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=PFL  Objectives of today’s lecture

= To introduce:
* Terminology & revision
* Truss elements
* Frame (beam-column) elements
« Zero-length elements

« Element transformations (from local to global coordinate system)
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EPFL  Degrees of freedom
-Displacement field

Pin-jointed plane truss Plane frame
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EPFL  Coordinate systems and conditions of analysis

Displacement from point g to point A
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Forces, moments and corresponding displacements
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EPFL  Coordinate systems and conditions of analysis (2)

M, 6, {F} = |Fx1 Fy1 Fz1 My, My, Myt
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EPFL  Coordinate systems and conditions of analysis (3)
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EPFL  The truss element

We will deal with prismatic members (constant axial rigidity, EA)

Y
y Displaced
“ position I
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FEA = constant

Member end displacements, uq, u,, us, u,
Member end forces, Q4, Q,, Q3, Q4
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EPFL  The truss element
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cPFL  Stiffness matrix of a plane truss element

tF} = [k]iA}
- EA EA -
Y |7 O 7 0w
J{_f 0o 0o 0 of)ul
Qs EA EA Us
@) |71 % T O\
-0 0 0 O
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EPFL  Finite element formulation for deriving the stiffness matrix

In the finite element method, member stiffness relations are based on
assumed variations of displacements within members, such displacement
variations are referred to as the displacement interpolation functions, N;.
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cPFL  Use of shape functions

= Shape functions are usually complete polynomials in which n is the
degree of freedom of the polynomial.

= The polynomial used for a particular displacement function should be
of such a degree that all of its coefficients can be evaluated by
applying the available boundary conditions; thatis,n = n,.—1

U, =0ag +a1x

Atx =0u, =uy Ap = Uq
Uz — Uq

L

Atx = L, U, = us uz=u taylL-> a; =

ol RESSLab
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EPFL  Use of shape functions (2)

The following expression is obtained for a truss element in x direction,

_ Uz — Uy
Uy = Uq + 7 X

or
U, = (1 —Z—C)ul + (%)Ug

Similarly, in the y direction,

Uy = (1—%)u2+(2—c)u4
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EPFL  Finite element formulation

x-direction
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=PFL  Shape functions

The displacement functions can be expressed as follows:
ﬂx = N1u1 + N3U3

ﬂy = Nzuz + N4U4

Shape functions

X X
N1=N2=1—Z N3=N4=Z
The displacement field in matrix form, Uy
1
Uy) |0 N, 0 Nyf)us
\ » \Ug )

Y
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=PFL  Properties of shape functions

N, Ny
1.0
X
0 L
(a) Shape Functions Ny (u; = 1, uy = u3 = uy = 0) N
anng(u2= l,lll =u3=u4=0)
Ni =1
N3, Ny i=1
1.0
X
0 L

(b) Shape Functions N3 (u3 =1, u; = uy = uy = 0)
andN4(u4= l,lll — u2= Uz = 0)
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epFL  Computing strains from end displacements

Having established expressions for the displacement of any point on an
element terms of the element node-point displacements we can employ
these expressions in the principle of virtual displacements to produce

element stiffness equations.

Plane trusses

Cdx 4

\

di, [d .
=0 =z i)
X y
D Differential operator matrix
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epFL. Computing strains from end displacements (2)

{‘}‘Dlo

0 N
N, 0

(Uq)

0 U, .

NJ {1 = DN
\U4 )

(Uq
Uy
Uz

> = (DN) 4

(U1
U
Us

\U4 )

The matrix (DN) is called the member strain-displacement matrix

ol RESSLab
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epFL  Computing strains from end displacements (3)

Recall,
N, =1 —% N3 = %C
Therefore,
dN dN d X d /x
=T 0 T o =lm(-D) o () o
Finally,
B = %[—1 0 1 0]
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=PFL  Recapping...

