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Which arm to pull?

« Slot machine:

« Pull arm, get a reward (- the investment)
« Why bandit?

. Elpayoff] < 0 !
« |In the old days: a bandit used a

mechanical random number generator

« Subtle differences between one-armed
bandits

- Which bandit (arm) to play?
 In particular, if we play for a long time

but know nothing at the beginning -
how to use information optimally?




Multi-armed bandits: a bit of history
 William R Thompson [Biometrika, 1933]:

« Clinical trials: minimize unnecessary harm
« Sequential decision-making under uncertainty

« Many applications in online services:
- Lots of data, lots of decisions, human intervention in general not feasible
« Objective: principles = clean vignettes of (often messier) real-world
situations
- Mathematical tractability
- Algorithms not necessarily directly applicable to all real-world situations...
- ... but the principles are tools guiding towards real-world solutions



Real-world example #1: A/B-testing web interfaces

e Goal:

- Automate making design
- S choices for web/online
" | interfaces

High Frst Cenpion ¢ Rewa rd :

- User traffic, user activity,
engagement time,...




Real-world example #2: ad placement

« Goal:
- Place the right ads at the right place, and show the right ad
« Reward: Fe o

« Ad revenue




Real-world example #3: news recommendations
yahoo!  fsearch the web o News  Finance

'Tyler, is this you?': A * G Od I'

father's intuition helped N ;
Ghesoutented . Serving up news stories of

suspect Interest to every user

A Utah father recognized his son as the suspect
in Charlie Kirk's killing, tipping off authorities

and ending a 30-hour nationwide manhunt. [ ] R e W a rd °
[ ]

- User click; engagement
time;...

il m

Americans struggle as prices Paramount rebukes Emma Trump issues ultimatum to Mortgage rates are falling A steady ocean pattern
continue to rise and the job  Stone, Mark Ruffalo and NATO after Russian drone fast. Isit a good time to buy  failed to happen. Experts
market softens others backing Israeli film...  enters Romanian airspace ahome? worry it's a climate tipping...

# Stories for you

US - Variety

Matthew Dowd Speaks Out After MSNBC Fired Him for Charlie Kirk
Comments: Network ‘Reacted’ to the ‘Right Wing Media Mob’

Political analyst Matthew Dowd has spoken out after he was fired from MSNBC due to his on-
air comments relating to Charlie Kirk. In a Substack post, Dowd wrote that his words were...
¢ 21K - 3 minread

Business - Business Insider

Bank of America shares an eye-popping chart showing a potential
stock-market bubble: 'It better be different this time'

Is this time different? "It better be,” warns BofA strategist Michael Hartnett. By one metric,
stock valuations are beyond what was seen in 2000.

(O 586 - 3 minread

Sports - SB Nation
Ricky Hatton found dead at age 46

Former world champion Ricky Hatton has died at the age of 46.
172 - 2minread




Real-world example #4: dynamic pricing

« Goal:
- Optimize price over time so as to sell full inventory and max revenue

« Reward:
- Total revenue
CHF 545 is low for Economy — CHF 173 cheaper than usual

The least expensive flights for similar trips to Tokyo usually

cost between CHF 600-1,550. ©® CHF 545 is low

e —
CHF 600 CHF 1,530
Price history for these flights

CHF 700 -

CHF 650 -

CHF 600 —\

/T N\
CHF 550 - - /-L
CHF 500

T I T T T I I I T
57 day... 50 days ago 43 days ago 36 days ago 29 days ago 22 days ago 15 days ago 8 days ago 1day ...



Real-world example #5: Monte Carlo tree search

Rece?t success in ML approaches to game playing (Atari games, chess,
Go,...

Key ingredient: Monte Carlo tree search
Tree: captures positions/situations already explored by algorithm

Algorithm: generate a path down the known tree; expand leaf; play
randomly to the end; propagate back reward

Conceptually: every node contains a bandit algorithm: learns rewards from
“further down” based on choice of child
- Over time, more high-rewards paths get chosen, but must handle uncertainty



Back to clinical trial: what might go wrong?

« Randomized test: each patient randomly gets the drug or the placebo

At the end of the trial, we assess effectiveness of treatment:

- For example, hypothesis test: fix a p-value (e.g. 0.05) and criterion (e.g., probability of
recovery twice as high as without treatment)

- This determines the number of samples necessary

- Carry out the trial, :n evaluate - success or failure F
. [
» D




Example: clinical trial

« Randomized test: each patient randomly gets the drug or the placebo

5 El




Example: clinical trial

« What if after a short time, this is the situation?

