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PROBLEM 1. Suppose we are told that for any n and M, for any binary code with block-
length n, with M codewords, the minimum distance d,,;, satisfies d,,;,, < do(M,n) where
dy is a specified upper bound on minimum distance.

(a) Show that any upper bound dy can be improved to he following upper bound: for
any n, M, for any binary code with blocklength n with M codewords

dmin S dl(M7 n)

where di(M,n) = min do([M/2¥],n — k).

k: 0<k<n

(b) Consider the trivial bound

n, M>2
oo, M<1

do(M, 7’L) = {

What is the bound d; constructed via (a) for this dy?

(¢) Suppose we are given a binary code with M words of blocklength n. Fix 1 <i <n
and let ay,...,ay be the ith bits if the M codewords. Suppose M; of the a,,’s are
17 and M, of them are '0’. Show that

M M
> dulam,ap,) = 2MoM, < M?/2.
m=1 m/=1

(d) Show that for any binary code with M > 2 codewords x1, ...,z of blocklength n

M M
MM = V) dpin <> dpg(@m, 3r) < nM>/2;

m=1 m:l
m'#m

consequently, dpi, < |sn-L .

PROBLEM 2. Let W :{0,1} — Y be a channel where the input is binary and where the
output alphabet is Y. The Bhattacharyya parameter of the channel W is defined as

=Y VWHO0)W(y[D).

yey

Let X1, X5 be two independent random variables uniformly distributed in {0,1} and let
Y; and Y5 be the output of the channel W when the input is X; and X, respectively, i.e.,
Py17y2|X17X2(y17yzlfL’l,Z‘Q) = W(y1|x1)W(y2|x2) Define the channels W~ : {0,1} — yQ
and W :{0,1} — Y? x {0,1} as follows:



o W~ (y1,y2lur) = PlY1 = y1,Ys = 42| X1 @ Xy = w4 for every u; € {0,1} and every
y1,Y2 € YV, where & is the XOR operation.

o WH(yr,yo,urlug) = PIY; = y1,Ys = 4o, X1 & Xo = w1 Xy = uy| for every uy,uy €
{0,1} and every y;,y2 € V.

1
(a) Show that W™ (y1, y2|u1) = B Z W (y1|ur @ ug) W (ya|uz).

uz€{0,1}

1
(b) Show that W™ (y1, ya, ui|us) = §W(y1|u1 @ ug) W (ya|uz).

(c) Show that Z(WT) = Z(W)>.
For every y € Y define a(y) = W(y|0), B(y) = W(y[1) and v(y) = v/a(y)B(y).
(d) Show that

Zwo) =Y é\/ (aly)alye) + BB ) (aln)Blw) + Blalw) ).

Y1,Yy2€Y

(e) Show that for every z,y,z,t > 0 we have T +y+ 2+ < T+ U+ 2z + VL.

Deduce that

2(7°) sé( > a(yl)v(y2)> +§< > a(yz)v(y1)>

Y1,Y2€Y Y1,Y2€Y (1)
+% ( Z 5(92)7@1)) +% ( Z 5(%)7@2)) :
y1,Y2€Y y1,y2€Y

(f) Show that every sum in (1) is equal to Z(W). Deduce that Z(W~) < 2Z(W).
PROBLEM 3. For a given value 0 < 25 < 1, define the following random process:

Z? with probability 1/2

Z:Z, ZZ = ZZ
0T 0 A &z—ﬁ with probability 1/2

with the sequence of random choices made independently. Observe that the Z process
keeps track of the polarization of a Binary Erasure Channel with erasure probability z
as it is transformed by the polar transform: P(Z; = z) is exactly the fraction of Binary
Erasure Channels having an erasure probability z among the 2 BEC channels which are
synthesized by the polar transform at the ith level. The aim of this problem is to prove
that for any § > 0, P[Zi €(6,1— 6)} — 0 as 7 gets large.

(a) Define Q; = \/Z;(1 — Z;). Find f1(z) and fo(z) so that

fi1(Z;) with probability 1/2,

i+t1 = &y X
i =€ {fz(Zi) with probability 1/2.

(b) Show that f1(2) + f2(2) < v/3. Based on this, find a p < 1 so that
]E[Qi-‘rl ’ ZO) ) ZZ] S sz

2



)

(¢) Show that, for the p you found in (b), E[Q;] < 5p".

D=

(d) Show that

P[Z; € (5,1-6)] =P[Q; > /(1 —-0)] < 2p—

5(1—0)

Deduce that P[Z; € (6,1 — §)] — 0 as i gets large.



