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Announcements
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• We will re-record last week’s lecture!  
In the recording I’ll spend more time on Part 1 (Self-Supervised Learning) and mathematical background.


• The research papers are optional, not required reading.  
Everything you need to know for the course is covered in the slides and exercise sheets.


• Regarding the exam: The exercises and notebooks should give you an idea on the nature of the exam!

Change of time and room!

Karsten Kreis 
NVIDIA

Ruiqi Gao 
DeepMind

Diffusion-based 
Generative Modeling:  
Foundations and 
Applications

5 pm in CM 1 3

We will have a guest lecture next week!
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Exam
70%

Components of CS-461
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1. Lecture

3. Code Notebooks2. Exercise Sheets

4. Code Assignments
Assigments
30% (2×15%)

5. Papers
(optional)
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Code Assignments
gnoto:  EPFL’s JupyterLab

https://www.epfl.ch/research/facilities/rcp/gnoto/
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Last Lecture: Self-Supervised Learning

5

Supervised

Unsupervised Semi-Supervised

Self-Supervised
… is the catalyst that powers foundation models  

(until we discover the next one)

Learning 

Code Notebook 2 · Task 1 - 3 .
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Self-Supervised Learning Concepts
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Contrastive Masking Autoregressive

-

-

-

-

N-pair cross-entropy MSE

“The [mask] barked.”

cat dog

Autoregressive models optimize  
the exact likelihood.

triplet

contrastive

-

+

Frames N-pair loss as mutual 
information maximization 
between positive pairs. infoNCE
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Masking methods approximate 
pseudo-likelihood optimization.
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“The [mask] barked.”

cat dog

Masking methods approximate 
pseudo-likelihood optimization.

Autoregressive models optimize  
the exact likelihood.

triplet -

+
contrastive

Exercise 1 · Task 1 .

Maximizes lower bound on , 
implicitly learning log-likelihood ratios.

log p(x |y)
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From Learning Principle to Architecture
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The self-supervision objective is not a training detail but the fundamental constraint  
that shapes many architectural choices from attention patterns to encoder-decoder asymmetry.

Important!

1. Contrastive → Must compare → Needs batch/memory


• Requires denominator with many negatives: 

• Solution: Large batches (SimCLR: 4096) or memory banks (MoCo: 65K queue)

<latexit sha1_base64="vnhBb1j0X063QctpXDTwXTLRmlo="></latexit>

exp(sim+)/P exp(sim)

2. Masked → Must see all → Needs bidirectional


• Predict from full context: 

• Solution: Bidirectional masked attention patterns

<latexit sha1_base64="NAaFdY/Lc6FVHJTkvvd91qD4IHc="></latexit>

p (xmask | xunmasked)

3. Autoregressive → Must generate → Needs causality


• Factorization chain: 

• Solution: Causal self-attention to avoid future leakage

<latexit sha1_base64="5ZRrXt1x3ePjtfKkmGIj9q+S+R0="></latexit>

p(x) =
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p (xt | x<t)
causal 
attention

full 
attention

bidirectional 
masked 
attention
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From Learning Principle to Architecture

9

The self-supervision objective is not a training detail but the fundamental constraint  
that shapes many architectural choices from attention patterns to encoder-decoder asymmetry.

Important!

1. Contrastive → Must compare → Needs batch/memory


• Requires denominator with many negatives: 

• Solution: Large batches (SimCLR: 4096) or memory banks (MoCo: 65K queue)

<latexit sha1_base64="vnhBb1j0X063QctpXDTwXTLRmlo="></latexit>

exp(sim+)/P exp(sim)

2. Masked → Must see all → Needs bidirectional


• Predict from full context: 

• Solution: Full attention patterns

<latexit sha1_base64="NAaFdY/Lc6FVHJTkvvd91qD4IHc="></latexit>

p (xmask | xunmasked)

3. Autoregressive → Must generate → Needs causality


• Factorization chain: 

• Solution: Causal self-attention to avoid future leakage

<latexit sha1_base64="5ZRrXt1x3ePjtfKkmGIj9q+S+R0="></latexit>

p(x) =
Q

p (xt | x<t)
causal 
attention

full 
attention

bidirectional 
masked 
attention

Lecture 5:  
Tokenization and Building Blocks

attention?
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From Learning Principle to Architecture

The self-supervision objective is not a training detail but the fundamental constraint  
that shapes many architectural choices from attention patterns to encoder-decoder asymmetry.

Important!

1. Contrastive

2. Masked

3. Autoregressive

Encoder

Pr
oj

ec
tio

n 
he

ad

Encoder + projection head  
for comparing global features

Encoder Decoder
Encoder-decoder split that 
can be asymmetric

Decoder

Unified decoder-only architecture  
with causal masking

Lecture 5-7: Architectures
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From Learning Principle to Architecture

The self-supervision objective is not a training detail but the fundamental constraint  
that shapes many architectural choices from attention patterns to encoder-decoder asymmetry.

Important!

1. Contrastive

2. Masked

3. Autoregressive

Encoder

Pr
oj

ec
tio

n 
he

ad

Encoder + projection head  
for comparing global features

Encoder Decoder
Encoder-decoder split that 
can be asymmetric

Decoder

Unified decoder-only architecture  
with causal masking

Lecture 5-7: Architectures

Lecture 5-9:  
Architectures

Encoder? Decoder?
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This Lecture: Unsupervised Learning
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Supervised

Unsupervised Semi-Supervised

Self-Supervised

More specifically:  
Generative AI: Learning 

… and next …
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Unsupervised Learning

13

Goal: Discover structure in unlabeled data .x

discovers structure in unlabeled data 

because it learns to model the underlying data distribution  without requiring labels.p(x)

Key insight: By learning to generate data, models must discover and encode 
                     the rules, patterns, and relationships that govern that data 
                     which is the structure.

Generate data?

Generative Modeling 
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pdata(x)

Learning a Generative Model

14

Generative models learn to capture the probability distribution  and generate new samples from 
that distribution.

p(x)
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Unlike discriminative models that learn ,  
generative models learn  or .

p(y |x)
p(x) p(x, y)
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Four Philosophical Approaches 

15

1. Autoregressive Models

2. Autoencoders

3. Generative Adversarial Models

4. Diffusion Models

gθ fake

real
fϕ

Variational Autoencoder

reconstruction loss

zfϕ
encoder

gθ
decoder

fforward

f −1
θbackward

“Fake it till you make it.”

“Mess it up, then Ctrl+Z.”

“Reduce to the essence and rebuild.”

“One step at a time.” x0 xt1fθ xt2fθ xt3fθ xTfθ

How do we do this?



Charlotte BunneCS-461  ·  Foundation Models and Generative AI

⚠ Disclaimer: Generative Models in Context

16

We could easily spend an entire course on generative models. 
 
We'll focus on what you need to know to understand and build modern foundation models:

• Fundamental paradigms that underpin different approaches of generative models approaches.

• Key trade-offs between quality, speed, and controllability.

• Why different architectures suit different scales.

• How these concepts combine into different architectures.


💡 Our Goal: 

1. Master the complete toolkit of building blocks and design principles that architects use when 

creating foundation models.

2. Give you the vocabulary and concepts to understand most generative architectures.
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Take Image Generation in GPT-4o

17

DALL·E 1: Autoregressive over VQ-VAE image tokens.


DALL·E 2: Diffusion in latent space, CLIP-guided.


DALL·E 3: Improved diffusion, tighter GPT prompt integration.


GPT-4o: Back to autoregressive, i.e., sequential image generation, no longer diffusion.

2021

2022

2023

Note: The architecture of GPT-4o has not 
been released, so we can only speculate 
based on trends and capabilities.

Instead, they combine insights from VAEs, diffusion 
models, and autoregressive approaches and more 
to achieve state-of-the-art performance.

Modern generative AI systems rarely rely on a single paradigm!

2025

https://arxiv.org/pdf/2504.02782
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Course Schedule

18

Week Part I Week Part II

1 Introduction and Overview 8 Multi-Modality in Foundation Models

2 Learning at Scale:  
Supervised, Self-Supervised, and Beyond 9 Architectures II:  

Foundation Models in the Sciences
3 Generative Models I:  

Autoregressive, Adversarial, and Autoencoder 10 In-Context Learning and Emergent Behaviors

4 Generative Models II:  
Diffusion Models and Beyond 11 Adaptation, Fine-Tuning, and Test-Time Training

5
Generative Models III:  
Recap on Generative Models and Generalizations 12 World Models and Generative World Modeling
Tokenization Across Modalities and Building Blocks 

6 Architectures I:  
Language and Vision Foundation Models 13

Architectures III: FMs in Robotics                                          
Foundation Models, Reinforcement Learning, 
Reasoning, and Decision-Making

7 Semester Break 14 Foundation Models and Agentic Systems

15 Outlook and Summary
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<latexit sha1_base64="iunUQc4da1+W+vOSZC549oQlBn4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoiUj0WvPRYwX5AG8Jms22XbjZhd1JaQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtb2zu1fcLx0cHh2f2KdnbR2nirIWjUWsugHRTHDJWsBBsG6iGIkCwTrB+GHhdyZMaR7LJ5glzIvIUPIBpwSM5Nt24veBTSELCZB5ZXrt22Wn6iyBN4mbkzLK0fTtr34Y0zRiEqggWvdcJwEvIwo4FWxe6qeaJYSOyZD1DJUkYtrLlpfP8ZVRQjyIlSkJeKn+nshIpPUsCkxnRGCk172F+J/XS2Fw72VcJikwSVeLBqnAEONFDDjkilEQM0MIVdzciumIKELBhFUyIbjrL2+S9k3VrVVrj7fleiOPo4gu0CWqIBfdoTpqoCZqIYom6Bm9ojcrs16sd+tj1Vqw8plz9AfW5w+T9ZOn</latexit>

pdata(x)
<latexit sha1_base64="kb44nMOlmmG8T7qciw2EAeP4k04=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHoseOmxgv2A7VKyabYNzSZLMiuWpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1PY2Nza3inulvb2Dw6PyscnHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3M397iPThiv5ANOEBTEZSR5xSsBKfjLow5gBqT5dDsoVt+YugNeJl5MKytEalL/6Q0XTmEmgghjje24CQUY0cCrYrNRPDUsInZAR8y2VJGYmyBYnz/CFVYY4UtqWBLxQf09kJDZmGoe2MyYwNqveXPzP81OIboOMyyQFJulyUZQKDArP/8dDrhkFMbWEUM3trZiOiSYUbEolG4K3+vI66VzVvHqtfn9daTTzOIroDJ2jKvLQDWqgJmqhNqJIoWf0it4ccF6cd+dj2Vpw8plT9AfO5w/cc5ED</latexit>

p✓(x)

“closeness”

Learn  to construct the “best” approximation of the underlying distribution   
given samples of dataset .


