COM-440, Introduction to Quantum Cryptography, Fall 2025

Exercise Solution # 3

1. Semidefinite programming

(a) We first prove a lemma: If X,Y € C¥¢ X >0, Y >0, then Tr(XY) > 0.

This is because for X > 0, we can find eigenvalue decomposition of X: X =
S i |¢) (@] where the eigenvalues ; > 0.

Then Tr(XY) = Tr(0, A [0 (0:] V) = S50, N (6] Y [¢i) > 0 because since
Y >0, we have that (¢;| Y |¢;) > 0 for each 7.

Let Q = {X € C™¥ . X >0, ®(X) = B}, and Q = {Y € C¥*¥ . &*(Y) >
A, Y = Y1} be the set of X and the set of Y satisfying the constraints in the
primal problem and the dual problem. Now, for any X € ; and Y € (), we have

Therefore, 8 = infycq, Tr(BY) > supycq, Tr(AX) = a.

For a Hermitian matrix M € C%*?, we can find the eigenvalue decomposition of
M: M =320, i i) (.

Since {|¢;)} forms a basis of C%, we have that \I — M = S°% (A — ;) |¢s) (4]
Therefore, M < XNl < AN[— M >0< Vi,A — pu; > 0 < Vi, A > p;, which means
all eigenvalues of M are less than or equal to .

We want Y to act as A in (b), ®*(\) = Al and A = M in order to put the condition
Al > M in the dual problem.

So we choose d =1, K; = (00 --- 10---0) = (i — 1] be the 1 x d matrix that
has 0 on every entry except the i*® entry, and v; = 1. Then it is easy to see that
(V) =Yy )Y (i = Y X5 [i)(i] = YT and ®(X) = 330, (i] X [i) = Tr(X).
We choose A = M and B = 1, then the dual problem is just

b = infY
st. YI> M,
Y e R.

Using the result of (b), it’s easy to see that § = A\ (M).



With this choice of &, A and B, the primal problem is

a = sup Tr(MX)
st. Tr(X)=1,
X >0.

Recall that from (a), we have that o < /3. It remains to prove that o > 5 = A\ (M).
So we only need to find a feasible X such that Tr(MX) = A\ (M).

Let’s do the eigenvalue decomposition of M: M = S>%  11; |é;)(#;]. Without loss
of generality, we assume g is the largest and thus p; = A\ (M).

We set X = |¢1)(¢1|. This is a feasible X since it is easy to see that Tr(X) =1
and X > 0. Moreover, Tr(MX) = (¢1| M |¢1) = 1 = M (M).

Therefore, in this case, its optimum « = .

We first show that ||p — ol = maxo<p<1 Tr((p — o) E). This is because we can
do eigenvalue decomposition of p — o to get p — o = Zle i |#:)(bi|, and then

maXo< E<I Tl"((p — O')E) = MMaXp<E<I Z;’izl M <¢z| E ’¢z> which is at most Zz’:m>0 g
since 0 < (¢;| E'|¢;) < 1 for each i (and it is easy to see that there exists F
to achieve this). Notice that Tr(p — o) = 0 and thus ), ; = 0. Therefore,
maxo<p<t Tr((p — 0)E) = 32, ot = 5 9 1l = lp — ol

In order to write it in the primal problem, we need to rewrite the condition that
E <I. Welet X; = F and X, =1 — FE, then we have that

o= ol = wax Tr((p — 0)X2)
S.t. X1 Z 0, X2 Z 0, X1 + X2 =1 (1)

We group X; and X, into the diagonal of a single matrix

(X X
X—(X; Xg)’

X, X3\ _
o((5 3)) =

which can be also expressed as ®(X) = 11 K1 X KI + 1, K, X KJ for Ky = (10) €
C¥2 Ky =(01) € C™ and v; = v, = 1.

This allows us to express the conditions X; > 0, Xy > 0, X; + Xy =1 as the
standard form condition X > 0 and ®(X) = B where B = .

To write the object Tr((p — ¢)X;) in terms of X, we set

_(p—0c O
=07 0)

2

and use the linear map



and it is clear that Tr((p — 0)X;) = Tr(AX).
We write the primal problem as

a = sup Tr(AX)

X >0,

_(p—0o 0
=(070)

and B =1, and the Hermitian preserving linear map

X; X3\\
o((3 )

With some effort, we can show (X, X5) satisfying Equation (1) can be mapped to

X, 0
X —
( 0 XQ) ’
which satisfies the condition for the primal problem. Moreover, any matrix

X1 X
X = (X}f X3) such that ®(X) = B and X > 0 can be mapped to (X7, X5)
3 X2

satisfying Equation (1). Therefore, the above primal problem computes ||p — o||s-.

for the above matrices

The dual problem is

g = inf Tr(Y)
st. O (Y) > A,
Yy =YT,

where @*(Y) = n K{Y Ky + 1 KJY K, = <§ 3) A= (pEU 8)

Just as in (c), to prove f = «, we only need to find a feasible Y such that
TH(Y) = [lp — ol

Recall that p — o can be decomposed as p — o = S0 1; |6:) (6. We set Y =
> iz Mi |0i) (@il Then it is easy to see that Tr(Y) =2, ~q i = [|p — olli, and

Y =Y. Furthermore, Y = D iz M |0i) (@il = Z?Zl Wi |pi){di| = p— o and thus
®*(Y) > A, which concludes the proof of part (d).



