13.

The resulting transfer function is compared to the theoretical transfer function in Figure 1.14. We see
a perfect macth between the cascade and theoretical Chebyshev transfer functions.
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Figure 1.11: Transfer function magnitude of the
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Figure 1.12: Schematic of the complete filter.
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Figure 1.13: Transfer function magnitude of the 15'- and 2"d-order sections and of the complete filter.
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Figure 1.14: Transfer function magnitude of the complete filter.

We still need to choose the impedance level. Since we have very small capacitance ratios (because the
sampling frequency was set much above the cut-off frequency), the switched-capacitors will be very
small. However they need to be large enough in order to ensure a good matching and therefore a good
control on the capacitance ratios. We can choose Cy,;;, = 100 fF. This capacitance corresponds to
capacitors a12C and a13C; of the 15%-order section and Ba3C3 of the 2°d-order section. From there we
get the values of the integrating capacitances C = 3.221 pF and C5 = 3.221 pF.

We finally choose C1 = Co = C3 = 3.2 pF.

1.5 Simulation with LTSpice

The above design can unfortunately not be verified by a simple SPICE simulator. However, we have
designed a special library that allows for the simulation of two non-overlapping phases switched-
capacitor circuits like the one we have designed. Without going into the details of the implementation
of this library, what it does is to simulate the circuits in phase ®; and ®, concurently and then
insure the charge conservation at the virtual gound nodes betwen the two phases [4]. The library was
implemented for LTSpice taking advantage of the Laplace instruction. Unfortunately the latter is not
available in ngspice, reason for which we have done the simulation in LTSpice.

The SC components are part of my analog.lib library. To install the library follow the instructions
given in the moodle site. To be able to run the LTSpice simulation from the Jupyter Notebook, you
need to install the PyLTSpice package. Refer to the instructions given in PyLTSpice site

The simulations are done with the schematic shown in Figure 1.15 with the component values given in
Table 1.3.
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Figure 1.15: Schematic used for the LTSpice simulation.

Table 1.3: Component values of the 3'4-order cascade low-pass SC filter of Figure 1.15.

Symbol  Value  Unit

A 100 dB
Jek 2 MHz
Ch 3.2 pF
Cy 3.2 pF
Cs 3.2 pF
Q12 0.03105 -
a3 0.03105 -
a1 0.06265 -
92 0.06265 -
Boa  0.06265 -
B2z 0.03105 -
19 Cl 99 fF
13 Cl 99 fF

921 CQ 200 fF
oo O 200 fF
Bos C3 200 fF
P23 C3 99 IF
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Figure 1.16: Simulated transfer function of the 3"%-order low-pass cascade SC filter of Figure 1.15.

From Figure 1.16, we can observe a perfect fit between the simulated and the theoretical transfer

function.
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2 Problem 2: Design of a low-pass
switched-capacitor filter from an LC ladder
prototype (indirect simulation)

In this problem we want to design a low-pass switched-capacitor filter that satisfies the same specifica-
tions given in Table 1.1 and filter mask shown in Figure 1.1 than in Problem 1, also with a Chebyshev
approxiumation, but using the indirect simulation of an LC passive ladder filer.

Is RS Iz I—Z IL

V‘”KD; Mg: +Iv1m§3%lv: RE |Vou

Figure 2.1: Low-pass prototype filter (LPPF).

AMA
Wy

From the order estimation made in Problem 1, we have found that we need an order N = 3 to meet
the specifications. We can therefore start with the 3™-order low-pass prototytpe filter (LPPF) shown
in Figure 2.1. It can be shown that the component values of the LPPF for a Chebyshev approximation
can be calculated directly from the order N and ¢ assuming that Rg = 12 [1] [5] [6]. The values are
given in Table 2.1.

Table 2.1: LPPF component values for a Chebyshev approximation.

Symbol Value Unit

Rg 1 Q
Cinorm — 2.02359 F
Loporm 0.994102 H

F
Q

C3norm  2.02359
Ry, 1

In the indirect simulation or operational simulation approach we start writing the state equations of
the LC ladder filter shown in Figure 2.1 as

Is = Vi”RS n (2.1)
n=o R 22)
I, = Vlsz;/?’ (2.3)
Vout = IQS_C;L, (2.4)
I, = ‘;‘E’Zt (2.5)
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We then multiply all the currents by a normalization impedance Zy to only have voltages

Z
Ve 2 Zy-Ig = R—O-(Vi ~ W), (2.6)
S
Is — Iy
— 2.7
1 SZ() Cl, ( )
Z
Vo2 Zy- Iy = =2 (Vi — W), (2.8)
SLQ
I — It
Vout = ————L 2.9
t SZO 03 ( )
Z
Vi 2 Zo- I = 22 V. (2.10)
Ry,

In the above equations we can identify 3 integration operators. It is then easy to draw the signal flow
graph (SFG) corresponding to the above equations, which is shown in Figure 2.2.

+ - Vi + - Vout
Vin 4’(‘?4 A =f+\4 A » Vout
¥ I
Zo 1 Zo 1 Zo
Rs SZ()C1 SL2 SZ()C3 RL
A ! A
Ve=Zo'ls A Vo=Zo: Iy AN Vi=Zo I,

Figure 2.2: Signal-flow diagram corresponding to the LC ladder of Figure 2.1.