5 El




Stochastic bandit: definitions, assumptions, vocabulary

Learner: takes actions (4;) ~ horizon n
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Environment: generates rewards (X;)



Stochastic bandits: definitions, assumptions, vocabulary

History H; = (A, X1,A5, X5, ..., Ay, Xp)

|t contains all the information the learner has so far about the environment
« Policy m:

- Map from history to action: A; = m(H;_;)

- More specifically, action can be random - m; is a conditional distribution over A;
given Ay, X, 45, X5, ...,Ar_1,X;—1 (but cannot depend on the future)

« Environment:
- Map from (A4,,X1,45,X,,...,A;) = X,

« Goal: maximize cumulative reward up to horizon n
NS ?=1Xi

- Key assumption: learner does not know the environment at the beginning
- But might know the class of possible environments

« Regret of learner relative to a policy n*
- Expected reward under ©* - expected reward for learner
« “Cost of ignorance”
« Usually: 7=* = optimal algorithm for environment (i.e., knows environment perfectly)



Unstructured bandits

« Intuitively, an unstructured bandit is one where pulling one arm
provides no information on the reward distribution of other arms

 Environment class: E={v=(P;:a€A):P, € M, foralla € A}
- M, is a family (set) of possible distributions P, for action a
- In other words, & =X,c4 M,: product space
- le., any combination of elements from M,’s is possible
- This ensures that knowing anything about P, provides no information on P



Examples of unstructured bandit classes

Name
Bernoulli
Uniform

Gaussian, known
variance

Gaussian, unknown
variance

Finite variance
Bounded support

Subgaussian

Parametric Definition

Yes
Yes

Yes

Yes

No
No

No

B(:ui)) Ui € [011]
U(ai,bi); a; < b; €R

N (ui0?)

N (ui, 0f)

P; is g-subgaussian



Structured bandits

« Intuitively, a structured bandit has an environment class where the reward
of one arm provides information on reward distribution of other arms

« Examples:
- “Complementary Bernoulli” bandit: A = {1,2}, € = {(B(6),B(1 —0):0 € [0,1]}
- Note: could learn by playing only one arm forever
- Example: two mutually exclusive options to click on a webpage

. Stochastic linear bandit: A ¢ R? (note: uncountably infinite action space),
9 € R (€ ={vy:0 € R%))
Vg =(N(<ab>1):a€A)
- Example: recommender system, 6 captures unknown user preferences, a captures
feature vector of items

g 6



Thought experiment: case of no noise

« Unstructured bandit:
- Try each of k arms once, observe constant reward
- Then play best arm forever - no more regret
- Constant cumulative regret

e Structured bandit:

- Bernoulli: one permanent winner, one permanent loser = pull once, then perfect
forever

- Stochastic linear: getting exact inner products, i.e., projections = set of actions needs
to span RY = d pulls are enough to estimate 8 perfectly

« This is not very interesting, and not realistic in many practical settings
- The main topic in bandits is in dealing with noise in the reward



Review of some probability notions

« Cumulative distribution function of a continuous RV: F,(a) = P(4 < a)
- Complementary cumulative distribution function (CCDF) = F'4(a) = P(4 > a) = 1 — F4(a)

- Density: fy(a) = Fald) 5

da
 Independence:

- Two random variables are independent iff Fyg(a,b) = F4(a)Fg(b)

- Information on one variable provides no information on the other variable
- A set of RVs are pairwise independent iff every pair is independent

- Information on one variable provides no information on a second variable,

assuming we do not know anything about the other variables

« A set of RVs are mutually independent iff F,pc(a,b,c) = F (a)Fg(b)Fc(c)

- Any information on all the other variables provides no information on a target
variable(s)




Review of some probability notions

e Mutual is stronger than
pairwise independencel!

_ = O O >

- Example: 4,B ~B G) (i.i.d.),

C = A®B (“xor”): all pairs

independent, but not

mutually independent!

Contrast with A, B, C~B G)

(i.i.d.)
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Review of some probability notions

« Conditional independence:
« Discrete: P(A<a,B<b|C=c)=PA<a|lC=c)PB<b|C=c) for all a,b,c
(where P(C =¢) > 0)
» Continuous: fyp|c(a,blc) = fac(alc)fpic(blc) for all a,b,c
(where f.(c) > 0)
. Intuiti)vely: if C is known, then A provides no further information about B (and vice
versa

- Notions of pairwise and mutual independence also apply to conditional independence,
when there are more than two variables



Review of some probability notions

- Expectation (or expected value, or mean):

|2 xP(X=x) giscrete
E[X] = ux = :
[ xfx(x)dx continuous
- Some important properties:
- Sum:  E[A + B] = E|A] + E[B] for any 4,B (linearity of expectation)
. Product: E[AB]| = E[A]E|B] if A L B, but not true in general
- For X > 0: E[X] = fooo F'(x)dx (ccdf)
« E|[I{E}] = IP(E), where I(E) is the indicator for event E