We want to find  that is as close as possible to the data distribution .

pθ pdata
𝒟

pθ pdata

distributional distances

Kullback-Leibler Divergence

e.g., autoregressive models and variational autoencoders

Jensen-Shannon Divergence Wasserstein Distance

e.g., generative adversarial networks
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Core Concept: Control generation with additional information .c

+ condition

<latexit sha1_base64="fj7veDb8nhEbFvGE/qpXUOMXKWc=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyURqS4LbrqsYB/QhDCZTNqhkwczN9IS+ituXCji1h9x5984bbPQ1gMXDufcy733+KngCizr2yhtbe/s7pX3KweHR8cn5mm1p5JMUtaliUjkwCeKCR6zLnAQbJBKRiJfsL4/uV/4/ScmFU/iR5ilzI3IKOYhpwS05JnV1HNgzIDUp9iJeIDplWfWrIa1BN4kdkFqqEDHM7+cIKFZxGKggig1tK0U3JxI4FSwecXJFEsJnZARG2oak4gpN1/ePseXWglwmEhdMeCl+nsiJ5FSs8jXnRGBsVr3FuJ/3jCD8M7NeZxmwGK6WhRmAkOCF0HggEtGQcw0IVRyfSumYyIJBR1XRYdgr7+8SXrXDbvZaD7c1FrtIo4yOkcXqI5sdItaqI06qIsomqJn9IrejLnxYrwbH6vWklHMnKE/MD5/ANnpk7M=</latexit>

p✓(x | c)
instead of

<latexit sha1_base64="kb44nMOlmmG8T7qciw2EAeP4k04=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHoseOmxgv2A7VKyabYNzSZLMiuWpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1PY2Nza3inulvb2Dw6PyscnHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3M397iPThiv5ANOEBTEZSR5xSsBKfjLow5gBqT5dDsoVt+YugNeJl5MKytEalL/6Q0XTmEmgghjje24CQUY0cCrYrNRPDUsInZAR8y2VJGYmyBYnz/CFVYY4UtqWBLxQf09kJDZmGoe2MyYwNqveXPzP81OIboOMyyQFJulyUZQKDArP/8dDrhkFMbWEUM3trZiOiSYUbEolG4K3+vI66VzVvHqtfn9daTTzOIroDJ2jKvLQDWqgJmqhNqJIoWf0it4ccF6cd+dj2Vpw8plT9AfO5w/cc5ED</latexit>

p✓(x)

e.g., text promt

image

class

How? 

• via Concatenation: 


• via Cross-Attention:  attends to 


• via Classifier Guidance: 

• etc.

[x, c] →
x c

∇log p(c |x)

Modelθ
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1. Autoregressive Models

2. Autoencoders

3. Generative Adversarial Models

4. Diffusion Models f

f −1
θ

gθ fake

real
fϕ

z
Variational Autoencoder

reconstruction loss

fϕ gθ
encoder decoder

forward

backward

“Fake it till you make it.”

“Mess it up, then Ctrl+Z.”

“Reduce to the essence and rebuild.”

“One step at a time.” x0 xt1 xt2 xt3 xTfθ fθ fθ fθ
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Autoregressive Generative Models
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Core Principle: At each step, predict the next element given all previous elements 
                          i➝ sequential prediction.

Key Idea: Model the joint distribution by decomposing it into a product of conditionals  
                 using the chain rule.

<latexit sha1_base64="gcNz9+eVAzgdhTL7sQw4fyGRGYg="></latexit>

p(x) = p(x1, x2, . . . , xt) = p(x1)p(x2|x1)p(x3|x1, x2) . . . p(xt|p<t)

Lecture 2: Learning at Scale

➝ reduce a hard problem, i.e., learning , into a sequence of easier problems.p(x)

Fully general, works for 
any distribution, any 
ordering, no assumptions!

Maximum Likelihood Training
<latexit sha1_base64="kToP0vJngU55wrmdpK0z/dzaYfg="></latexit>

max
✓

log p✓(x) = max
✓

log p✓ (x1, x2, . . . , xt)
<latexit sha1_base64="AkxCKGNpMbfoFDfvoiuLU/3lZSk="></latexit>

= max
✓

tX

i=1

log p✓ (xi | x<i)

Each term is just a standard 
supervised learning loss!
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STRATEGY 1 STRATEGY 2
Shared Parameters  

One Model for All Positions
Factorized Parameters 
Position-Specific Models

e.g., RNNs (Rumelhart et al., 1985)
NADE (Uria et al., 2016), etc.

e.g., MADE (Germain et al., 2015)
GPT (Radford et al., 2018) etc.

x1 → x2 → x3 → … → xt

y1 y2 y3 yt…

↓

↓

↓ ↓ ↓

↓ ↓ ↓
Modelθ

x1 {x1, x2} {x1, x2, x3} … {x<t, xt}

y1 y2 y3 yt…

↓

↓

↓ ↓ ↓

↓ ↓ ↓
θ1 θ2 θ3 θtModel

Parameters 
𝒪(t × d2)

Efficient!
Parameters 

𝒪(d2)

https://apps.dtic.mil/sti/tr/pdf/ADA164453.pdf
https://jmlr.org/papers/volume17/16-272/16-272.pdf
http://proceedings.mlr.press/v37/germain15.pdf
https://cdn.openai.com/research-covers/language-unsupervised/language_understanding_paper.pdf
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Autoregressive Generative Models: Examples
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1.
Example from Vision:  
    Image GPT (iGPT)

Chen et al., (2020)

2.

1. Pre-process raw images by 
resizing to a low resolution and 
reshaping into a 1D sequence.


2. Train via auto-regressive next pixel 
prediction.

Example from Language:  
    Generative Pretrained Transformer (GPT)

Radford et al., (2018)

Lecture 6: Language Foundation Models

http://proceedings.mlr.press/v119/chen20s/chen20s.pdf
https://cdn.openai.com/research-covers/language-unsupervised/language_understanding_paper.pdf
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3. Generative Adversarial Models

4. Diffusion Models f

f −1
θ

gθ fake

real
fϕ

forward

backward

“Fake it till you make it.”

“Mess it up, then Ctrl+Z.”

Four Philosophical Approaches 

25

1. Autoregressive Models

2. Autoencoders
z

Variational Autoencoder

reconstruction loss

fϕ gθ
encoder decoder

“Reduce to the essence and rebuild.”

“One step at a time.” x0 xt1 xt2 xt3 xTfθ fθ fθ fθ
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Key idea: An autoencoder learns to compress data into a lower-dimensional representation  
                 and reconstruct it.

zEncoderx Decoder ̂x

Decoder:    
          i.e.,   reconstructs from latent code.

<latexit sha1_base64="cIROsD0E2a6TI7UVSEkJxVqbkf8=">AAACFnicbVDLSgNBEJyNrxhfUY9eBoPgxbArEsVTwEuOEcwDsyH0TibJkNkHM71KWPIVXvwVLx4U8Sre/Btnk4CaWNBQVHXT3eVFUmi07S8rs7S8srqWXc9tbG5t7+R39+o6jBXjNRbKUDU90FyKgNdQoOTNSHHwPckb3vAq9Rt3XGkRBjc4injbh34geoIBGqmTP+l3XBxwhEvq+oADBjK5HVNXif4AQanw/kdvjjv5gl20J6CLxJmRApmh2sl/ut2QxT4PkEnQuuXYEbYTUCiY5OOcG2seARtCn7cMDcDnup1M3hrTI6N0aS9UpgKkE/X3RAK+1iPfM53piXreS8X/vFaMvYt2IoIoRh6w6aJeLCmGNM2IdoXiDOXIEGBKmFspG4AChibJnAnBmX95kdRPi06pWLo+K5Qrsziy5IAckmPikHNSJhVSJTXCyAN5Ii/k1Xq0nq03633amrFmM/vkD6yPbxmAoAM=</latexit>

g✓ : Z ! X
gθ

Latent space:    
          i.e.,  compressed representation of input space .

<latexit sha1_base64="zEvUkbOBwyx01+g/2j5Br3QcS6k=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFN11WsA+cDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gund7nfe6JKMykezCyhQYzHgkWMYGMlfxBjMyGYZ4/zYbXm1t0F0DrxClKDAu1h9WswkiSNqTCEY619z01MkGFlGOF0XhmkmiaYTPGY+pYKHFMdZIvIc3RhlRGKpLJPGLRQf29kONZ6Fod2Mo+oV71c/M/zUxPdBhkTSWqoIMuPopQjI1F+PxoxRYnhM0swUcxmRWSCFSbGtlSxJXirJ6+T7lXda9Qb99e1ZquoowxncA6X4MENNKEFbegAAQnP8ApvjnFenHfnYzlacoqdU/gD5/MHm6uRgQ==</latexit>Z
<latexit sha1_base64="GTTEzcaoVkv6qbOILst6Nir1q0E=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIVI8FLz1WsLXQhrLZbtqlm03YfRFK6M/w4kERr/4ab/4bN20O2jqwMMy8x86bIJHCoOt+O6WNza3tnfJuZW//4PCoenzSNXGqGe+wWMa6F1DDpVC8gwIl7yWa0yiQ/DGY3uX+4xPXRsTqAWcJ9yM6ViIUjKKV+oOI4oRRmfXmw2rNrbsLkHXiFaQGBdrD6tdgFLM04gqZpMb0PTdBP6MaBZN8XhmkhieUTemY9y1VNOLGzxaR5+TCKiMSxto+hWSh/t7IaGTMLArsZB7RrHq5+J/XTzG89TOhkhS5YsuPwlQSjEl+PxkJzRnKmSWUaWGzEjahmjK0LVVsCd7qyeuke1X3GvXG/XWt2SrqKMMZnMMleHADTWhBGzrAIIZneIU3B50X5935WI6WnGLnFP7A+fwBmKGRfw==</latexit>X

Encoder:    
          i.e.,   maps data to latent code.

