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1 Multiple-Choice (30 pt)

Subsections of this section are separately graded as multiple choice questions (see page 1).

1.1 Questions about the IEEE 754 representation (6 pts)
True False

□ □ IEEE-754 values can only exactly represent numbers that can be written as a
fraction with a power-of-two denominator.

□ □ Floating point addition and multiplication satisfy (a+ b) · c = (a · c) + (b · c).

□ □ The following equality always holds: (a + b) + (c + d) = (d + c) + (b + a).

□ □ The relative numerical error of a function implemented using double preci-
sion is on average half as large as one that uses single precision.

□ □ Denormalized numbers should be avoided in calculations, since operations
involving them suffer from severe numerical errors.

□ □ The floating point multiplication operation of modern processors runs much
faster than floating point division.

1.2 Time complexity (16 pts)
Given an invertible matrix A with n rows and columns, what is the computational
complexity of the following operations?

1. Computing the inverse of A.
2. Computing a matrix-vector product Ax.
3. Computing the condition number of A.
4. Solving a linear system of the form Ax = b if a LU factorization is available.

When a LU factorization does not make the problem any easier, give the complex-
ity for solving the linear system without one.

Use O(..) notation to fill each cell below with the lowest possible time complexity for
the following classes of matrices: general (nothing known a priori), orthogonal, diagonal,
and permutation matrices. You can assume that the information in the matrix is encoded
in the most efficient manner. It’s fine to just write the text within the parentheses of
O(..). You do not need to consider advanced (e.g. Strassen multiplication) or galactic
algorithms that were briefly mentioned at some point during CS328.

General matrix Orthogonal matrix Diagonal matrix Permutation matrix

1.

2.

3.

4.
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1.3 Polynomials (1pt)
If we try to approximate a rectangle function

f (x) =

{
1, |x| < 1,
0, otherwise,

by fitting a low-degree polynomial to only a few evenly spaced points x1, . . . , xn, we find
that this produces a bad and oscillatory result. This problem can be solved by (circle one):

Choice

⃝ Increasing the number of points used in the fit.

⃝ Increasing the number of points and the degree of the polynomial.

⃝ Increasing the number of points, degree, and using Chebyshev points.

⃝ This problem cannot be solved.

1.4 Quadrature (1pt)
Approximate the following integral using the basic trapezoid rule (i.e., using only a
single trapezoid): ∫ 1

−1

3
2 + x

dx

Choice: ⃝ 0 ⃝ 2 ⃝ 3 ⃝ 4

1.5 Conditioning (3pt)

Which of the following matrices are poorly conditioned or singular? (in the sense that
we expect a failure or significant error amplification when using A to solve a linear system)

A =

[
1 1
1 1

]
B =

[
−1−1 10−10

10−10 10−1

]
C =

[
1 10−10

1 1

]
True False

□ □ Matrix A
□ □ Matrix B
□ □ Matrix C

1.6 Derivatives (3pt)

True False

□ □ Reverse-mode differentiation is only possible when one can run the com-
puter program to be differentiated in reverse.

□ □ Analytic integration of a function by applying the rules of calculus can some-
times fail to produce an antiderivative.

□ □ When a function has a single input and output, then forward- and reverse-
mode differentiation reduce to the same algorithm.
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2 SVD and Eigenvectors (12 pts)

2.1 Singular Value Decomposition of a 2×2 matrix (6 pts)

Consider the following 2 × 2 matrix:

A =

[
2 cos θ − sin θ
2 sin θ cos θ

]
for some unknown value θ ∈ R. Specify the singular value decomposition (SVD) of A
below. Note that we never covered the internals of algorithms to compute an SVD in
CS328. Instead, you can find the answer by thinking about what the matrix A does when
applied to a vector, and how that relates to the information encoded in the SVD.

2.2 SVD: Shape and Storage (4 pts)

Consider the (full / non-economy) SVD of a matrix A of shape n×m. Give an expression
for A in terms of this decomposition and denote the shape of all matrices. (2 pts)

Assuming that the entries of A are stored in single precision, how many bytes of mem-
ory are needed to store A? How many bytes are needed to store the nonzero entries of
the full SVD? (2 pts)
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2.3 Power Iteration (2 pts)

Give a concrete example of for a matrix A ∈ R2×2 where the power iteration will gener-
ally never converge when started with a random initial vector. Explain why this happens
(1-2 sentences are enough, this question just happens to be on a partially empty page.)
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3 Numerical Code and Processors (16 pts)

In this exercise, we will revisit how processors execute numerical programs. We will
work with a processor that only has two instructions:

• LOAD(a), which loads a value from memory address a and stores the result in a
register. LOAD has a latency of 100 clock cycles and a throughput of 1 per cycle.

• ADD(a, b), which adds the values of two registers and returns the result. ADD has
a latency of 3 clock cycles and a throughput of 1 per cycle

At each clock cycle, the CPU inspects the current instruction and does one of two things:
when all of the inputs of the operation are available, it immediately starts the operation
and advances to the next program instruction. Otherwise, it waits for all inputs to be
ready and does not advance to the next instruction. Registers (r0, r1, etc.) and memory
addresses (a0, a1, etc.) are always available, and accessing them has no cost. There is no
limit to how many operations the CPU can execute in parallel except for the discussed
constraints on latency, throughput, and the inputs of operations being ready. The CPU
has no cache, so each LOAD operation takes the same amount of time.