The strain along the element length is expressed in terms of end
displacements,

e = B{A}
The stress,

o = Ee = EB{A}
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ePFL  Member stiffness matrix
-Plane truss

We can establish the relationship between member end forces F and end
displacements, by applying the principle of virtual work for deformable
bodies

y Virtual displaced

; posiioi,;;,—— OWe = Q10uy + Q20U + Q30uU3 + Q40Uy
, ey O
m = ouy
Sty 6—*| (Ql\
O —> N — 03 X QZ
O] Equilibrium 1® SVVe - [5711 5?12 5713 5”4]< .
0, position 0, Q3
L 04/

EA = constant

SW, = SATF
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EPFL  Member stiffness matrix (2)
-Plane truss
From virtual work of deformable bodies,

£ From virtual work of deformable bodies,
: OWe = oW,

: Tay
}_ 1 Real force = stress x area = o,(dydz)
Phs

- .~ Virtual displacement= strain x length = (d¢,)dx

Virtual internal work = real force x virtual displacement
= 0,(dydz)(8e,)dx = (6&,0,)dV

SW, = f SelodV

Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures —‘J{rof. Dr. Dimitrios Lignos, RESSLab EPFL 7
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EPFL  Member stiffness matrix (3)
-Plane truss

Therefore, for the plane truss

SW, = 6ATF = f SelodV
v

SW, = 6ATF = j (B6A) EBdAVA (B6A)! = (6A)'BT
%

SATF = (5A)T j BTEBAVA - SATF — (6A)T f BTEBAVA = 0
V |74

ol RESSLab
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ePFL  Member stiffness matrix (4)
-Plane truss

SAT F—fBTEBdVA =0
4

F — f B'EBdAVA =0 - F = j BTEBdAV
v v

Therefore, the element stiffness matrix is given as follows,

k= f B'EBdAV
4

ol RESSLab
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EPFL  Member stiffness matrix (5)

-Plane truss
k = f BT EBAV | 1
v i _Elo
1 k=121
B=—-[-1 0 1 0] - L0
L
1 0 -1 0O
_Efo o o0 o0 -
K=7l-1 0 1 o jdv EA
0 0o o0 ol" - k=—

For a truss element, fV dV =V = AL -

ol RESSLab
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EPFL  Member stiffness matrix (6)
-Plane truss

Note that the stiffness matrix is symmetric

k =k’
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EPFL  Coordinate transformations

Local coordinate system Global coordinate system

>
PRe - Displaced i
P P . position //’ v
Displaced - : 7 vy
\ - -
position .~ s
-

7~ Q‘E

/ s
0s '
V2
Initial
position @ F

7~

. ®.7

Y

Initial
position

Q, = F,cos0 + F,sin6 Q3 = F3co0s0 + F,sinf
Q, = —F;sinf + F,cos@ Q4 = —F3sinb + Fycos0
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tPFL  Coordinate transformations (2)

Force transformation

(Q1\ [ cosf® sinf 0 0 1/(F)
< Q- | _ —sinf® cosé 0 0 < F, >
Qs 0 0 cos@ sinf| ) F3
\Q,) | O 0 —sinf® cosfl \F,)
\ J
|

T Transformation matrix
Q=TF

Xe — Xp Xe — Xp . Ye — Vb Ye — Vb
cosf = = sinf = =

L \/(xe _ xb)z + (ye - Yb)z L \/(xe T xb)z + (ye — yb)z

ol RESSLab
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tEPFL  Coordinate transformations (3)

End displacement transformation

(Up) [ cosO@  sinf 0 0 ] (V1)
< Uy | _ —sinf cos6 0 0 < V> >
Uz 0 0 cosf@ sin@| |V3
\U4 0 0 —sin@ cosf1 \V4)
\ }
|

T Transformation matrix

A=Tv

= RESSLab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL



cPFL  Transformation from local to global coordinate systems
The transformation matrix T is an orthogonal matrix; thus,
T—l — TT
Forces from local to global coordinate system:
F=T1Q=TTQ

Displacements from local to global coordinate system:

v=TTA
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EPFL  Member stiffness relations in the global coordinate system
Forces from local to global coordinate system:

F=T7Q = TTkA
"\

Local stiffness matrix
A= (TTK)"'F =k (T")"'F= k™ 'TF
Displacements from local to global coordinate system:
v=TT A =TTk ITF = (TTk™IT)F
Member flexibility matrix in the global coordinate system
K ! = (TTk1T)
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EPFL  Member stiffness relations in the global coordinate system

For a planar truss element

cos? ¢ singpcos¢p —cos?@d —sinpcosd

K = (TTKT) = EA| singcos¢p sin®¢ —singcosp —sin® ¢
L |—cos?¢ —singpcos¢ cos?>¢p singcosd
| —singcos¢p —sin® @ singcos¢p sin? @ .
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ePFL  The direct stiffness method