<latexit sha1_base64="2SryHRzKnY6uQXGsdqyq5+tm5JU=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJKIVHFVcNNlBfvAJoTJdNIOnWTCzEQpIR/hxl9x40IRty7c+TdO2oDaeuDC4Zx7ufceP2ZUKsv6MkpLyyura+X1ysbm1vaOubvXkTwRmLQxZ1z0fCQJoxFpK6oY6cWCoNBnpOuPr3K/e0eEpDy6UZOYuCEaRjSgGCkteeZJ4DnxiF5CJ0RqhBFLexl0BB2OFBKC3//ot5lnVq2aNQVcJHZBqqBAyzM/nQHHSUgihRmSsm9bsXJTJBTFjGQVJ5EkRniMhqSvaYRCIt10+lQGj7QygAEXuiIFp+rviRSFUk5CX3fmJ8p5Lxf/8/qJCi7clEZxokiEZ4uChEHFYZ4QHFBBsGITTRAWVN8K8QgJhJXOsaJDsOdfXiSd05pdr9Wvz6qNZhFHGRyAQ3AMbHAOGqAJWqANMHgAT+AFvBqPxrPxZrzPWktGMbMP/sD4+AZl9Z8Z</latexit>

f� : X ! Z
fϕ

Architecture:

<latexit sha1_base64="cpa/Ln/NbSGppdfmy527RpU2nqI="></latexit>

L(✓,�) = kx� g✓(f�(x))k2
Reconstruction Loss

<latexit sha1_base64="UqTFwwbfbJh5rtu681WGROFcovU=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRahvZREpHoseOmxgm2FNoTNdtMs3WzC7kQMof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzz084U2Db30ZpY3Nre6e8W9nbPzg8Mo9P+ipOJaE9EvNY3vtYUc4E7QEDTu8TSXHkczrwpzdzf/BApWKxuIMsoW6EJ4IFjGDQkmdWJ94IQgq4HnijJGT1x0bDM2t2017AWidOQWqoQNczv0bjmKQRFUA4Vmro2Am4OZbACKezyihVNMFkiid0qKnAEVVuvjh+Zp1rZWwFsdQlwFqovydyHCmVRb7ujDCEatWbi/95wxSCazdnIkmBCrJcFKTcgtiaJ2GNmaQEeKYJJpLpWy0SYokJ6LwqOgRn9eV10r9oOq1m6/ay1u4UcZTRKTpDdeSgK9RGHdRFPURQhp7RK3oznowX4934WLaWjGKmiv7A+PwBsbuULg==</latexit>

g✓(f�(x))

<latexit sha1_base64="/Po7VB/2Fh/lvn7ONzR1oCBu3FM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CwEuOCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5jc2t7Z38bmFv/+DwqHh80tJRohg2WSQi1QmoRsElNg03AjuxQhoGAtvB5H7ut59QaR7JBzON0Q/pSPIhZ9RYqXHXL5bcsrsAWSdeRkqQod4vfvUGEUtClIYJqnXXc2Pjp1QZzgTOCr1EY0zZhI6wa6mkIWo/XRw6IxdWGZBhpGxJQxbq74mUhlpPw8B2htSM9ao3F//zuokZ3vopl3FiULLlomEiiInI/Gsy4AqZEVNLKFPc3krYmCrKjM2mYEPwVl9eJ62rslcpVxrXpWotiyMPZ3AOl+DBDVShBnVoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH5ItjNI=</latexit> =
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zEncoder Decoderx ̂x

• Compression, i.e.,   ➝ dimensionality reduction!

• Abstraction: Latent codes capture semantic meaning  ➝ discover meaningful representations!

• Manifold Hypothesis: High-dimensional data lies on lower-dimensional manifold.

<latexit sha1_base64="4rOCyQ7xdnU07sqXmT4cxFmZ9ok=">AAACHHicbVDLSgNBEJyNrxhfqx69DAYhuYRdlegx4CXHCOaB2RBmJ5NkyOyDmV4xLPshXvwVLx4U8eJB8G+cTfagSQoaiqpuurvcUHAFlvVj5NbWNza38tuFnd29/QPz8KilgkhS1qSBCGTHJYoJ7rMmcBCsE0pGPFewtju5Sf32A5OKB/4dTEPW88jI50NOCWipb144wB4hHnAvKTkegTElIr5PytgRAq/yOkm5bxatijUDXiZ2RoooQ6NvfjmDgEYe84EKolTXtkLoxUQCp4IlBSdSLCR0Qkasq6lPPKZ68ey5BJ9pZYCHgdTlA56pfydi4ik19Vzdmd6oFr1UXOV1Ixhe92LuhxEwn84XDSOBIcBpUnjAJaMgppoQKrm+FdMxkYSCzrOgQ7AXX14mrfOKXa1Uby+LtXoWRx6doFNUQja6QjVURw3URBQ9oRf0ht6NZ+PV+DA+5605I5s5Rv9gfP8C5OeihA==</latexit>

dim(Z) ⌧ dim(X )

A lower-dimensional representation that captures 
the essential factors of variation in data.

e.g., latent space  
of a linear autoencoder

7

4
32 8

6

9
4

0Properties:

https://n8programs.com/mnistLatentSpace/
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Variants of Autoencoders

28

1.  Denoising Autoencoders

3.  Sparse Autoencoders

Idea: Learn robust features by reconstructing clean data from corrupted input.

Idea: Encourage sparse latent representations for interpretability.

2.  Masked Autoencoder (MAE)
Lecture 6: Vision Foundation Models

Idea: Reconstruct randomly masked patches/tokens for efficient self-supervised pretraining.
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Encoderx ̂xDecoder

Autoencoders: The Generation Problem

29

Standard autoencoders fail at generation because

1. No probabilistic framework: Everything is deterministic.

2. Irregularities in latent space, e.g., holes. Only encodes training points.


3. No sampling mechanism: What distribution to sample  from?z

seen data samples

How to get a valid ?znew

We need a principled 

probabilistic approach!

meaningless

Exercise 3 · Task 1 .
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Excursus: Maximum Likelihood Learning
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Before introducing probabilistic versions of autoencoders, we need to understand  
the theoretical foundation for learning distributions.

Goal: Given samples from unknown distribution , learn model parameters  such that .pdata θ pθ ≈ pdata

➝  We need a measure of distance between  and !pθ pdata

<latexit sha1_base64="iunUQc4da1+W+vOSZC549oQlBn4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoiUj0WvPRYwX5AG8Jms22XbjZhd1JaQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtb2zu1fcLx0cHh2f2KdnbR2nirIWjUWsugHRTHDJWsBBsG6iGIkCwTrB+GHhdyZMaR7LJ5glzIvIUPIBpwSM5Nt24veBTSELCZB5ZXrt22Wn6iyBN4mbkzLK0fTtr34Y0zRiEqggWvdcJwEvIwo4FWxe6qeaJYSOyZD1DJUkYtrLlpfP8ZVRQjyIlSkJeKn+nshIpPUsCkxnRGCk172F+J/XS2Fw72VcJikwSVeLBqnAEONFDDjkilEQM0MIVdzciumIKELBhFUyIbjrL2+S9k3VrVVrj7fleiOPo4gu0CWqIBfdoTpqoCZqIYom6Bm9ojcrs16sd+tj1Vqw8plz9AfW5w+T9ZOn</latexit>

pdata(x)
<latexit sha1_base64="kb44nMOlmmG8T7qciw2EAeP4k04=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHoseOmxgv2A7VKyabYNzSZLMiuWpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1PY2Nza3inulvb2Dw6PyscnHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3M397iPThiv5ANOEBTEZSR5xSsBKfjLow5gBqT5dDsoVt+YugNeJl5MKytEalL/6Q0XTmEmgghjje24CQUY0cCrYrNRPDUsInZAR8y2VJGYmyBYnz/CFVYY4UtqWBLxQf09kJDZmGoe2MyYwNqveXPzP81OIboOMyyQFJulyUZQKDArP/8dDrhkFMbWEUM3trZiOiSYUbEolG4K3+vI66VzVvHqtfn9daTTzOIroDJ2jKvLQDWqgJmqhNqJIoWf0it4ccF6cd+dj2Vpw8plT9AfO5w/cc5ED</latexit>

p✓(x)

DKL
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Information    Extra bits needed to encode  
theory:            samples from  using optimal  
                        code for .


Statistical:      Expected log ratio of probabilities.


Geometric:     Not a true distance (not symmetric),  
                        but useful measure.

p
q

Excursus: Kullback-Leibler Divergence

31

Kullback-Leibler Divergence
<latexit sha1_base64="UnqU2cNcMHDaKtHF3jeKEWLQHUM="></latexit>

DKL(pkq) = Ex⇠p


log

p(x)

q(x)

� or KL Divergence

Definition: Measures how much one distribution differs from another.

Properties:

Always non-negative: .


Zero if and only if  almost everywhere.


Not symmetric: .

DKL(p∥q) ≥ 0
p = q

DKL(p∥q) ≠ DKL(q∥p)

Interpretation:
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Expanding the KL divergence
<latexit sha1_base64="Q4/1+zF42UlwrfbxlredL3QW+Yg="></latexit>

DKL (pdatakp✓) = Ex⇠pdata


log

pdata (x)

p✓(x)

�

Excursus: Maximum Likelihood Learning
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independent of θ

Goal: Given samples from unknown distribution , learn model parameters   such that .pdata θ pθ ≈ pdata

<latexit sha1_base64="R7flf3zp5aJtFqauKURoTngZAlM="></latexit>

min
✓

DKL (pdatakp✓)
We want to minimize the distance between true data distribution and our model, i.e.,

<latexit sha1_base64="jnw80ugeW/VHAFG5umjYR8K+OVA="></latexit>

= Ex⇠pdata [log pdata (x)]� Ex⇠pdata [log p✓(x)]
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Excursus: Maximum Likelihood Learning

33

Goal: Given samples from unknown distribution , learn model parameters   such that .pdata θ pθ ≈ pdata

<latexit sha1_base64="R7flf3zp5aJtFqauKURoTngZAlM="></latexit>

min
✓

DKL (pdatakp✓)
We want to minimize the distance between true data distribution and our model, i.e.,

Key Insight: Minimizing KL divergence is equivalent to maximizing expected log-likelihood!

<latexit sha1_base64="1ba6dAmH7PMszHuEczYMzuqZP6U="></latexit>

argmax
✓

1

N

NX

i=1

log p✓ (xi)In practice, we approximate the expectation  
with our finite dataset.