We can simplify the SFG of Figure 2.2 by choosing Zy = Ry. The last box can then be replaced by a
wire. We can also get rid of the first summation operator by adding the weighted input voltage to the
second summation operator. This results in the SFG shown in Figure 2.3.

Vi + - Vout R
A '?‘ A 7 Vout
A 4
R, 1 R, 1
RS SRLC1 SL2 SRLC3
(D) 4 :ET—)<—
+4A~ Vo=R, 1> + -
R
Vin —] Re

Figure 2.3: Simplification the SFG of Figure 2.2 after setting Zy = Ry.

The integration operators can be implemented by summing integrators with time constants given by

1 = Ry Cy, (2.11)
A L2
£ = 2.12
T2 RL’ ( )
732 R1C3. (2.13)

This results in the SFG shown in Figure 2.4.

Since for odd order Chebyshev approximations the termination resistances are equal Ry, = Rg, the
gain boxes Ry /Rgs = 1 can also be replaced by a wire resulting in the SFG of Figure 2.5.
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Figure 2.4: SFG of Figure 2.3 with 3 summing integrators.
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Figure 2.5: Final SFG corresponding to the LPPF of Figure 2.1.

The integrator time constants for achieving the specifications of Table 1.1 can be obtained by denor-
malizing the time constants of the LPPF according to

7y = Lnorm Ciinorm (2.14)
Wp
L2 norm
oy — Lnom 2.15
2 Rno?"m wp ( )
7y = Lnorm Canorm. (2.16)
Wp

where Ryorm = Rs = Rp, = 1. The denormalized time constants are presented in Table 2.2.

Table 2.2: Integrator time constants.

Symbol  Value  Unit

T 16.1032  us
) 7.91082  pus
T3 16.1032  pus
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Figure 2.6: Basic summing SC integrator.

Fach summing integrator can be implemented by the SC circuit shown in Figure 2.6 having the
following z-transfer function

o
1— 271

Vot (2) 2 i) —we) . (2.17)

The resulting SC filter is shown in Figure 2.7 with the capacitance ratios given by

1
an =~ [ (2.18)
1 Jck
a1z = oa1, (2.19)
1
Qg = , 2.20
2 72 fek ( )
1
Qg = , 2.21
’ 73 fek ( )

where f.. = 2.0 M Hz. The capacitance ratios are given in Table 2.3. Notice that we added capacitor
a2 Cq which is equal to aq1 C1 in order to correct for the —6 dB loss of the passive LC ladder filter of
Figure 2.1.

Vi
LA LA
Ci== A a2Co Cy== A
q I ] I
a12C [ "
+ C
(X11C11— CZTF a3ls
Vine \'/
2

Figure 2.7: 3"d-order SC filter schematic.

Table 2.3: Capacitance ratios of the 3'%-order SC filter shown in Figure 2.7.

Symbol  Value  Unit

11 0.03105
12 0.03105
a9 0.063205 -
o3 0.03105

From the analysis of the SC circuit shown in Figure 2.7 using charge conservation at the virtual grounds
of each integrator leads to the following z-transfer function

as 22

H =
(2) b3 23 + by 22 + by 2+ by’

(2.22)
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where
az = (011 + a12) g Az, (2.23)
by = —1, (2.24)
b1 =3+ a0 — a1 a9 + +a3 — ag a3, (2.25)
by = =3 —2a10+ a1 as —2a3 — ajp a3 + ag ag + a1 as a3 + a1s s ag, (2.26)
bs = (14 a12)(1 + az). (2.27)

The transfer function of (2.22) is compared to the theoretical transfer function in Figure 2.8. We see
an almost perfect match except at high frequency where the transfer function given by (2.22) deviates
because of the sampled-data nature of the SC filter.

| T()| [dB]

_4: L P R | ! P S R | . R n_nnorn
10 10" 10° 10

Frequency [HZz] (log)

Figure 2.8: Comparison between the theoretical and z-transfer function..

We still need to choose the impedance level. Since we have very small capacitance ratios (because
the clock frequency was set much above the cut-off frequency for the approximation to be valid), the
switched-capacitors will be very small. However they need to be large enough in order to ensure a
good matching and therefore a good control on the capacitance ratios.

We can choose Cpi, = 100 fF. this leads to the following integration capacitances C7 = 3.221 pF/,
Cy = 1.582 pF and C3 = 3.221 pF.

We finally choose C7 = Cy = C3 = 3.300 pF.

2.1 Simulation with LTSpice

We can now check the transfer function using LTSpice simulations which are done with the schematic
shown in Figure 2.9 and the component values given in Table 2.4.
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Figure 2.9: Schematic used for the LTSpice simulation.

Table 2.4: Component values of the 3'9-order cascade low-pass SC filter of Figure 2.9.

Symbol  Value Unit
A 100 dB
fck 2 MHz
Ch 3.3 pF
Cy 3.3 pF
Cs 3.3 pF
o11 0.03105 -
12 0.03105 -
%) 0.063205 -
o3 0.03105 -

a11 Cl 102 fF

12 Cl 102 fF

(6% 02 209 fF
a3 03 102 fF
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Figure 2.10: Simulated transfer function of the 3'%-order low-pass cascade SC filter of Figure 2.9.

From Figure 2.10 we see a perfect match between the simulations and the transfer function given by
(2.22), even close to the clock frequency.
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