Review of some probability notions

« Conditional expectation:
- E[A|IB=b]=),aP(A=alB=>b) %= f(b)
- E[A|B] = f(B)
- Note: this is a random variable in B!
- Example:
« B~unif(0,1)
. A~B(B)
- Then E[A|B] =B

- If A 1B, then E[A|B] = E[A]

- E[Ag(B)|B] = g(B)E[A|B]: conditional on B =b, g(B) = g(b) Is a constant and can be
“pulled in front” of the sum/integral

- Total expectation: E|E[A|B]]| = E[A]



Law of total expectation (tower property)

« Example:
- Suppose we have two random variables defined as follows:

- C ~ unif(—1,1)

- A=N(C,1)
- B=N((C,1)
. and A L B|C

- Or: A—C—B is a Markov chain
- Note that 4,B are dependent (even though conditionally independent)
- Suppose we need to compute E[AB] - what's an easy way to do this?

- Could find the joint density f,z(a,b) of A and B, then compute [[ ab fu5(a,b) dadb

- Or we can use the law of total expectation (tower property):
. E[AB] = E[E[AB|C]]
- Note that because of conditional independence,
E[AB|C = c] = E[A|C = c]E[B|C = c] = c?

- E[E[4B|C]] = E[c?] = [, - c2dc =



Back to bandits: regret

Expected reward and maximum reward:
o 1) =[x dP, (x) = E[X] with X~P,

© w(v) = maxp,(v)

Stochastic bandit given by v = (P,:a € A)
Regret of policy # on bandit instance v: R,(m,v) = nu* — E[).f~; X;]

Lemma:
. (a) R,(m,v) =0 for all policies &
. (b) The policy @ choosing A, € argmax i, for all ¢ satisfies Ry (m,v) =0

+ () If R,(m,v) =0 for some policy =, then P(u,, =u*) =1 for all t € [n]



Objective of the learner

« Linear regret 6(n) is trivial: no need to learn anything
« Slightly more ambitious objective: sublinear regret

For all ve & lim R”(:’v) =0 (also written R,, = o(n))
Mnn—00
- This means that in the long run, the learner chooses the optimal action almost
always

« Usually we are interested in more ambitious objectives
- In general, learner needs to discover the/an arm with largest mean

 For this, it needs to pull each arm (unstructured) or some number of
arms (structured) a number of times to estimate environment parameters

- Tradeoff between exploring (playing all arms to improve estimators) vs exploiting
(playing the best arm(s))



Decomposing the regret

« Suboptimality gap of action a:

Ag(v) = (v) — ug(v)
« Action count of action a by time t:

T, (t) = Zg*:l I{As = a}

- Note: T,(t) is a random variable, because it depends on the random rewards
observed before t

« Lemma: regret decomposition:
for any policy m and environment v, the regret satisfies

Ru(m,v) = ) Aq BlTy(m)]

a€eA



Proof of regret decomposition lemma

« Rewriting the n-step regret:

S
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- Note: we use E[AB] = E|E[4B|C]]



Proof of regret decomposition lemma

E[(u" — X)I(4; = a)|A¢] = 1(A; = a)E[p” — X¢|A]
=I(A; = a)(u” — .UA,:)

=1(A¢ = a)(U™ — Uq)

=1(4; = a)Aa

Conditional on A4,
I(A; = a) Is constant

By assumption,
E[X:|A:] = Ha,

Given that first factor
IS nonzero only for
A; = a, we can
replace u,, with u,



Proof of regret decomposition lemma

« Rewriting the n-step regret:

n

D ElI(4; = ))A] = ) A BT, ()]

aceA t=1 aceA

R, =nu*—E|) X,|=

I” 1
nM:
=

e Intuition:

- The learner should pull arms with low or zero suboptimality gap, and minimize
expected number of pulls of arms with high suboptimality gap

- This is not exactly shocking ;) The game will be in devising algorithms that get there
efficiently



Summary

« What have we learned:

- Notion of the stochastic bandit: player and environment interact via actions and
rewards

« The rewards are instantaneous

- Different assumptions about the possible environments are possible - this assumption
is very important, because the player needs to figure out the rest by probing (i.e.,
exploring)

. Regret: how much do we lose (over the horizon n) because we do not know the
environment?

- Decomposition of the regret into a sum over all arms of their suboptimality gaps
times number of times played

- Reading assignment:
- L&S: 41, 4.2, 43, 44, 45
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