Maximum Likelihood 
Estimation (MLE)

➝
<latexit sha1_base64="E1T3r6mYPnRClUY7XWrZ6skHkkA="></latexit>

argmin
✓

DKL (pdatakp✓) = argmax
✓

Ex⇠pdata [log p✓(x)]
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Encoderx ̂xDecoder

Autoencoders: The Generation Problem

34

Standard autoencoders fail at generation because

1. No probabilistic framework: Everything is deterministic.

2. Irregularities in latent space, e.g., holes. Only encodes training points.


3. No sampling mechanism: What distribution to sample  from?z

seen data samples

How to get a valid ?znew

We need a principled 

probabilistic approach!

meaningless
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Variational Autoencoders
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Variational autoencoders solve the generation problem of autoencoders by combining two ideas:


1. Probabilistic Encoding: Instead of mapping each input to a single point, map it to a distribution.

2. Regularized Latent Space: Force the latent space to have a known structure we can sample from.

Probabilistic 
Encoderx

<latexit sha1_base64="BpWo8NpuRZehVHnMuRfrevq7OBI=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR4LXnqsYD9gW0o2zbah2WRNsmJd+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU/91j1Vmklxa8Yx7UZ4IFjICDZW8u96nXjISo9PD2e9QtEtuzOgZeJlpAgZ6r3CV6cvSRJRYQjHWvueG5tuipVhhNNJvpNoGmMywgPqWypwRHU3nZ08QadW6aNQKlvCoJn6eyLFkdbjKLCdETZDvehNxf88PzHhVTdlIk4MFWS+KEw4MhJN/0d9pigxfGwJJorZWxEZYoWJsSnlbQje4svLpHle9irlys1FsVrL4sjBMZxACTy4hCrUoA4NICDhGV7hzTHOi/PufMxbV5xs5gj+wPn8AQ/PkSU=</latexit>

q�(z|x)

<latexit sha1_base64="m7s9CiPtzgkptdR1xq9HmaQZTnQ=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHoseOmxgv2A7lKyabYNTbJLMiuWpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1PY2Nza3inulvb2Dw6PyscnHROnmrI2jUWseyExTHDF2sBBsF6iGZGhYN1wcjf3u49MGx6rB5gmLJBkpHjEKQEr9X2ZDvxkzKtPl4Nyxa25C+B14uWkgnK0BuUvfxjTVDIFVBBj+p6bQJARDZwKNiv5qWEJoRMyYn1LFZHMBNni5Bm+sMoQR7G2pQAv1N8TGZHGTGVoOyWBsVn15uJ/Xj+F6DbIuEpSYIouF0WpwBDj+f94yDWjIKaWEKq5vRXTMdGEgk2pZEPwVl9eJ52rmlev1e+vK41mHkcRnaFzVEUeukEN1EQt1EYUxegZvaI3B5wX5935WLYWnHzmFP2B8/kD0ZmQ/A==</latexit>

µ�(x)
<latexit sha1_base64="rrezPENoEuv+3hA+W1gSrUGQzpA=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY8NJjBfsB7VqyabYNTbJLklXL0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9QpVkk78wkpr7AQ8lCRrCx0n1Ps6HA/V48YuWn836x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nV0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrz2UybjxFBJFovChCMToVkEaMAUJYZPLMFEMXsrIiOsMDE2qIINwVt+eZW0LipetVK9vSzV6lkceTiBUyiDB1dQgzo0oAkEFDzDK7w5j86L8+58LFpzTjZzDH/gfP4AGlGSSQ==</latexit>

��(x)

1. Encoder outputs 
distribution parameters: 

z

2. Duing training sample  
<latexit sha1_base64="DAb0H/YEGOiBmutDx3vE25ptHqE=">AAACG3icbVBPS8MwHE397/xX9eglOIQNZLRD1KPgxZMoODdY60izdAsmbUl+FWfZ9/DiV/HiQRFPgge/jenWg24+CLy89/uRvBckgmtwnG9rZnZufmFxabm0srq2vmFvbl3rOFWUNWgsYtUKiGaCR6wBHARrJYoRGQjWDG5Pc795x5TmcXQFg4T5kvQiHnJKwEgdu/6APc0l9iSBPiUiOx96goVQ8WRaua/u525Pkpu6uXiK9/pQ7dhlp+aMgKeJW5AyKnDRsT+9bkxTySKggmjddp0E/Iwo4FSwYclLNUsIvSU91jY0IpJpPxtlG+I9o3RxGCtzIsAj9fdGRqTWAxmYyTyCnvRy8T+vnUJ47Gc8SlJgER0/FKYCQ4zzonCXK0ZBDAwhVHHzV0z7RBEKps6SKcGdjDxNrus197B2eHlQPjkr6lhCO2gXVZCLjtAJOkMXqIEoekTP6BW9WU/Wi/VufYxHZ6xiZxv9gfX1A3oOoHY=</latexit>

z ⇠ N
�
µ(x),�2(x)

�

̂xProbabilistic 
Decoder

<latexit sha1_base64="Km19hNaejG0FOkiDRUzOErtHc4Y=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9k1Bj2SeOGIiTwS2JDZYYAJsw9neom48h1ePGiMVz/Gm3/jAHtQsJJOKlXd6e7yIik02va3lVlb39jcym7ndnb39g/yh0cNHcaK8ToLZahaHtVcioDXUaDkrUhx6nuSN73RzcxvjrnSIgzucBJx16eDQPQFo2gkN+p2cMiRFh+eHs+7+YJdsucgq8RJSQFS1Lr5r04vZLHPA2SSat127AjdhCoUTPJprhNrHlE2ogPeNjSgPtduMj96Ss6M0iP9UJkKkMzV3xMJ9bWe+J7p9CkO9bI3E//z2jH2r91EBFGMPGCLRf1YEgzJLAHSE4ozlBNDKFPC3ErYkCrK0OSUMyE4yy+vksZFySmXyreXhUo1jSMLJ3AKRXDgCipQhRrUgcE9PMMrvFlj68V6tz4WrRkrnTmGP7A+fwCkj5IN</latexit>

p✓(x|z)

3. Generate by sampling  
 

and decode

<latexit sha1_base64="yJRBrbMsSWWbVlU7riy2+JaG2As=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZEakuC27qRirYB3SGkkkzbWiSGZKMUIe68VfcuFDErX/hzr8x03ahrQcuHM65l3vvCWJGlXacbyu3tLyyupZfL2xsbm3v2Lt7TRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSC4VXmt+6JVDQSd3oUE5+jvqAhxUgbqWsfPEBPUQ49jvQAI5bejEvOKbw+6dpFp+xMABeJOyNFMEO9a395vQgnnAiNGVKq4zqx9lMkNcWMjAteokiM8BD1ScdQgThRfjr5YAyPjdKDYSRNCQ0n6u+JFHGlRjwwndmhat7LxP+8TqLDSz+lIk40EXi6KEwY1BHM4oA9KgnWbGQIwpKaWyEeIImwNqEVTAju/MuLpHlWdivlyu15sVqbxZEHh+AIlIALLkAV1EAdNAAGj+AZvII368l6sd6tj2lrzprN7IM/sD5/AG6LlZ0=</latexit>

z ⇠ N (0, I)

<latexit sha1_base64="OqD+0OlKQw2nGfDk7UKTt8KHfVI=">AAACAXicbVDLSgNBEOyNrxhfq14EL4NBSEDCrkj0IgS8xItEMA9IljA7mU2GzD6YmRXiEi/+ihcPinj1L7z5N84mOWhiQUNR1U13lxtxJpVlfRuZpeWV1bXsem5jc2t7x9zda8gwFoTWSchD0XKxpJwFtK6Y4rQVCYp9l9OmO7xK/eY9FZKFwZ0aRdTxcT9gHiNYaalrHkSFhyK6RB0fqwHBPLkZF6wTdF3smnmrZE2AFok9I3mYodY1vzq9kMQ+DRThWMq2bUXKSbBQjHA6znViSSNMhrhP25oG2KfSSSYfjNGxVnrIC4WuQKGJ+nsiwb6UI9/Vnemhct5Lxf+8dqy8CydhQRQrGpDpIi/mSIUojQP1mKBE8ZEmmAimb0VkgAUmSoeW0yHY8y8vksZpyS6Xyrdn+Up1FkcWDuEICmDDOVSgCjWoA4FHeIZXeDOejBfj3fiYtmaM2cw+/IHx+QNlDZT2</latexit>

p(z) = N (0, I)
4. Regularize encoded  

distributions to be close  
to prior 

<latexit sha1_base64="HGvtezpnE6CIND4PHaJN496O/xM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGVGpLosuKkbqWAf0JaSSTNtaCYzJBmljP0UNy4UceuXuPNvzLSz0NYDgcM593JPjhdxprTjfFsrq2vrG5u5rfz2zu7evl04aKowloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG1+nfuuBSsVCca8nEe0FeCiYzwjWRurbhW6A9YhgntxOS84Zujnt20Wn7MyAlombkSJkqPftr+4gJHFAhSYcK9VxnUj3Eiw1I5xO891Y0QiTMR7SjqECB1T1kln0KToxygD5oTRPaDRTf28kOFBqEnhmMg2qFr1U/M/rxNq/6iVMRLGmgswP+TFHOkRpD2jAJCWaTwzBRDKTFZERlpho01belOAufnmZNM/LbqVcubsoVmtZHTk4gmMogQuXUIUa1KEBBB7hGV7hzXqyXqx362M+umJlO4fwB9bnD6JSkvg=</latexit>

N (0, I)

Kingma et al., (2014)

https://arxiv.org/pdf/1312.6114


Charlotte BunneCS-461  ·  Foundation Models and Generative AI

Variational Autoencoders
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Latent Space in an Autoencoder Latent Space in a Variational Autoencoder

➝ continuous latent space
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Variational Autoencoders
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We want to maximize the log-likelihood of our data  .log pθ(x)

Problem!

But with latent variables, this requires marginalizing
<latexit sha1_base64="ie1g5ZkOP3Z0jhGnaxh6WEr3NDo=">AAACH3icbVDLSgMxFM3UV62vUZdugkVoN2VGpLoRCm66rGAf0Cklk0nb0MyD5I5Yh/6JG3/FjQtFxF3/xnQ6i9p6IOFwzr3ce48bCa7AsmZGbmNza3snv1vY2z84PDKPT1oqjCVlTRqKUHZcopjgAWsCB8E6kWTEdwVru+O7ud9+ZFLxMHiAScR6PhkGfMApAS31zaojwiGO+g6MGJDSU/k2FRwewJKKHZ97+LmMo5L+NOubRatipcDrxM5IEWVo9M0fxwtp7LMAqCBKdW0rgl5CJHAq2LTgxIpFhI7JkHU1DYjPVC9J75viC614eBBK/fReqbrckRBfqYnv6kqfwEitenPxP68bw+Cml/AgioEFdDFoEAsMIZ6HhT0uGQUx0YRQyfWumI6IJBR0pAUdgr168jppXVbsaqV6f1Ws1bM48ugMnaMSstE1qqE6aqAmougFvaEP9Gm8Gu/Gl/G9KM0ZWc8p+gNj9gs0wqE1</latexit>

log p✓(x) = log

Z
p✓(x | z)p(z)dz

What we have: 

• , i.e., a simple known prior.


