COM-440, Introduction to Quantum Cryptography, Fall 2025
Exercise Solution # 5

1. Computing the min-entropy.

(a) By definition of the min-entropy, Huyin(X|E) = —10g Pyuess(X|E), Hmin(X) =
—10g Pyuess(X). So the desired inequality Hyin(X|E) > Hpin(X) — log |E| is
equivalent to the inequality —10g Pyuess(X|E) > —10g(| E| - Pauess(X)).

Since — log = is monotonically decreasing, it suffices to prove that

Paess(X|E) < |E| - Pguess(X) -

— e

(b) Suppose A > 0 and B > 0. Write the eigenvalue decomposition of B: B =
> Ai(B) |ug)(u;|. Using the linearity and cyclicity of the trace,

Tr(AZ)\ ) wi) (u; ) Z)\ Tr A\u,><ul|)
Amax ( ZTr A |u;){ uz = Amax(B) Tr(AZ ]ul><uz|)

= Amax(B) - Tr(A "T) = Apax(B) - Tr(A),

where the inequality uses Tr (A |ug) (i ) = (u;| Au;) > 0 since A > 0.

(c) Let {M,} be a POVM and pZ be a quantum state on E. Then M, > 0 and pZ > 0

with Tr(p ) < 1, which implies Apax(pf) < 1. Applying part (b) to A = M,,
B = p¥ gives

Tr(Mopy) < Amac(py) - Tr(My) < Tr(M)
(d) Let pxp =, ps ) (2| ® pZ. Then by definition of the guessing probability,

Pauess(X|E) = xTMJ:E
wess(X|E) = | max - (p Tr(Mopy)

Applying part (c) to the above equation gives

P (X|E) < Tr(M,
guesb( | )_{Mm}rirslg}lgOVM(px r(M,))

< % Tr(M,
AP I (Z K >>
:Pguess(X) ZM

{MI} isa POVM

=Paness(X) {MI}Iirslg}]gOVM Ir GIE)

= Pyuess (X) - [E] .

By part(a), this implies the desired inequality Hy,, (X|E) > Hpin(X) — log | E].
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2. A dual formulation for the conditional min-entropy.

(a) Z is block-diagonalized. Therefore, Z > 0 is equivalent to Vx, N, > 0, which
holds because {N,} is a valid POVM.

Moreover, by definition of the POVM, we have

®(Z)=Y ((@®lp) Z(lz)®lp) =Y N, =1Ip

reX reX

Tr(Zpxe) = (Y lad(al © N Y o!)a’| @ o)

zeX z'eX
= 3 Te(fe) al [ (o)) Tr(N,pE)
r,x'eX
= Z Tr(prf).

TEX

(c) Since Z > 0, it is easy to see that N, = ((z|®1g)Z(|x) ®1g) > 0 for all x. Besides,
it is easy to verify that) . N, = > (2| ®1g)Z(|z) ® 1) = Trx(Z) = Ig.
Therefore, {N,} is a valid POVM.

(d) By the previous results, {M,} can be grouped together into the diagonal of a
single matrix Z, and the constraint that {M,} is a POVM can be equivalently
written as Z > 0 and ®(Z) = [p. Besides, the objective function Pyuess(X|E) =
SUD{AL,} Dowex Tr(M,p,) can also be written in terms of Z as shown in part (b).
Therefore the primal problem that gives Pyuess(X|E) is

Pguess(X|E> = sup TI‘(ZpXE)
Z

st. ®(Z) =1,
Z > 0.

In the language of Problem 1 in Exercise 3, we are using A = pxp and B = I,
and the map

(Z2)=> ((x|®1g) Z (|z) ©1g).

reX

(e) By Exercise 3, for any matrix Y defined over system E,

(V) => (|2)@Lp)Y ((z|®1p) = (Z |x><x|> RY =Ix Y.

rzeX TEX



(f) By part (d) and part (e), the dual problem is
Pruess(X|E) = ir}}f Tr(Y)

st. Ix®Y > pxg,
Yy =YT.

(g) We will show that [x ® Y > pxp is equivalent to Vo € XY > p,.

< ifY > p,, then |z)(z| ® Y > |z) (x| ® p,. We can do a summation over x and
we will get [x @ Y > pxE.

= by definition, we have that for all z € X, (z|Ix ® Y |z) > (2| pxg |z), which
is Y > p, for each z.

Therefore, we can replace the constraint in the dual problem in part (f) with
o > p, for all x € X', which concludes the proof of part (g).

(h) Such o is a feasible solution to the problem in part (g). Therefore, by the definition
of infimum, we have Pyuess(X|E) < Tr(o).

(i) Set the feasible solution sets for 7 and p as follows:

P = {{Mm} : {M,,} aPOVM on ’HEI}, Q= {01 Do > Tﬁl, YV, € Xl},
P={{M,} : {M,} aPOVM on Hg}, Q={o: 0>pl, Vo ex"}

Define the product-restricted sets

- {{Mx} M, = My, ®--©M,,, {M,)} e Pl}, 0= {a = 1@ R0y Ty € Ql}.

It is clear that P C P and Q C Q.
From previous results, we have that

Pyuess(X|E) = sup Tr(M,pY) > sup Te(M,pL),
g a: x

{MZ}EPIEX" {Mz}eP zexn
and
Pyuess(X|E) = inf Tr(o) < inf Tr(o).
O'EQ O'EQ
It is not hard to verify that
sup Z Te(M,py) = ( sup Z Tr(M,, xl = (Pauess(X1[E1)))"
{Mz}eP pcxn {Mxl}ePl T1EX

Moreover,

inf Tr(o) = (inf Tr(o1))" = (Pguess(X1]E1)))"

e 1€

Therefore, Pyuess(X|E) = (Pauess(X1|E1)))™.
Thus Huin(X|E), = 1 Hoin (X1 B2,



