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Recap: Multi-armed bandits

« A framework for online decision-making
. Given: k possible actions (arms)
« Play one arm at each round: A; € [k], get reward X;

« Goal: maximise cumulative reward: YI_, X,

« Each arm has its own reward distribution: X; ~ p;; E[X;] = u;
« Challenge: initially, no information about rewards: u; unknown

- Must balance exploration (learning y;) and exploitation (maximising X,)



Mean Estimate

Recap: the UCB algorithm i Contercs e
\, — 1;=0.5

Notation | T =00 g

 Estimate of mean reward of arm i at time t: f;(¢t) I— 06

 Number of pulls of arm i at time t: T;(t) 04

« Upper confidence bound of arm i at time t: 02

2log(1/6) I

UCBl(t, 5) — ﬁl(t) + Time Step

V Ti (t) Upper Confidence Bounds 070
exploitation exploration '

UCB Algorithm |
For t=1,2,..,n do: - 0.6
Choose A; = argmaxUCB;(t — 1,6) 064
l
Observe X, and update UCB(t, ) 062

Time Step



Recap: Thompson Sampling

Bayesian algorithm

« Maintain belief distribution f;.(-) for all arms

« Exploration happens through randomness in
the sampling

« Over time, beliefs concentrate > exploitation

Thompson Sampling
For t =1,2,... do:
For i= 1,2,..,k do:
sample ;(t) ~ fi¢(-)
Choose A; = arg ml_ax(,[ii(t))

Observe X,, update fy ()
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Recap: regret bounds for multi-armed bandits

16 In(n)

» Problem dependent bound: R, S Xjp50—%

Problem independent bound: R,, < 8Vknlnn

Regret grows with no. of arms: cost of exploring each option

Information structure: Pulling one arm tells nothing about other arms

Not always true in practice!

Netflix Scenario
LA o person does not like Toy Story and Ratatouille
ql_‘?* | & they probably don't like children movies
S f - they probably don't like Finding Nemo

LLbat Bl > not worth recommending it (and regretting it!)




Modeling recommender systems

Consider a recommender system like Netflix
- items (movies) have features: genre, language, actor, director, ...
« similar movies = similar features

+1

' Blockbuster
£
“-:"1' ~ R -
; - S\ 3 The Dark
Shrek Py ® ~ Knight Rises
@ Harry Potter
el P
-1 1
Children Adult
[Figure courtesy:
Google for Developers: .
Recommendation Systems] Q il )
TRIPLETTES ™ BELLEVILLE
The Triplets of L S ' . Memento

Belleville
v Arthouse

« Users have features too: preference over genres, languages, actors, etc
« Similar tastes = similar features



Modeling recommender systems

User feature vector 6* € R4 i F - m
tem feature vector a € R? e - , -

Harry Potter The Triplets of Shrak The Dark

Utility: Zl Cllgl — ClTH _ Belleville ~ Knight Rises Memento

Sum over features of a; v ¥ v

(users’ preference for feature ) P )
v 4 4

Reward: a™@ +¢ or g(a'0) + ¢

- Continuous: watch time . y s

* D ISC rete : ratl n g glve n to m OVI e B arthouse <-'> blockbuster @ preference for arthouse <-> blockbuster
o B | N ary: WatC h e d / N Ot WatC h e d A children's <-> adult's @ preference for children's <-> adult's

[Figure courtesy:

Reward is a noisy signal of utility Google for Developers:

Recommendation Systems]



Modeling assumptions for recommender systems

1. Both features unknown: (0 \

Collaborative filtering, matrix factorization
Identify similar users, similar items

Use preferences of similar users to ‘
recommend new items Cold start problem

Advantage: no need to handcraft features

Cold start problem: each new user needs to -/1 N *
rate few items to get good = Bl | Q
recommendations; analogous for new items (?2) | -

Only user features unknown: ; \ | [
Recommend diverse movies to start with

With little data, can identify preferences:
likes comedy, dislikes action, ... Use content features

Use data to learn user features to bootstrap




Recommender systems as bandits

Suppose a new user signs up on Netflix

Goal: recommend the best movies for this user over time
- Maximise cumulative reward < minimize cumulative regret

Subgoal: learn the user preferences
- Need to try out different movies
- At the cost of showing a few bad movies

Like multi-armed bandits:
- Online learning problem, exploration-exploitation tradeoff

Unlike multi-armed bandits:
- Reward from one arm (recommending a movie) gives information about other arms!