•                    , i.e., a complex non-linear neural network.

p(z) = 𝒩(0,I)
pθ(x |z) = Decoderθ

<latexit sha1_base64="t4xYcgjMQLM1M+gNz+Do6dENWsQ="></latexit>Z
Decoder| {z }

complex decoder

· N (0, I)| {z }
simple prior

dz = ???Decoderθ

➝ No analytical     
    isolution exists!

    Approximation 
    through sampling 
    not differentiable.

    etc.
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<latexit sha1_base64="7j2jLuQ45zrJIZq7UglgAsJcFTE=">AAACNnicdVDJSgNBEO1xjXGLevTSGIQEJMyIRC9CwEsuQgSzQCYMPZ1O0qRnobtGzIz5Ki9+h7dcPCji1U+wsxxiog8KHu9VUVXPDQVXYJojY2V1bX1jM7WV3t7Z3dvPHBzWVBBJyqo0EIFsuEQxwX1WBQ6CNULJiOcKVnf7N2O//sCk4oF/D4OQtTzS9XmHUwJacjK3tgi6OHRs6DEgucc8vsYTyVaR58RzzhmO/zef4nyYi/NOJmsWzAnwMrFmJItmqDiZV7sd0MhjPlBBlGpaZgithEjgVLBh2o4UCwntky5rauoTj6lWMnl7iE+10sadQOryAU/U+YmEeEoNPFd3egR6atEbi395zQg6V62E+2EEzKfTRZ1IYAjwOEPc5pJREANNCJVc34ppj0hCQSed1iFYiy8vk9p5wSoWincX2VJ5FkcKHaMTlEMWukQlVEYVVEUUPaMRekcfxovxZnwaX9PWFWM2c4R+wfj+AQqmqls=</latexit>

log p✓(x) = log
X

z

p✓(x, z) = log
X

z

p✓(x|z)p(z)

But with latent variables, this requires marginalizing

Derivation: Evidence Lower Bound (ELBO)

38

Trick!
Key Idea:  
Introduce a distribution  that tries to guess  
which  values are likely for a given .

qϕ(z |x)
z x

<latexit sha1_base64="BpWo8NpuRZehVHnMuRfrevq7OBI=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR4LXnqsYD9gW0o2zbah2WRNsmJd+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU/91j1Vmklxa8Yx7UZ4IFjICDZW8u96nXjISo9PD2e9QtEtuzOgZeJlpAgZ6r3CV6cvSRJRYQjHWvueG5tuipVhhNNJvpNoGmMywgPqWypwRHU3nZ08QadW6aNQKlvCoJn6eyLFkdbjKLCdETZDvehNxf88PzHhVTdlIk4MFWS+KEw4MhJN/0d9pigxfGwJJorZWxEZYoWJsSnlbQje4svLpHle9irlys1FsVrL4sjBMZxACTy4hCrUoA4NICDhGV7hzTHOi/PufMxbV5xs5gj+wPn8AQ/PkSU=</latexit>

q�(z|x) "Our best guess which latent" 
codes generated this data"

"Which latent codes actually 
generated this data?"

We want to maximize the log-likelihood of our data  .
log pθ(x)
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Derivation: Evidence Lower Bound (ELBO)
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For any distribution  (any distribution with support covering that of                   ,  
we can write

qϕ(z |x)

<latexit sha1_base64="Ljg2FHX3Lu8QgUY+xr0UijDrVAU="></latexit>

log p✓(x) = logEq�(z|x)


p✓(x | z)p(z)
q�(z | x)

�

<latexit sha1_base64="erKIjx/6Gnu1ogp97wRS4Pg4uPA=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0IGVGpLoRCm66rGAf0A4lk8m0oZkHyR2xHfoBbvwVNy4UcesHuPNvTNsBtfVA4HDOueTe40SCKzDNLyOzsrq2vpHdzG1t7+zu5fcPmiqMJWUNGopQth2imOABawAHwdqRZMR3BGs5w+up37pjUvEwuIVRxGyf9APucUpAS718Iep1YcCAFO9LV10eAP4RTvG4hF081imzbM6Al4mVkgJKUe/lP7tuSGOfBUAFUapjmRHYCZHAqWCTXDdWLCJ0SPqso2lAfKbsZHbMBJ9oxcVeKPXT68zU3xMJ8ZUa+Y5O+gQGatGbiv95nRi8SzvhQRQDC+j8Iy8WGEI8bQa7XDIKYqQJoZLrXTEdEEko6P5yugRr8eRl0jwrW5Vy5ea8UK2ldWTRETpGRWShC1RFNVRHDUTRA3pCL+jVeDSejTfjfR7NGOnMIfoD4+MbnXeaFg==</latexit>

p✓(x) =

Z
p✓(x, z)dzGiven the marginal likelihood

<latexit sha1_base64="y6Le2AIP9qI++crVLVXVcryd5G8=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi1WXBTZcV7AOaECaTSTt08mDmRlpDf8WNC0Xc+iPu/BunbRbaeuDC4Zx7ufcePxVcgWV9GxubW9s7u6W98v7B4dGxeVLpqiSTlHVoIhLZ94ligsesAxwE66eSkcgXrOeP7+Z+75FJxZP4AaYpcyMyjHnIKQEteWYl9RwYMSC1J+xEPMCTS8+sWnVrAbxO7IJUUYG2Z345QUKziMVABVFqYFspuDmRwKlgs7KTKZYSOiZDNtA0JhFTbr64fYYvtBLgMJG6YsAL9fdETiKlppGvOyMCI7XqzcX/vEEG4a2b8zjNgMV0uSjMBIYEz4PAAZeMgphqQqjk+lZMR0QSCjqusg7BXn15nXSv6naj3ri/rjZbRRwldIbOUQ3Z6AY1UQu1UQdRNEHP6BW9GTPjxXg3PpatG0Yxc4r+wPj8Afzqk8o=</latexit>

p✓(z | x)
<latexit sha1_base64="/dE7qvhuqfH6PQSiUZlWmR8rwFw="></latexit>

p✓(x) =

Z
p✓(x, z)dz =

Z
q�(z | x) p✓(x, z)

q�(z | x)dz

Now take the log
<latexit sha1_base64="XlAmup5Ap7NbaDq0hqo6xxwX2kQ="></latexit>

log p✓(x) = log

Z
q�(z | x) p✓(x, z)

q�(z | x)dz

Using the factorization                                                , we get
<latexit sha1_base64="VmbBBAMYn22XtuWifnYV/ygxhv8=">AAACD3icbVDLSgMxFM34rPU16tJNsCgtSJkRqW6EgpsuK9gHdErJZNI2NPMguSO2Q//Ajb/ixoUibt26829M2wG19cCFk3PuJfceNxJcgWV9GUvLK6tr65mN7ObW9s6uubdfV2EsKavRUISy6RLFBA9YDTgI1owkI74rWMMdXE/8xh2TiofBLQwj1vZJL+BdTgloqWOeRB0H+gxI/v4UjwpXP0/s+NzTEo7yo0LHzFlFawq8SOyU5FCKasf8dLyQxj4LgAqiVMu2ImgnRAKngo2zTqxYROiA9FhL04D4TLWT6T1jfKwVD3dDqSsAPFV/TyTEV2rou7rTJ9BX895E/M9rxdC9bCc8iGJgAZ191I0FhhBPwsEel4yCGGpCqOR6V0z7RBIKOsKsDsGeP3mR1M+KdqlYujnPlStpHBl0iI5QHtnoApVRBVVRDVH0gJ7QC3o1Ho1n4814n7UuGenMAfoD4+MbWc2a+g==</latexit>

p✓(x, z) = p✓(x | z)p(z)
<latexit sha1_base64="JXdlDTa0DgXcP1Zx1gE97OgnAD8="></latexit>

log p✓(x) = log

Z
q�(z | x)p✓(x | z)p(z)

q�(z | x) dz

Finally, recognize this as an expectation
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ELBO
<latexit sha1_base64="Z3kCyC3G7u8xSuHi3tqphVb/RiQ="></latexit>

L(�, ✓) = Eq�(z|x) [log p✓(x | z)]�DKL (q�(z | x)kp(z))

Derivation: Evidence Lower Bound (ELBO)

40

<latexit sha1_base64="Ljg2FHX3Lu8QgUY+xr0UijDrVAU="></latexit>

log p✓(x) = logEq�(z|x)


p✓(x | z)p(z)
q�(z | x)

�

Since log is concave, Jensen's inequality gives us
<latexit sha1_base64="7qLs6lp+a8636dEXMEp+lJuRLJk=">AAACE3icbVDNSsNAGNz4W+tf1KOXxSKIh5KIVI8FEXqsYNtAEspmu2mXbjZxdyOU0Hfw4qt48aCIVy/efBs3aQ61dWBhmJmP/b4JEkalsqwfY2V1bX1js7JV3d7Z3ds3Dw67Mk4FJh0cs1g4AZKEUU46iipGnEQQFAWM9ILxTe73HomQNOb3apIQP0JDTkOKkdJS3zz3WDyEXoTUKAiy26nr+NAbkod5qYg4ft+sWXWrAFwmdklqoES7b357gxinEeEKMySla1uJ8jMkFMWMTKteKkmC8BgNiaspRxGRflbcNIWnWhnAMBb6cQULdX4iQ5GUkyjQyXxTuejl4n+em6rw2s8oT1JFOJ59FKYMqhjmBcEBFQQrNtEEYUH1rhCPkEBY6RqrugR78eRl0r2o24164+6y1myVdVTAMTgBZ8AGV6AJWqANOgCDJ/AC3sC78Wy8Gh/G5yy6YpQzR+APjK9fY+Kd4w==</latexit>

logE[X] � E[logX]

<latexit sha1_base64="YIjhN0l96GQpXzLGnTB60a/PvRs="></latexit>

log p✓(x) � Eq�(z|x)


log

p✓(x | z)p(z)
q�(z | x)

�
Therefore

<latexit sha1_base64="spC7VElwVZc7l+N+olzXaVsG654="></latexit>

� Eq�(z|x) [log p✓(x | z)] + Eq�(z|x)


log

p(z)

q�(z | x)

�

| {z }
�DKL(q�(z|x)kp(z))

Separate the terms
<latexit sha1_base64="spC7VElwVZc7l+N+olzXaVsG654="></latexit>

� Eq�(z|x) [log p✓(x | z)] + Eq�(z|x)


log

p(z)

q�(z | x)

�

| {z }
�DKL(q�(z|x)kp(z))
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Variational Autoencoders

41

<latexit sha1_base64="Z3kCyC3G7u8xSuHi3tqphVb/RiQ="></latexit>

L(�, ✓) = Eq�(z|x) [log p✓(x | z)]�DKL (q�(z | x)kp(z))
EL

BO

Since we cannot compute  directly, we optimize the ELBO instead.log pθ(x)

<latexit sha1_base64="wpwOuhBKve2WLP8ISAHGY2POmgI="></latexit>

L(✓,�) = Eq�(z|x) [log p✓(x | z)]
| {z }

Reconstruction term

�DKL (q�(z | x)kp(z))
| {z }

Regularization term

"How well can we 
reconstruct  from ?”x z

”How close is our encoding 
distribution to the prior?”Why Is This Useful?