In the following, you can answer questions either in textual form, or as a timeline as
shown on the right (as you prefer).

Operation 1

0 283

Clock cycle

...Operation 2

...
3.1 Cycle counting

(4 pts) Consider a program that determines the sum of 4 values stored at memory
addresses a0, a1, a2, and a3.

r0 = LOAD(a0)
r1 = LOAD(a1)
r2 = ADD(r0, r1)
r3 = LOAD(a2)
r4 = ADD(r2, r3)
r5 = LOAD(a3)
r6 = ADD(r4, r5)

How many clock cycles are needed until the final result r6 is available?
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3.2 Optimizations (10 pts)

Implement a better version of this program that runs in the minimal amount of time.
Provide both the source code of the program and the combined number of cycles.

3.3 Cache (2 pts)

Suppose now that the LOAD instruction benefits from the presence of a cache. The values
a0, a1, a2, and a3 are all directly next to each other in memory, so loading any one of
them causes all to land in the cache.

The latency of a LOAD operation drops to just 1 cycle when the referenced memory
region is cached at the time when the LOAD operation starts. How much faster does the
original algorithm become? How much faster does your optimized version become?

7



4 Linear System Construction (20 pts)

4.1 Constrained least squares (10 pts)

You are well-acquainted with methods to solve linear least squares problems, e.g. to
obtain a solution xsol ∈ R3 given a matrix A ∈ Rn×3 and right-hand side b ∈ Rn, where

A =

a1 a2 a3

 and xsol = argmin
x∈R3

∥Ax − b∥.

Suppose that we have additional information about the problem that is not yet reflected
in the above equation: valid solutions must satisfy x3 = 1, and other answers are not
acceptable. Specify the linear system that must be solved to obtain xsol satisfying this
constraint after transformation by the normal equations.

4.2 Polynomial fitting with derivatives (10 pts)

Consider the following cubic polynomial

p(x) = ax3 + bx2 + cx + d.

Our goal is to find the coefficients a, b, c, and d so that the polynomial not only passes
through two given points, but that its derivative also takes on a particular value at these
locations. In other words, we want that

p(x1) = y1, p(x2) = y2, p′(x1) = d1, and p′(x2) = d2.

Express this as an Ax = b-style linear system and give the specific entries of every term.
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5 Automatic differentiation (32 pts)

In this section, your task is to extend the MyTorch framework from homework 4 with
differentiable load and store operations that indirectly access another array:

• The function load(src, idx) fetches multiple entries from src as specified by
an integer array idx:

def load(src, idx):
return src[idx]

• The function store(dst, idx, val) first copies the input array dst and then
returns a modified version, where entries with indices idx have been overwritten
by corresponding values in val.

def store(dst, idx, val):
tmp = array(dst) # Copy input
tmp[idx] = val
return tmp

The helper functions array() and index() construct or copy a floating point or inte-
ger array. Here is an example use:

a0 = array([5.0, 6.0, 3.0, 2.0])
a1 = load(a0, index([1, 2, 0]))
a2 = store(a1, index([1, 0]), array([2.0, 1.0]))
# At this point, we have
# a1 == array([6.0, 3.0, 5.0]) and a2 == array([1.0, 2.0, 5.0])

What remains to be done are the forward and backward derivative functions. Recall that
these receive the original function arguments, and the backward derivative additionally
receives the previously computed function output out. Their task is to use the .grad
field of relevant arguments to compute and return a suitable derivative per input or
output. For simplicity, you may assume that the entries of the idx array do not contain
duplicate indices. The derivative of an integer array is always zero. In the case of
store(), both the target dst and the source val may carry derivatives.

5.1 (a). Forward derivative of load() (2 pts)

@mytorch_fwd
def load(src, idx);

5.1 (b). Backward derivative of load() (6 pts)

@mytorch_bwd
def load(src, idx, out);
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5.1 (c). Forward derivative of store() (2 pts)

@mytorch_fwd
def store(dst, idx, val);

5.1 (d). Backward derivative of store() (10 pts)

@mytorch_bwd
def store(dst, idx, val, out);

5.1 (e). Why could duplicate indices be problematic during differentiation? (2 pts)

5.2. Reverse-mode tape traversal (10 pts). The left code fragment implements the func-
tion (a,b) 7→ e(ab)/2 + b using temporaries c,d,e, and f.

Suppose that this computation was recorded using tape-based AD. Complete the result-
ing derivative computed by a reverse-mode tape traversal on the right, which processes
associated derivative variables δa . . . δf that have been zero-initialized. Reuse previously
computed (primal) program variables whenever this is possible.

c = a · b
d = c / 2
e = exp(d)
f = e + b

δf += 1
δe += 1·δf = 1 # fill in the rest below
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