The linear bandit model

- Arms represented as a set of vectors A = {a,ay, ...,a;}; a; € R?

« Arm played at time t: A, € A Reduction to MAB
{aq,a,,...,a4}:
- Reward at time t: X, = Al 0* + 1, orthonormal basis
a; =[0,..,0,1,0...,0] =
« Unknown parameter to be estimated: 8* € R? Xe=al0*+n,=06; +n,

« Noise model n,: independent for all t, o-subgaussian

« Best arm: a* = argmaxa'8*
aeA

« Instantaneous regret: 1, =a*'0* — A/0* =(a* —A,)76"



Flexibility of linear bandit model

« Arm features can include known aspects of user context
- Age, gender, region
- Explicitly mentioned interests
- Behavioural stats (# of comedy movies watched)

- The action set A, ={a}, a5, ...,as} can vary with time, e.g.
- Same user’s context can change (restaurants in a new city;
recommending among some search results;...)
- Different users at different times

, _ Linear bandit model
- New items appear, old ones disappear

extends easily to time-

varying, arbitrary action
 Interpreting 6*: global weight vector over features set A;

— AT pnx*
* T't —Atg
- Positive 8 for (young, animation) feature
= young people prefer animation movies



Formulations of regret for linear bandits

. Instantaneous regret: 1, = a*'0* — A[0* =(a* —A,)76"

- Note: does not depend on noise n,

+ Random cumulative regret: R,(4;, ..., A;) = Xi-1maxgeq, (0. a — Ay) = X 1

- Depends on the choice of actions

- Regret: R, = E|R,| =E [Z?zl 6112%(8*, a) — ’gzlxt]

- Taking the expectation - choice of actions marginalized out



Estimating 8" via linear regression .

« Data: (4, X1, 45, Xy, o, Ap, Xp)

e Model: X, = A/ 6* +n,

e 0* € R%? unknown, to be estimated
 n; € R: 1-subgaussian random variable

« Known as linear regression
« Least squares problem:

mgin Z (X,; — AiTH)Z
i€ft]
« Solution from calculus:

ét — Vt_l Z AiXi ) Vt — 2 ALA;I-
(€[t i€[t]




Estimating 8* via linear regression

0* € R? unknown, to be estimated
n: € R: 1-subgaussian random variable

O, = Vit (Zie[t]AiXi); Ve = Zierr AiAl

E[6.] = E [Vt_l [Zie[t]AiAiT 6" + Ami” =07
\ Y J %r_J
v, 0




Uncertainty in linear regression: 1D case

1.2 1

1.0

Uncertainty in the estimator for linear regression

= Ground Truth: slope =1

Dataset 1
Slope fit: 0.71
Dataset 2
Slope fit: 0.89
Dataset 3
Slope fit: 1.20

Here, 6 and 6 are scalars

Uncertainty in 8 can be
conveyed through
confidence intervals

More noise in the data =
larger confidence intervals

More data points =
smaller confidence intervals



Component 2

Uncertainty in linear regression: 2D case

Distribution of Points 4,

® Samples t=1-50
e Samples t=51-100
® Samples t=101-150

@

Samples t=151-200
©® Samples t=201-250
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Component 2

Uncertainty in linear regression: 2D case

Distribution of Points A;

[ less explored

L

]
(]

Samples t=1-50
Samples t=51-100
Samples t=101-150
Samples t=151-200

® Samples t=201-250

-2 0
Component 1
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Why ellipses?