1. It's tractable!        Reconstruction: Sample  from , evaluate .


2. It is a lower bound:

• Maximizing ELBO pushes up the likelihood                                      .


• The gap equals .

z qϕ log pθ(x |z)

DKL(qϕ(z |x)∥pθ(z |x))

<latexit sha1_base64="RJiNTWKLc6e+N3oVwZtzB6Kxofg=">AAACGHicbVDJSgNBEO2JW4xb1KOXxiAkIHFGJHoMeMnBQwSzQCaEnk4ladKz2F0jhiGf4cVf8eJBEa+5+Td2loNGHxQ83quiqp4XSaHRtr+s1Mrq2vpGejOztb2zu5fdP6jrMFYcajyUoWp6TIMUAdRQoIRmpID5noSGN7ye+o0HUFqEwR2OImj7rB+InuAMjdTJnrky7NOo4+IAkOUfC9Ttwz11fYYDzmRyM87PrVPqRgNR6GRzdtGegf4lzoLkyALVTnbidkMe+xAgl0zrlmNH2E6YQsEljDNurCFifMj60DI0YD7odjJ7bExPjNKlvVCZCpDO1J8TCfO1Hvme6ZwerJe9qfif14qxd9VORBDFCAGfL+rFkmJIpynRrlDAUY4MYVwJcyvlA6YYR5NlxoTgLL/8l9TPi06pWLq9yJUrizjS5IgckzxxyCUpkwqpkhrh5Im8kDfybj1br9aH9TlvTVmLmUPyC9bkG1B4n1k=</latexit>

log p✓(x) � L(✓,�)

• KL term: Often has closed form (e.g., for Gaussians).

Exercise 3 · Task 2 .
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Variational Autoencoders

42

To train our VAE, we need to compute gradients of the ELBO with respect to , 
i.e., parameters of the encoder.

ϕ

<latexit sha1_base64="TxWyIhB58No/nqhKwHLBgH+yzco="></latexit>

r�L = r�Eq�(z|x) [log p✓(x | z)]�r�DKL (q�(z | x)kp(z))
| {z }

has a closed form

➝ the distribution we are sampling from depends on  
and sampling is not differentiable

ϕProblem!

python
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Variational Autoencoders: Reparameterization Trick

43

Key Insight: We can express the same random variable in a different way!

Trick! Instead of
<latexit sha1_base64="7GsiktRiTiwfXI2QO11jsyWx4bQ=">AAACFXicbVBNS8NAEN34WetX1aOXxSJUKCUpUj0WvPQkFewHNLVstpt26W4SdidCDf0TXvwrXjwo4lXw5r9x0/agrQ8GHu/NMDPPiwTXYNvf1srq2vrGZmYru72zu7efOzhs6jBWlDVoKELV9ohmggesARwEa0eKEekJ1vJGV6nfumdK8zC4hXHEupIMAu5zSsBIvVzxAbuaS+xKAkNKRHI9cQXzoeDKuJhaA0nuyq7igyGc9XJ5u2RPgZeJMyd5NEe9l/ty+yGNJQuACqJ1x7Ej6CZEAaeCTbJurFlE6IgMWMfQgEimu8n0qwk+NUof+6EyFQCeqr8nEiK1HkvPdKbH60UvFf/zOjH4l92EB1EMLKCzRX4sMIQ4jQj3uWIUxNgQQhU3t2I6JIpQMEFmTQjO4svLpFkuOZVS5eY8X63N48igY3SCCshBF6iKaqiOGoiiR/SMXtGb9WS9WO/Wx6x1xZrPHKE/sD5/ANoInqg=</latexit>

z ⇠ N
�
µ,�2

�

<latexit sha1_base64="Zqci78GhITn4hDWw+KNRyGo5BSQ="></latexit>

z = µ+ � � ✏, where ✏ ⇠ N (0, I)we write

Why does this help? 

• The randomness is now in , which does not depend on parameters.


•  is now a deterministic function of , , and .


• We can compute gradients with respect to  and !

ϵ
z μ σ ϵ

μ σ
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Variational Autoencoders: Putting Everything Together

44

python
Strengths:

• Principled probabilistic 

framework.

• Tractable training via ELBO.

• Smooth, interpolatable latent 

space.

• Fast generation after training.

Limitations:

• Blurry reconstructions as Gaussian 

likelihood assumption leads to 
averaging behavior.


• Posterior collapse: Encoder ignores 
input and outputs prior.


• Reconstruction ( ) vs. 
generation trade-off ( ).

β < 1
β > 1
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Variants of Variational Autoencoders

1.  VQ-VAE Lecture 6: Vision Foundation Models

2.  VAE-Diffusion Hybrids Lecture 4: Generative Models II

and more …
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Four Philosophical Approaches 

46

1. Autoregressive Models

2. Autoencoders

3. Generative Adversarial Models

4. Diffusion Models f

f −1
θ

gθ fake

real
fϕ

z
Variational Autoencoder

reconstruction loss

fϕ gθ
encoder decoder

forward

backward

“Fake it till you make it.”

“Mess it up, then Ctrl+Z.”

“Reduce to the essence and rebuild.”

“One step at a time.” x0 xt1 xt2 xt3 xTfθ fθ fθ fθ
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Two Players:

• Generator : Creates fake samples from random noise.

• Discriminator : Binary classifier that distinguishes real from fake.

gθ
fϕ

Generative Adversarial Networks

47

GANs take a radically different approach: instead of explicitly modeling ,  
                                                                   learn to generate samples through a competitive game.

p(x)

The Game:

•  tries to fool  by generating realistic samples.

•  tries to correctly classify real vs. generated.

• At equilibrium:  generates perfect samples,  outputs 0.5 everywhere.

gθ fϕ
fϕ

gθ fϕ

z ̂xGenerator

Goodfellow et al., (2014)

D
is

cr
im

in
at

or

fake

real

x

https://proceedings.neurips.cc/paper_files/paper/2014/file/f033ed80deb0234979a61f95710dbe25-Paper.pdf
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Discriminator 's Objective:


•                          → Reward for correctly identifying real data as real.

•                                              → Reward for correctly identifying generated data as fake.


• Optimal strategy: Output  and .

fϕ

fθ(real) = 1 fθ(fake) = 0

<latexit sha1_base64="uEAktr6301C7GCVYuw2GfnSrbVk=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQNyURqS4LInRZwT6gCWUynbRDJw9mbsQS+gVu/BU3LhRx69qdf+OkzUJbD1w4nHMv997jxYIrsKxvo7C2vrG5Vdwu7ezu7R+Yh0cdFSWSsjaNRCR7HlFM8JC1gYNgvVgyEniCdb3JdeZ375lUPArvYBozNyCjkPucEtDSwKw4AYGx56U3M0cwH/qOiEbYHzjxmFcfzhzJR2NwB2bZqllz4FVi56SMcrQG5pczjGgSsBCoIEr1bSsGNyUSOBVsVnISxWJCJ2TE+pqGJGDKTefvzHBFK0PsR1JXCHiu/p5ISaDUNPB0Z3a8WvYy8T+vn4B/5aY8jBNgIV0s8hOBIcJZNnjIJaMgppoQKrm+FdMxkYSCTrCkQ7CXX14lnfOaXa/Vby/KjWYeRxGdoFNURTa6RA3URC3URhQ9omf0it6MJ+PFeDc+Fq0FI585Rn9gfP4AX8ucVw==</latexit>

E [log f�(x)]
<latexit sha1_base64="nu3fi92DDAy2AAF/HNFqZjYyb7s="></latexit>

E [log (1� f� (g✓(z)))]

Generative Adversarial Networks: Objective

48

The GAN objective is a two-player minimax game
Minimax Objective

<latexit sha1_base64="MSZDhWc6mLqhaLc37t1SaheWGbE="></latexit>

min
g✓

max
f�

V (f�, g✓) = Ex⇠pdata [log f�(x)] + Ez⇠p(z)[log(1� f�(g✓(z)))]

Generator 's Objective:


• Can only influence the second term through .


• Wants , i.e., generated samples classified as real.

• This drives the second term negative, reducing the discriminator's score.

gθ
gθ(z)

fϕ (gθ(z)) → 1

At Equilibrium: 

•  

• Discriminator outputs  
0.5 everywhere.

pθ = pdata
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Generative Adversarial Networks: Mode Collaps

Published as a conference paper at ICLR 2017

Figure 2: Unrolling the discriminator stabilizes GAN training on a toy 2D mixture of Gaussians
dataset. Columns show a heatmap of the generator distribution after increasing numbers of training
steps. The final column shows the data distribution. The top row shows training for a GAN with
10 unrolling steps. Its generator quickly spreads out and converges to the target distribution. The
bottom row shows standard GAN training. The generator rotates through the modes of the data
distribution. It never converges to a fixed distribution, and only ever assigns significant probability
mass to a single data mode at once.

Figure 3: Unrolled GAN training increases stability for an RNN generator and convolutional dis-
criminator trained on MNIST. The top row was run with 20 unrolling steps. The bottom row is a
standard GAN, with 0 unrolling steps. Images are samples from the generator after the indicated
number of training steps.

generator, but without backpropagating through the generator. In both cases we find that the unrolled
objective performs better.

