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1 Introduction

This notebook presents all the normlaized functions that are used for the design of analog circuits
using the Gm/ID approach with the inversion coefficient [1] [2] [3] [4].
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2 Large-signal functions

2.1 Normalized current versus charge

2.1.1 Long-channel

The normalized drain current or inversion coefficient IC is defined as the drain current in saturation
normalized to the specific current Ispec

IC ≜
ID|saturation

Ispec
, (2.1)

where the specific current is given by

Ispec = Ispec□ · W
L

(2.2)

with
Ispec□ ≜ 2n · µ · Cox · U2

T . (2.3)

The inversion coefficient IC gives the level of inversion of the transistor according to

IC < 0.1weak inversion (WI), (2.4)
0.1 ≤ IC < 10moderate inversion (MI), (2.5)

10 ≤ ICstrong inversion (SI). (2.6)

The inversion coefficient for a long-channel transistor is a function of the normalized source charge
according to

IC = q2
s + qs (2.7)

where qs is the inversion charge Qi evaluated at the source and normalized to Qspec ≜ −2nCoxUT

qs ≜
Qi(x = 0)
Qspec

. (2.8)

The expression of IC versus qs can be inverted to express the normalized charge as a function of the
inversion coefficient according to

qs =
√

4IC + 1 − 1
2 (2.9)

2.1.2 Short-channel

The normalized drain current in the simplified EKV (sEKV) model is given by

IC ≜
ID|saturation

Ispec
= 2(q2

s + qs)
1 +

√
1 + λ2

c(q2
s + qs)

, (2.10)

where parameter λc is the velocity saturation parameter which scales as

λc = Lsat

L
(2.11)
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where Lsat = 2µUT /vsat is the length over which the carriers velocity is saturating to vsat. λc is
therefore the fraction of the channel over which the carriers are in full velocity saturation. The
long-channel case is obtained by setting λc = 0 for which the normalized drain current (2.10) reduces
to (2.7).

The short-channel asymptotes are given by

IC ∼=
{
qs in weak inversion (λc · qs ≪ 1),
2qs

λc
in strong inversion (λc · qs ≫ 1).

(2.12)

The inversion charge IC is plotted versus qs in Figure 2.1 for the long- and short-channel cases.
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Figure 2.1: Inversion coefficient IC versus normalized source charge qs.

2.2 Normalized charge versus current

Equation (2.10) can be inverted to express the normalized source charge in function of the inversion
coefficient

qs =
√

4 IC + 1 + (λc IC)2 − 1
2 (2.13)

which for long-channel (λc = 0) reduces to

qs =
√

4 IC + 1 − 1
2 . (2.14)

The normalized source charge qs is plotted versus the inversion coefficient IC in Figure 2.2 for both
the long- and short-channel cases.

2.3 Normalized saturation voltage versus charge

The charge is related to the voltage according to

vp − vs = 2qs + ln(qs) (2.15)

which is plotted which is plotted in Figure 2.4.
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Figure 2.2: Normalized source charge qs versus inversion coefficient IC.
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Figure 2.3: Normalized saturation voltage vp − vs versus normalized source charge qs.
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2.4 Normalized saturation voltage versus inversion coefficient

The source charge can be expressed in terms of the inversion coefficient as (2.14) for a long-channel
transistor or (2.13). Replacing in (2.15) allows to express the saturation voltage in terms of the
inversion coefficient. For a long-channel transistor we get

vp − vs = ln(
√

4IC + 1 − 1) +
√

4IC + 1 − 1 − ln(2) (2.16)

The saturation voltage vp − vs is plotted versus the inversion coefficient IC in Figure 2.4 for both the
long- and short-channel case.
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Figure 2.4: Normalized saturation voltage vp − vs versus inversion coefficient IC.

2.5 Normalized charge versus saturation voltage

The voltage versus charge equation (2.15) can actually be inverted using the Lambert W-function of
order 0. The Lambert function W (z) is defined as the function satisfying

W (z) · eW (z) = z. (2.17)

The voltage versus charge equation can be written as

2q · e2q = ev (2.18)

where q ≜ qs and v ≜ vp − vs. Eqn. (2.18) can now be solved for q using the Lambert W-function by
setting z = 2ev which leads to

q(v) = 1
2W (2ev) (2.19)

or
qs = 1

2W
(
2evp−vs

)
. (2.20)

The Lambert W-function is available in the scipy Python package as lambertw. It is also available in
Mathematic as the ProductLog[z] function.

The charge versus voltage can also be approximated by the EKV function which is compared to the
exact Lambert W-function in Figure 2.5.
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Figure 2.5: Normalized source charge qs versus normalized saturation voltage vp − vs.

2.6 Inversion coefficient versus saturation voltage

Finally, the inversion charge IC is plotted versus the saturation voltage vp − vs in Figure 2.6 for
both the long- and short-channel cases. We see that velocity saturation reduces the current in strong
inversion but has no effect in weak inversion.

−10 0 10 20 30 40 50 60
vp − vs

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

IC

Lambert W-function with λc = 0.0
Approximation with λc = 0.0
Lambert W-function with λc = 0.5
Approximation with λc = 0.5

Figure 2.6: Inversion coefficient versus normalized saturation voltage vp − vs.