« The collection of data points represented
by design matrix V, = ;e AiA]

« More data points in a certain direction a
= eigenvalues of V; larger in that direction

« More data points in a certain direction a
= better estimate of 6* parallel to a

» Uncertainty of 6* quantified by V! =
more uncertainty along larger eigenvalues

« Confidence sets:
C, = {9 eR%: |6 — ét_1||12/t_1 < ﬁt}

X2
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Regularisation in linear regression

« |Least squares problem:

min z (X; — Al-TH)Z

i€[t]

-1 (Z A,;Xl->; V, = Z AA]
i€[t] i€[t]

« What if V; is not invertible?
« Simple fix: use a regulariser. Solve:

man(X AT@) + Al6]|°

(ZAXL>, V, = /11+ZAAT

e Solution from calculus:

CD)



Impact of regulariser
on confidence ellipses

Without regulariser

With regulariser
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UCB for linear bandits

Notation:

A 2
ceo={oert o - 0] <pi]
¢ VO = /11, Vt = Al + ZSE[t] ASA;F

* ét — Vt_1 (Zse[t] ASXS)
¢ 1S,81S,82SS814

LinUCB_Algorithm |
For t=1,2,..,n do:
For all arms a € A,

Compute UCB;(a) = maxa'®
OEC,

Play A; = arg max UCB;(a)

ae c/qt

Observe X, and update V,, 6,, C,




UCB computation for linear bandits

_ . _ T
A = argcrllgac%(t UCB:(a); UCB:(a) gle%fa 0

A7) — T
= (4,0;) = arg Lplax, a 6

= A, =argmax a'0G,_, + /5 IIaIIVt—_l1 IF

ae dqt

[ ellipsoid }\Ct _ {H e R4- ||Q _ ét—1||12/t_1 < :Bt—l}

LinUCB Algorithm
For t =1,2,..,n do:

_ TH
Play A; =argmaxa'6;_; + \/E IIaIIVt—_l1

ae cflt

Observe X, and update V,, 6,, G,

easily computable
individually for

.

each arm a € A;

)




Cumulative Regret

LinUCB: regret and error plots

LinUCB on a linear bandit with k = 100 arms and d = 5 dimensional features

* S
Regret R, Error |[6* — 6,
| — Mean Regret 10° —— Mean Error
10—1_
2 102 A
5 \\1 : \“! R
'E bl
1073 ‘ | I kf(" ' l
\
10—4_
0 200 400 600 800 1000 10° 10! 102 10°
Time Step Time Step

R, =0 (\/f) similar to unstructured bandits ” 0* — ét || =0(1/ \/f), similar to linear regression



Actions over time

Selected vs. generated contexts

Selected Arms A; Trajectory
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Confidence ellipsoids with time

6>

é(t) Trajectory

1.0
X True 6*
—-0.18 1
—0.20 0.8
-0.22
&° L 0.6
—0.24 A o @ °
S %
—0.26 1
- 0.4
—0.28 1
—0.30 1 0.2
—-0.32
T T T T T T T 0-0
0.84 086 0.88 090 092 094 0.96
61

Time (normalized)

6

Confidence Ellipsoids Over Time

0.0 A

—0.1 A

—0.2 A

_03 E

~0.4

—0.5 -

X True 6%

1.0

0.8

0.8 0.9 1.0 1.1

T
o
[e)]

o
D
Time (normalized)

0.2

0.0



Analysis: high-level view

Elliptic Potential Lemma:
Bound on Xy (1A llacll?-:)
as function of n,d, L, V,

Define good event (prob. 1 — §)
parametrized by B, ..., Bn
and show that R,, < f(n, B, Vo, V)

Bound on ||6; — 6" .

with probability at least 1 — 6
as a function of §,d,4,0%,V,

« Recall:
- n: # epochs
« d: dimension of a,®
- AV,: regulariser
- §: bound on prob. of confidence
ellipse violation

Define good event (prob. 1 —§)
parametrized by B, ..., Bn
and show that R,, < f(n,d, 5, A, L)

Setting § = 1/n gives
bound on regret R,, < Cd+v/nlog(nL)



Analysis: high-level view

Elliptic Potential Lemma:
Bound on ¥, (1 A ||at||‘2,t_1)
as function of n,d, L, V,

Define good event (prob. 1 — §)
parametrized by B, ..., Bn
and show that R,, < f(n, B, Vo, V)

Bound on ||6; — 6" v

with probability at least 1 — 6
as a function of §,d,4, 0%,V

« Recall:
- n: # epochs
« d: dimension of a,®
- AV,: regulariser
- §: bound on prob. of confidence
ellipse violation

