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Problem 2. 20 points (Paper and Pencil)

1. C is an (N + L− 1)× L matrix:

C =



x0 0 . . . 0
x1 x0 . . . 0
...

...
...

xN−1 xN−2 . . . xN−L

0 xN−1 . . . xN−L+1

...
...

...
0 0 . . . xN−1


.

2. We are seeking for the ĥ which minimizes

∥y − Ch∥2

over all h.

3. Cĥ is an element of the inner-product space spanned by the columns of C. So V =
span{C1, . . . , CL} where Ci is the ith column of C, i = 1, 2, . . . , L.

4. We are seeking the vector Cĥ = ŷ ∈ V which minimizes

∥y − ŷ∥2.

The projection theorem tells us that ŷ is the projection of y into V. It has the property that
the error vector y − ŷ is orthogonal to every element of V. In particular, it is orthogonal
to the columns of C. Hence

⟨y − Cĥ, Ci⟩ = 0, i = 1, 2, . . . , L.

Hence
⟨y, Ci⟩ = ⟨Cĥ, Ci⟩, i = 1, 2, . . . , L.

Equivalently,
C†

i y = C†
iCĥ i = 1, 2, . . . , L.

In matrix form
C†y = C†Cĥ.

5. Solving for ĥ yields the least-squares approximation of h:

ĥ =
(
C†C

)−1
C†y.

6. The MMSE estimator is ĥMMSE(y) = KHY K−1
Y y, where KHY = E

[
HY †

]
= KHC† and

KY = E
[
Y Y †

]
= CKHC† +KZ .