3.2 PATHOLOGICAL MODEL WITH MISMATCHED GENERATOR AND DISCRIMINATOR

To evaluate the ability of this approach to improve trainability, we look to a traditionally challenging
family of models to train – recurrent neural networks (RNNs). In this experiment we try to generate
MNIST samples using an LSTM (Hochreiter & Schmidhuber, 1997). MNIST digits are 28x28 pixel
images. At each timestep of the generator LSTM, it outputs one column of this image, so that
after 28 timesteps it has output the entire sample. We use a convolutional neural network as the
discriminator. See Appendix C for the full model and training details. Unlike in all previously
successful GAN models, there is no symmetry between the generator and the discriminator in this
task, resulting in a more complex power balance. Results can be seen in Figure 3. Once again,
without unrolling the model quickly collapses, and rotates through a sequence of single modes.
Instead of rotating spatially, it cycles through proto-digit like blobs. When running with unrolling
steps the generator disperses and appears to cover the whole data distribution, as in the 2D example.

6

Metz et al., (2017)

Mode collapse: Generator produces limited diversity, mapping all noise to a few outputs.


Why it happens?

1. Local optimization: Generator finds it easier to perfect one mode than cover all modes.


2. Discriminator Overfitting: If  is too good, gradient for  vanishes except at specific points.


3. No Explicit Diversity Term: Unlike VAEs, no KL regularization forcing coverage.

fϕ gθ

https://openreview.net/pdf?id=BydrOIcle
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Excursion: Jensen-Shannon Divergence
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Jensen-Shannon Divergence
<latexit sha1_base64="LEafPD5Mh2wOqf1LeJBgHDpcxS8="></latexit>

DJS(pkq) =
1

2
DKL(pkm) +

1

2
DKL(qkm)

Definition: Symmetric version of KL divergence.

where .m =
1
2

(p + q)

Properties:

Symmetric, i.e., .


Bounded: 


 if and only if .

DJS(p∥q) = DJS(q∥p)
0 ≤ DJS(p∥q) ≤ log 2

DJS(p∥q) = 0 p = q

Why not use directly  or ? 
 
➝  is assymetric and not defined 
   i if  puts mass where .

➝ Common ground distribution  
   i where both  and  are absolutely  
   i continuous is needed, i.e., mixture .

DKL(p∥q) DKL(q∥p)

DKL
p q = 0

p q
m
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Let’s rewrite this as 
<latexit sha1_base64="7V+QeeG62aYtZCJ2JJO7hYs5FhA="></latexit>

m(x) =
1

2
(pdata (x) + pg✓ (x))

<latexit sha1_base64="GIbf1q6wpnyAGqlE/pTybM3pp7Y=">AAAB7HicdVDLSgMxFM3UV62vqks3wSLUzTDT2mndFdx0WcGxhXYomTTThiaZIcmIZeg3uHGhiFs/yJ1/Y/oQVPTAhcM593LvPWHCqNKO82Hl1tY3Nrfy24Wd3b39g+Lh0a2KU4mJj2MWy26IFGFUEF9TzUg3kQTxkJFOOLma+507IhWNxY2eJiTgaCRoRDHSRvIrvHx/PiiWHLtWqzvVKjSkUb/0XEM8t9pwPOjazgIlsEJ7UHzvD2OcciI0ZkipnuskOsiQ1BQzMiv0U0UShCdoRHqGCsSJCrLFsTN4ZpQhjGJpSmi4UL9PZIgrNeWh6eRIj9Vvby7+5fVSHTWCjIok1UTg5aIoZVDHcP45HFJJsGZTQxCW1NwK8RhJhLXJp2BC+PoU/k9uK7br2d71RanZWsWRByfgFJSBC+qgCVqgDXyAAQUP4Ak8W8J6tF6s12VrzlrNHIMfsN4+AWYmjng=</latexit>

2m(x)
<latexit sha1_base64="GIbf1q6wpnyAGqlE/pTybM3pp7Y=">AAAB7HicdVDLSgMxFM3UV62vqks3wSLUzTDT2mndFdx0WcGxhXYomTTThiaZIcmIZeg3uHGhiFs/yJ1/Y/oQVPTAhcM593LvPWHCqNKO82Hl1tY3Nrfy24Wd3b39g+Lh0a2KU4mJj2MWy26IFGFUEF9TzUg3kQTxkJFOOLma+507IhWNxY2eJiTgaCRoRDHSRvIrvHx/PiiWHLtWqzvVKjSkUb/0XEM8t9pwPOjazgIlsEJ7UHzvD2OcciI0ZkipnuskOsiQ1BQzMiv0U0UShCdoRHqGCsSJCrLFsTN4ZpQhjGJpSmi4UL9PZIgrNeWh6eRIj9Vvby7+5fVSHTWCjIok1UTg5aIoZVDHcP45HFJJsGZTQxCW1NwK8RhJhLXJp2BC+PoU/k9uK7br2d71RanZWsWRByfgFJSBC+qgCVqgDXyAAQUP4Ak8W8J6tF6s12VrzlrNHIMfsN4+AWYmjng=</latexit>

2m(x)

Generative Adversarial Networks: Theoretical Analysis
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The Optimal Discriminator: Solving                              for a fixed generator     ,<latexit sha1_base64="Z+qgICyhYUYyMGAtpnvuyq3ae4Q="></latexit>

f⇤
�(x) =

pdata(x)

pdata(x) + pg✓ (x)
the optimal discriminator is defined as  

Substituting into :V( fϕ, gθ)
<latexit sha1_base64="eLK4a5IZ3V90t36ei3tKKfIfmHk="></latexit>

V
�
f⇤
� , g✓

�
= Ex⇠pdata


log

pdata (x)

pdata (x) + pg✓ (x)

�
+ Ex⇠pg✓


log

pg✓ (x)

pdata (x) + pg✓ (x)

�

and expand the logarithms
<latexit sha1_base64="/kxrJtrCtSGQTNUU59NQIJ80mrY="></latexit>

= Ex⇠pdata [log pdata (x)]� Ex⇠pdata [log 2m(x)] + Ex⇠pg✓
[log pg✓ (x)]� Ex⇠pg✓

[log 2m(x)]

Exercise 3 · Task 3 .

<latexit sha1_base64="J0rjOy5CEgX2QjfDURo09Jc2Irk=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRKkhJRKrLgpsuK9gLNCFMppN26OTCzIlYQtdufBU3LhRx6xO4822ctllo6w8DH/85hzPn9xPBFVjWt1FYWV1b3yhulra2d3b3zP2DtopTSVmLxiKWXZ8oJnjEWsBBsG4iGQl9wTr+6GZa79wzqXgc3cE4YW5IBhEPOCWgLc88dkLy4GWB5yRDPsHtypzO8cBzYMiAnHlm2apaM+FlsHMoo1xNz/xy+jFNQxYBFUSpnm0l4GZEAqeCTUpOqlhC6IgMWE9jREKm3Gx2ygSfaqePg1jqFwGeub8nMhIqNQ593RkSGKrF2tT8r9ZLIbh2Mx4lKbCIzhcFqcAQ42kuuM8loyDGGgiVXP8V0yGRhIJOr6RDsBdPXob2RdWuVWu3l+V6I4+jiI7QCaogG12hOmqgJmohih7RM3pFb8aT8WK8Gx/z1oKRzxyiPzI+fwBUe5oO</latexit>

max
fω

V (fω, gε) <latexit sha1_base64="F4Nj+RhO9kX5rG7aN7clX2pOWZE=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseClx4r2A9oQ9lsJ+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0Erd0aCPY0A2KFfcqrsAXSdeTiokR3NQ/uoPY55GoJBLZkzPcxP0M6ZRcAmzUj81kDA+YSPoWapYBMbPFvfO6IVVhjSMtS2FdKH+nshYZMw0CmxnxHBsVr25+J/XSzG89TOhkhRB8eWiMJUUYzp/ng6FBo5yagnjWthbKR8zzTjaiEo2BG/15XXSvqp6tWrt/rpSb+RxFMkZOSeXxCM3pE4apElahBNJnskreXMenRfn3flYthacfOaU/IHz+QMkdpAT</latexit>gω



Charlotte BunneCS-461  ·  Foundation Models and Generative AI

Key Result: 

Training GANs is equivalent 
to minimizing JS divergence!

Generative Adversarial Networks: Theoretical Analysis

52

<latexit sha1_base64="TxDRoWR8xS5NxxkJ3wOOkSy5TrA="></latexit>

Ex⇠pdata [log pdata (x)]� Ex⇠pdata [logm(x)] = DKL (pdata km)

<latexit sha1_base64="oTDlp4NO44Yci+RcK1E0alHcljg="></latexit>

Ex⇠pg✓
[log pg✓ (x)]� Ex⇠pg✓

[logm(x)] = DKL (pg✓km)

Recognizing KL divergences:

<latexit sha1_base64="gG4kOfVcgFpNG9tFuArI2I0/US4="></latexit>

�Ex⇠pdata [log 2]� Ex⇠pg✓
[log 2] = � log 2� log 2 = �2 log 2 = � log 4The log 2 terms:

<latexit sha1_base64="4jmcqR0VTQmF/jszg4GAjt8sKeI="></latexit>

V
�
f⇤
� , g✓

�
= � log 4 +DKL (pdatakm) +DKL (pg✓km)

<latexit sha1_base64="e2Qu+hYB7AIGwAAlirHgSjdpZws="></latexit>

= � log 4 + 2 ·DJS (pdata kpg✓ )

<latexit sha1_base64="/kxrJtrCtSGQTNUU59NQIJ80mrY="></latexit>

= Ex⇠pdata [log pdata (x)]� Ex⇠pdata [log 2m(x)] + Ex⇠pg✓
[log pg✓ (x)]� Ex⇠pg✓

[log 2m(x)]
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<latexit sha1_base64="GXYHs0fXw0I7ijyJiHSwNQUIAUc="></latexit>

min
g✓

DJS (pdata kpg✓ )

<latexit sha1_base64="iunUQc4da1+W+vOSZC549oQlBn4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoiUj0WvPRYwX5AG8Jms22XbjZhd1JaQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtb2zu1fcLx0cHh2f2KdnbR2nirIWjUWsugHRTHDJWsBBsG6iGIkCwTrB+GHhdyZMaR7LJ5glzIvIUPIBpwSM5Nt24veBTSELCZB5ZXrt22Wn6iyBN4mbkzLK0fTtr34Y0zRiEqggWvdcJwEvIwo4FWxe6qeaJYSOyZD1DJUkYtrLlpfP8ZVRQjyIlSkJeKn+nshIpPUsCkxnRGCk172F+J/XS2Fw72VcJikwSVeLBqnAEONFDDjkilEQM0MIVdzciumIKELBhFUyIbjrL2+S9k3VrVVrj7fleiOPo4gu0CWqIBfdoTpqoCZqIYom6Bm9ojcrs16sd+tj1Vqw8plz9AfW5w+T9ZOn</latexit>

pdata(x)
<latexit sha1_base64="kb44nMOlmmG8T7qciw2EAeP4k04=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHoseOmxgv2A7VKyabYNzSZLMiuWpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1PY2Nza3inulvb2Dw6PyscnHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3M397iPThiv5ANOEBTEZSR5xSsBKfjLow5gBqT5dDsoVt+YugNeJl5MKytEalL/6Q0XTmEmgghjje24CQUY0cCrYrNRPDUsInZAR8y2VJGYmyBYnz/CFVYY4UtqWBLxQf09kJDZmGoe2MyYwNqveXPzP81OIboOMyyQFJulyUZQKDArP/8dDrhkFMbWEUM3trZiOiSYUbEolG4K3+vI66VzVvHqtfn9daTTzOIroDJ2jKvLQDWqgJmqhNqJIoWf0it4ccF6cd+dj2Vpw8plT9AfO5w/cc5ED</latexit>

p✓(x)

DJS

Key Result: 

Training GANs is equivalent to 
minimizing JS divergence!