Define good event (prob. 1 —§)
parametrized by B, ..., Bn
and show that R,, < f(n,d, 5, A, L)

Setting § = 1/n gives
bound on regret R,, < Cd+v/nlog(nL)



Key concentration result

Theorem (20.5 in L&S):

Suppose we have a sequence of datapoints (44,X;,4,,X,,...) satisfying

X, =(0%,A;) +ns, n, independent and 1-subgaussian

Each A, may depend on past (44, Xy, ..,4;-1,X¢—1) (any bandit algorithm)

Let 4, be least-squares estimator with regulariser weight A

Fix 6 € (0,1). Then, with probability at least 1 -6, it holds for all ¢t € N:

||§t - 0*

1 detV,
v, < \/1“9*”2 + |2log <E> +10g< 1 t) { we shall not }

\ prove this here




Intuition for concentration bound
We will prove a simple concentration inequality for a single arm a
. Recall 8, =V (Zie[t]AiXi) and X, = Al 0* + n,

Eay

c (0,0, = 07) = (V" (Sie 4xe) = 0°) = (a7 (Siepe 4 (4707 + 1)) - 0°)

Observe: Y4 (4] 60°) = V0" = V1 (Zie[t]Ai (Al-TH*)) = 6*

Eay

’ (a, 0, — 9*> = <a, /A (Zie[t]Ai 77i)> = <a, Vit (Zie[t]Ai)> ni = Zie[t]<a' Vt_lAi> i

This is a linear combination of independent, 1-subgaussian r.v.s {n;}iem



Intuition for concentration bound

In the last slide, we showed:

S

’ (a, 0 — 9*> = Zie[t]<a' Vt_lAi> ni

- a linear combination of independent, 1 sub-Gaussian r.v.s {n;}iem
- n ~ l-subgaussian = an ~ |a|-subgaussian and
. 11,1, ~ independent g,-(o, -)subgaussian = 1, + 1, subgaussian with param /o2 + o2
+ Yierefa Vi '4;) n; is also a subgaussian random variable

« Applying concentration inequality for subgaussians, we get

P((a, 6, — 9*) > \/2”“”12/;1 log 1/5) <o

-14. 2 — 2
K_/ ZiE[t]<a’Vt Al) ”a”Vt_l




Simple bound is not sufficient

- The bound P((a, 0, —6%) = \/Zlog%(zie[ﬂ(a, Vt‘lAi)2)> <$

« holds only for a single arm
« For regret guarantees, we need such a bound for all arms
« One option: union bound

« If the action set A ={ay,a,,...,a;} is small, this is a reasonable strategy
- regret will scale with logk

« For large action sets, we want a bound independent of k
- Need a bound on P(||§t—9* L2 ﬁt)
t

« See L&S, Chapter 20




Analysis: high-level view

Elliptic Potential Lemma:
Bound on Xy (1A llacll?-)
as function of n,d, L,V

Define good event (prob. 1 — §)
parametrized by B, ..., Bn
and show that R,, < f(n, B, Vo, V)

Bound on ||6; — 6" .

with probability at least 1 — 6
as a function of §,d,4,0%,V,

« Recall:
- n: # epochs
« d: dimension of a,®
- AV,: regulariser
- §: bound on prob. of confidence
ellipse violation

Define good event (prob. 1 —§)
parametrized by B, ..., Bn
and show that R,, < f(n,d, 5, A, L)

Setting 6 = 1/n gives bound on
regret R,, < Cd+/nlog(nL)



Elliptic Potential Lemma

Lemma: Assume the following:

* ay,ay,..,a, iS a sequence in R% such that |la:]l, <L for all t € [n]

« Forall ten], V, =V, + Y. asal, and V, is positive definite

Then,
n detV, Tr (V) + nlL?
1A 2 )< 21 < 2d1
zm( lacll”,, ) < 2log (det VO> = 2d Og( d(det V)14 )

e Vo=l =detV, =2%, and Tr (V,) = dA

. o1 (Tr (V0)+nL2) — dA+nL?
08 d(detvy)1/d) O\ aa

n ) , < o] dA + nlL?
=>Zt=1( Allal Vt‘_ll) < 2dlog -




Analysis: high-level view

Elliptic Potential Lemma:
Bound on ¥, (1 A ||at||‘2,t_1)
as function of n,d, L, V,