2.7 Drain-to-source saturation voltage versus inversion coefficient

The vp − vs voltage works well in strong inversion to estimate the saturation voltage for a long-
channel transistor. However, it becomes negative in weak inversion and cannot be used for estimating
the saturation voltage in weak inversion which should be equal to a few UT , typically 4UT . An
approximation of the saturation voltage valid from weak to strong inversion can be defined as

vdssat = 2
√
IC + vdssat,wi

, (2.21)
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where vdssat,wi
∼= 4.
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Figure 2.7: Saturation voltage vdssat versus inversion coefficient IC.

2.8 Inversion coefficient versus drain-to-source saturation voltage
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Figure 2.8: Inversion coefficient IC versus saturation voltage vdssat.

2.9 Slope factor versus inversion coefficient

The slope factor n in weak inversion is actually depending on the pinch-off voltage according to

n = nwi = 1 + Γb

2
√

Ψ0 + VP
= 1 + γb

2
√
ψ0 + vp

(2.22)

where Γb is the substrate factor given by
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Γb = γb ·
√
UT =

√
2qNbϵSi

Cox
(2.23)

and Ψ0 ∼= 2ΦF + a few UT . The slope factor normally depends on the pich-off voltage which depends
on the gate voltage. For vs = 0, we can express the vp as a function of IC and plot the slope factor
versus IC.
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Figure 2.9: Slope factor n versus inversion coefficient IC.
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3 Small-signal functions

It can be shown that for a long-channel transistor the source transconductance Gms is actually
proportional to the inversion charge taken at the source Qi(x = 0) or to the normalized source charge
qs. The normalized source transconductance gms can therefore be expressed in terms of the inversion
coefficient IC according to

gms ≜
Gms

Gspec
= qs(IC) =

√
4IC + 1 − 1

2 , (3.1)

where the specific conductance Gspec is defined as

Gspec = Ispec

UT
= 2n · µ · Cox · UT . (3.2)

If velocity saturation is accounted for the normalized source transconductance becomes

gms =
√

4 IC + 1 + (λc IC)2 − 1
2 + λ2

c IC
. (3.3)

The normalized source transconductance in weak and in strong inversion reduces to

gms =
{
IC in weak inversion (IC ≪ 1),
1

λc
in strong inversion (IC ≫ 1).

(3.4)

The normalized source transconductance gms is plotted versus the inversion coefficient in Figure 3.1 for
both the long- and short-channel cases. We see that the normalized source transconductance saturates
to 1/λc in SI.
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3.1 Inversion coefficient versus transconductance

For long-channel transistor, it is easy to invert the normalized source transconductance to express the
inversion coefficient IC required to achieve a given normalized source transconductance

IC = gms · (gms + 1). (3.5)

The formula becomes much more complicated when including velocity saturation. For λc > 0 we get

IC = 2 − λ2
c gms (1 + 2 gms) −

√
4 − (λc gms)2 (4 − λ2

c)
λ2

c ((λc gms)2 − 1) , (3.6)

which for λc → 0 reduces to (3.5).

IC is plotted versus gms in Figure 3.2 for the log- and short-channel cases.
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Figure 3.2: Normalized source transconductance gms versus inversion coefficient IC.

3.2 Normalized Gm/ID versus inversion coefficient

The normalized Gm/ID for the long-channel transistor can then be expressed in terms of the inversion
coefficient as

Gm · nUT

ID
= Gms · UT

ID
= gms(IC)

IC
=

√
4IC + 1 − 1

2IC (3.7)

For short-channel devices it becomes

Gm · nUT

ID
= Gms · UT

ID
= gms

IC
=

√
4 IC + 1 + (λc IC)2 − 1

IC (2 + λ2
c IC) . (3.8)

The normalized source transconductance in strong inversion reduces to

gms

IC
=


1√
IC

for long-channel (λc = 0),
1

λc·IC for short-channel (λc > 0).
(3.9)

The normalized Gm/ID function is plotted below versus IC.
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Figure 3.3: Normalized Gm/ID versus inversion coefficient IC.

3.3 Inversion coefficient versus normalized Gm/ID

For long-channel transistors, the normalized Gm/ID can be inverted to express the inversion coefficient
as a function of the desired Gm/ID. This results in

IC = 1 − gmsid

gmsid2 , (3.10)

where gmsid = GmnUT /ID.

IC is plotted versus g_{ms}/i_d$ in Figure 3.4.

There is unfortunately no closed-form expression for the inversion coefficient IC as a function of the
normalized Gm/ID when including velocity saturation. However, it can be solved numerically using
fsolve.

3.4 Noise functions

3.4.1 Thermal noise
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Figure 3.4: Inversion coefficient IC versus normalized Gm/ID.
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4 Normalized intrinsic capacitances

The normalized intrinsic capacitances of a long-channel transistor are given by

cgsi ≜
CGSi

COX
= qs

3
2qs + 4qd + 3
(qs + qd + 1)2 , (4.1)

cgdi ≜
CGDi

COX
= qd

3
2qd + 4qs + 3
(qs + qd + 1)2 , (4.2)

cgbi ≜
CGBi

COX
= n− 1

n
(1 − cgsi − cgdi), (4.3)

cbsi ≜
CBSi

COX
= (n− 1) cgsi, (4.4)

cbdi ≜
CBDi

COX
= (n− 1) cgdi, (4.5)

cggi ≜
CGGi

COX
= cgsi + cgdi + cgbi, (4.6)

where COX ≜Weff Leff Cox.

The normalized intrinsic capacitances are plotted versus vp in Figure 4.1. Note that the dashed lines
represents the intrinsic capacitances cgbi, cbsi, cbdi and cggi calculated with a constant slope factor n.
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Figure 4.1: Normalized intrinsic capacitance versus normalized pinch-off voltage vp.
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