Core Issue:   When the real and generated distributions do not overlap,  
                      JS divergence becomes constant, i.e.,  (its maximum value). 
 
                      Gradient with respect to generator parameters . 
 
                      No learning signal!

log 2

∇θDJS = 0
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Wasserstein Distence
<latexit sha1_base64="wgs9D2C604HRJea7b5p26vm6RR8="></latexit>

W1(p, q) = inf
�2⇧(p,q)

E(x,y)⇠� [kx� yk]

Definition: Minimum expected cost to transport mass from one distribution to another.

: joint distribution that describes how to transport mass from  to .


: set of all valid joint distributions whose marginals match  and .


: cost of transporting a unit mass from location  to location .


 represents the amount of probability mass moved from point  to point .

γ p q

Π(p, q) p q

∥x − y∥ x y

γ(x, y) x y

Lorem ipsum

p

q

q
p

γ

 distance as cost functionℓ1 Lorem ipsum

p

q

q
p

γ
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Wasserstein Distence
<latexit sha1_base64="wgs9D2C604HRJea7b5p26vm6RR8="></latexit>

W1(p, q) = inf
�2⇧(p,q)

E(x,y)⇠� [kx� yk]

Definition: Minimum expected cost to transport mass from one distribution to another.

 must satisfy marginal constraints:


• , i.e., integrating out  gives back .


• , i.e., integrating out  gives back .

γ

∫ γ(x, y)dy = p(x) y p

∫ γ(x, y)dx = q(y) x q

Key advantage: 
Provides meaningful gradients even when distributions do not overlap.

Lorem ipsum

p

q

q
p

γ

Lorem ipsum

p

q

q
p

γ
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<latexit sha1_base64="Lj38RCpw4HgiUr2X7L1/ibkARZY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEr0IAS85RjQPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWj2acoB/RgeQhZ9RY6eH2IuwVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3VKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzcuyVylX7q9K1VoWRx5O4BTOwYNrqEIN6tAABgN4hld4c4Tz4rw7H4vWnJPNHMMfOJ8/u3mNeQ==</latexit>

= �f

Excursion: Wasserstein Distance
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Kantorovich-Rubinstein Duality
<latexit sha1_base64="e7bqUxBBnLawbh7nFuGHgiPvPb4="></latexit>

W1(p, q) = sup
kfkL1

(Ex⇠p[f(x)]� Ey⇠q[f(y)])

where  means  is 1-Lipschitz.∥f∥L ≤ 1 f

Dual of the Wasserstein Distance:  
Lagrange duality transforms the constrained optimization over  
into an unconstrained maximization over 1-Lipschitz functions.

γ

f: dual potential function.


1-Lipschitz: , 
                     i.e., function canot change too rapidly.

sup: Find the f that maximizes the difference.

| f(x) − f(y) | ≤ ∥x − y∥

p

q γ

primal
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Classic GAN
<latexit sha1_base64="h4+TG1FphNrKHgKGDaHeeXxkjbo="></latexit>

min
g✓

max
f�

Ex⇠pdata [log f�(x)] + Ez⇠p(z) [log (1� f� (g✓(z)))]

Wasserstein GAN (WGAN)
<latexit sha1_base64="6eu9YOJZF2hIGVJAuG1w98Ez8FQ="></latexit>

min
g✓

max
kf�kL1

Ex⇠pdata [f�(x)]� Ez⇠p(z) [f� (g✓(z))]

W
G

AN

G
AN

<latexit sha1_base64="iunUQc4da1+W+vOSZC549oQlBn4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoiUj0WvPRYwX5AG8Jms22XbjZhd1JaQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtb2zu1fcLx0cHh2f2KdnbR2nirIWjUWsugHRTHDJWsBBsG6iGIkCwTrB+GHhdyZMaR7LJ5glzIvIUPIBpwSM5Nt24veBTSELCZB5ZXrt22Wn6iyBN4mbkzLK0fTtr34Y0zRiEqggWvdcJwEvIwo4FWxe6qeaJYSOyZD1DJUkYtrLlpfP8ZVRQjyIlSkJeKn+nshIpPUsCkxnRGCk172F+J/XS2Fw72VcJikwSVeLBqnAEONFDDjkilEQM0MIVdzciumIKELBhFUyIbjrL2+S9k3VrVVrj7fleiOPo4gu0CWqIBfdoTpqoCZqIYom6Bm9ojcrs16sd+tj1Vqw8plz9AfW5w+T9ZOn</latexit>

pdata(x)
<latexit sha1_base64="kb44nMOlmmG8T7qciw2EAeP4k04=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHoseOmxgv2A7VKyabYNzSZLMiuWpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1PY2Nza3inulvb2Dw6PyscnHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3M397iPThiv5ANOEBTEZSR5xSsBKfjLow5gBqT5dDsoVt+YugNeJl5MKytEalL/6Q0XTmEmgghjje24CQUY0cCrYrNRPDUsInZAR8y2VJGYmyBYnz/CFVYY4UtqWBLxQf09kJDZmGoe2MyYwNqveXPzP81OIboOMyyQFJulyUZQKDArP/8dDrhkFMbWEUM3trZiOiSYUbEolG4K3+vI66VzVvHqtfn9daTTzOIroDJ2jKvLQDWqgJmqhNqJIoWf0it4ccF6cd+dj2Vpw8plT9AfO5w/cc5ED</latexit>

p✓(x)Interpretation:


• Discriminator → Critic:  
Outputs real values, not probabilities.


• Must enforce: 1-Lipschitz constraint, 
e.g., via weight clipping, gradient penalty, etc.

Arjovsky et al., (2017)

W1

Exercise 3 · Task 4 .

http://proceedings.mlr.press/v70/arjovsky17a/arjovsky17a.pdf
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Generalize beyond  to …W1 W2

Strengths of GANs:

• Sharp, high-quality samples.

• No explicit density required.

• Flexible architecture design.

• Fast generation.

Limitations of GANs:

• Training instability.

• Mode collapse.

• No explicit likelihood.

• Difficult hyperparameter tuning.

Beyond the scope 

of this course.
Next week!

There's a deep theoretical connection between  GANs and 
diffusion models through optimal transport theory.

W2

Tutorial at  
ICML 2023

➝

Code Notebook 3 · Demo .
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Four Philosophical Approaches 
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1. Autoregressive Models

2. Autoencoders

3. Generative Adversarial Models

4. Diffusion Models f

f −1
θ

gθ fake

real
fϕ

z
Variational Autoencoder

reconstruction loss

fϕ gθ
encoder decoder

forward

backward

“Fake it till you make it.”

“Mess it up, then Ctrl+Z.”

“Reduce to the essence and rebuild.”

“One step at a time.” x0 xt1 xt2 xt3 xTfθ fθ fθ fθ

Next week!
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Role of Generative AI in Foundation Models
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Generative Modeling  
as Self-Supervision

Generative Models  
as Architectural DNA

From Representation  
to Simulation

Principle:  
Predicting unobserved from observed 
provides unlimited training signal.

Key Insight:  
Generation forces models to learn 
structure, not just correlations.

“Teaching a model to generate 
teaches it to understand.”

Traditional models:  
Learn representations 
➝ what is!

Generative models:  
Enable simulation  
➝ what if!

Generative AI  
spans the entire FM  
building block stack!

i.e., 

tokenization, 

core architectures, 
learning principles,

and more.

Lecture 2: Learning at Scale

“If you want to master something, 
teach it.” – Richard Feynman

Lecture 5-9: Architectures Lecture 12: World Models

Lecture 13: Reasoning
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Why Generative Training Produces "Foundation" Capabilities
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1. Compression Requires Understanding  
To predict/generate accurately, must learn underlying structure.


2. Self-Supervision Scales 
Generation provides unlimited training signal from raw data.


3. Emergence from Scale 
Generative objectives + scale → capabilities not explicitly trained.


4. Conditional Generation = Universal Interface  
 handles any task.p(output |prompt)

Paradigm Shift!  
We don't train models to do tasks anymore: we train them to model 
data distributions, and tasks emerge as conditional generation.
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This Week’s Papers
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No readings this week!
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This Week’s Exercise Sheet
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Only code exercises this week!



Charlotte BunneCS-461  ·  Foundation Models and Generative AI

This Week’s Code Demonstration
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Code Notebook 2 · Task 1 .

Exploring Contrastive Learning with SimCLR (follow-up from last week): Hands-on 
implementation and exploration of the SimCLR framework. 
➝ Jupyter notebook exercise

Exploring Self-Distillation with BYOL: Hands-on implementation and exploration of 
the BYOL framework. 
➝ Jupyter notebook exercise

Code Notebook 2 · Task 2 .

Exploring Redundancy Reduction-based Learning with Barlow Twins: Hands-on 
implementation and exploration of the Barlow Twins framework. 
➝ Jupyter notebook exercise

Code Notebook 2 · Task 3 .
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CS-461 
Foundation Models and 
Generative AI

Have a great week!