Define good event (prob. 1 — §)
parametrized by B, ..., Bn
and show that R, < f(n, B, Vo, Vi)

Bound on ||6; — 6" .

with probability at least 1 — 6
as a function of §,d,4,0%,V,

« Recall:
- n: # epochs
« d: dimension of a,®
- AV,: regulariser
- §: bound on prob. of confidence
ellipse violation

Define good event (prob. 1 — §)
parametrized by B, ..., Bn
and show that R,, < f(n,d, 5, A, L)

Setting § = 1/n gives
bound on regret R,, < Cd+v/nlog(nL)



Regret guarantees for LinUCB

Theorem: Assume the following:

 max sup (a—b)T8* <1
te[n] a,beA;

* |lall, <L for all a € Ukt A,
* 1,02, ... are chosen such that with probability > 1 -6,

Vt, B0*€EC, = {6 eR%: |6 - ét_1||‘2,t < ﬁt}
-1

Then, with probability > 1 -4,

5 dA + nlL? . _
RTl S 8dn ﬁn lOg ( dﬂ ) [We will prove this ]

\




Proof outline

« Proof can be divided into two steps:

1. Bounding instantaneous regret: r, < vV BnllAelly-1, by using

exploration bonus

in UCB algorithm!

- Good event (concentration event),
« Definition of UCB {

regret bounded by }

- Cauchy-Schwarz inequality

2. Bounding cumulative regret: R, < \/Zdnﬁn log (d’l;r:Lz), by using

- Elliptical potential lemma

- Other algebraic inequalities



Understanding the good event

« Good event:
VtO*€eEC = {9 eR%: || — 6,_ 1||Vt ﬁt}
« Holds with probability 1 -6

- For now, we have assumed this
- Intuitively, this can be reasoned as follows

l6* = 8eall,,

- Recall B, = 0(log(t))
- We expect eigenvalues of V,_; «xt—1

* 2) — log(t)
0% — 6, _0( . )

. With more data, the estimate 6, gets closer to 6*

S f: 1s a concentration event

« We will assume throughout that good event holds
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Using the UCB algorithm bound

« Define A; = arg max (6", a) (best arm at time t)
a t

- Instantaneous regret is (reward of best arm) — (reward of chosen arm)

* 21, =(0%4;) — (07, Ay)

e 0 €EC, > (07, A7) <max(0 ,A;) = UCB:(A; =
¢ = ( £ Ge€t< ) ¢ (A7) UCB:(a) glezgf(ﬁ,a)

e =1, = (0% A1) — (0%, 4,) < UCB,(4) — (8% A,)

« Arm A, was played by UCB algorithm = UCB;(47;) < UCB.(A;)

= 1, =(0%,4}) — (07, 4;) < UCB.(A}) — (67, A;) < UCB.(A,) — (67, Ay)



Using Cauchy-Schwarz Inequality

* 1. < UCBy(A) — (07, Ay)
. Defne 6, = argmax(6, A) . This implies UCB.(4;) = (0:, A;)
t

* 1. < UCBy(Ap) — (0%, Ap) = <9t'At> — (0%, 4;) = (915 — 07, At)

. Write: (6, — 6%, A,) = (6, —0") A, = (6, —07) V7

- By Cauchy-Schwarz inequality, (6, — 0%, 4;) < ||0; — v MAelly
. (8, <\/(§t—6*)TVE v51(§t—9*) \/
* S <0t! ) <0 At> — (Ht H* ) ”9t Vt_lllAt”Vt_—ll

« Why did we do this step?
- Because we have a simple bound on |6,

Vt-1



Using the good event

< |0,

k
o Al

Recall 9, = argrgr&x(e A.). This implies 6, € ¢,
t

We know G, = {0 eR%: |lo — ét_1||f,t S,Bt}
-1
< 1/

Al < VBAA

Finally, we chose B, <p, for all t<n

Together, we get |0,

:>TtS ||§t_

=1, < |6,

Al < VBAAl- < BallAdl



From instantaneous regret to cumulative regret

re < BallAdlly

Summing up instantaneous regret to get cumulative regret:

Ry = 3817 < \Bn (ZiallAclly=2 )

Challenge: how to bound Yi_,ll4lly-1

We want to prove: R, < J8dn S, log (d“"LZ)

dA

We need to prove: Z"g‘zlllAtIIVt—_l1 < \/8dn log (d/1+an)

dA



Intuition behind series summation

« Why can we expect Y. i-l|4; ||V-1 ~ vnd ?
* t — ZszlAsA;_
« Suppose: all A, are of norm L,

« And A, chosen uniformly among unit vectors in d dimensions

tL?
« Eigenvalues of V, ~—

— d
 Eigenvalues of V1 NE
d

* AP, ~ =

~1
| ]

C S lA s ~ BI \f Vnd

« This is made rigorous by Elliptical Potential Lemma
« Omitting the rest of the proof



Analysis: high-level view

Elliptic Potential Lemma:
Bound on Xy (1A llacll?-:)
as function of n,d, L, V,

Define good event (prob. 1 — §)
parametrized by B, ..., Bn
and show that R,, < f(n, B, Vo, V)

Bound on ||6; — 6" .

with probability at least 1 — 6
as a function of §,d,4,0%,V,

« Recall:
- n: # epochs
« d: dimension of a,®
- AV,: regulariser

- §: bound on prob. of confidence
ellipse violation

Define good event (prob. 1 —§)
parametrized by B, ..., Bn
and show that R,, < f(n,d, 5, A, L)

Setting § = 1/n gives
bound on regret R,, < Cd+/nlog(nlL)



Regret guarantees for LinUCB

Theorem: Assume the following:

 max sup (a—b)T8* <1
te[n] a,beA;

e |lall, <L for all a e UL {A;
* B4, B, ... are chosen such that with probability >1-6, § =1/n

Vt, B0*€EC, = {6 eR%: |6 - ét_1||‘2,t < ﬁt}
-1

2
« By =0 (log (%) + d log (dA;:L )) suffices

R, = 0(d+n log(nL))



Cumulative Regret

Regret: variation
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Regret: variation with d

30 A

25 -

Cumulative Regret

10 A

Regret vs Dimension

N
o
1

=
S,
1

{Regret grows proportial to d}
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Thompson Sampling for linear bandits

Key ideas in Thompson sampling:

« Maintain belief distribution over unknown parameters

At each time t,

- Sample parameters from belief distribution (exploration)
- Play assuming sample is true parameter (exploitation)

In linear bandits, unknown parameter is 6"
Maintain a multivariate Gaussian belief f.(6*) ~ N (us, t)

After sampling 8, ~ £,(6%), play A, = arg max a 7o,
t

Computationally faster than 4, = arg max a8, + /B: Be llally-1
t

S

Heuristic: p, = 0, =V 1(Zie[t]Ain); 2ot = Vo= T Al



Generalised linear bandits

 Linear bandit reward model: X, = A/ 6* + n,

« Reward can be unbounded

« Unrealistic for scenarios where reward is binary: click or no click

« Better model: X, = g(4;0%) +n,

* g(): R - [0,1]: nonlinear link function. E.g., sigmoid: g(t) = 1/(1 + e~ %)

- Captures: X, =1 w.p. g(4{0%), X, = 0 otherwise
« Often used in practice, e.g., online advertisement placement

« All principles of LinUCB and Thompson Sampling carry over!
« Only change: 6, estimated by logistic regression
- Tight regret bounds being recently discovered (2020 onwards)




Conclusion

 |Introduced the linear bandit model
- Arms have known feature vectors a € R?
- Reward is a noisy linear function of features X, = A/ 68* + n,
- Model for recommender systems

 Different information structure
- Unknown parameter is 8* € R4
- Pulling one arm conveys information about other arm rewards

- Regret scales as 0(dyn) rather than 0(vkn)
« Parameter estimation by linear regression
- Importance of regulariser
- Uncertainty in estimate quantified by V, = Zie[t]AiAiT
- Uncertainty intervals - uncertainty ellipsoids

« LinUCB algorithm

- Extends optimism in the face of uncertainty principle
- Provable regret guarantees - key point: independent of k!

Reading:
Chapters 19 & 20
of L&S (some parts

very technical)
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