Let us assume the plane truss below with identified degrees of freedom

A A

As
e

(E)
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EPFL  The direct stiffness method (2)

At junction q

(C) (B)
\4[(. F"B

- DV R—

] B ] -

-l__—-,’ ® . FIA)FIBJFI()FIU
R

(D) (A)
y
Pi —_ FiA + FiB + Fl'C + FiD
X
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EPFL  The direct stiffness method (3)

These forces yield expressions for Ff, ... FP in terms of the corresponding

element degrees of freedom 4%, ... AD; hence,
Pi — FiA +FiB +Fl'C +FiD —

P, = ki A%+ kA5 + k3 A5+ kA4
+kBAP+ KBNS+ kKEAE+ k[ A8
+kEAS+ kS AS+ kA8 + ki, AS
+kDAP+ kD AD + kDAL + kD AD

ol RESSLab
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EPFL  The direct stiffness method (4)
At the joint the condition of displacement compatibility applies

A8 = A8 = A= AP = 4,

l

Therefore,

P, = (ki + kZ + k& + kDDA, + kDA, (kS +kE+ ko+ kD) A, +
kZAs + ... ki Ag

or
P; = KiiAi + Ki1A2 + Ki3A3 + ... Kjq Ag
N
Global stiffness coefficients
= RESSLab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL




EPFL  The direct stiffness method (5)

ol RESSLab

Each element stiffness coefficient is assigned a double subscript (k;;).
The first subscript in the element stiffness coefficient designates the
force for which the equation is written, the second subscript designates
the degree of freedom.

Global stiffness matrix is aways square whose size is equal to the
number of degrees of freedom in the complete system (see next page).
= First subscript pertains to the force equation

= Second subscript to the degree of freedom

Support conditions are accounted for by noting which displacements
are zero and then removing from the equations the columns or stiffness
coefficients multiplying these degrees of freeedom.

The remaining equations are solved to the global coordinate system.
Member forces are then computed in the local coordinate system.

Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL
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EPFL  The direct stiffness method (6)

jth degree of freedom

A
Al AZ A3 +’ An
P ki3
ith force P, =] - — Zk;;
All elements meeting at DOF
Py o Knn
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EPFL  The direct stiffness method (7)

In a matrix form:

{P} = [K]{A}
Assume that the support degrees of freedom {A} are grouped together
After reordering the equations, Remaining
degrees of freedom
__{_l?f_} _ [Krr i Kys {Af_
Ps st Kss AS

supports

Note that for the supports:
{As} =0
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EPFL  The direct stiffness method (8)

Therefore,

{Pr} = [Kp]{Af} {Ps} = [Ksr]{Ar}

To compute the displacements at all unsupported nodes:

(A} = [Kes] ™ (P} = [DI{Pf}
-

, Global flexibility matrix
To compute the support reactions:

{PS} - {Pf}
To obtain the internal force dlstrlbutlon N the i-th element

tF') = [K'] {A%)
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ePFL  Static condensation

The term condensation refers to the contraction in size of a system of
equations by elimination of certain degrees of freedom.

__{_l?_c_} _ _K_C_G_J__K_c_l?] {_A__e}
Py Kpe | Kppl Ap

And condenses them to the form:
{p\c} Z[RCC]{AC}

First solve the lower partition and solve for {A,}

{Ap} = [Kpp] ™' {Pp} — [Kpp]  H[Kpe] {Ac)

ol RESSLab
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EPFL  Static condensation (2)

Substituting the previous equation into the expanded upper partition of the

system: |
{PC} _ _K__G_C__i___K__c_b] {_A__G.}
P, Kpe ' Kppl (4

{Pc} - [ch]{Ac} + [ch] {Ab}

{Pc} — [ch]{Ac} o [ch][Kbb]_l[Kbc] {Ac} + [ch][Kbb]_1 {Pb}

{P.} = [Kepl[Kppl ™t {Py} = ([Keel = [Kepl[Kpp] HKpe]) {AD

) \ J

{Pc} [Kec]

REOS ab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL
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EPFL  Static condensation (3)
Therefore, the unknown displacements can be calculated as follows:

{Ac} — [Rcc]_l{p\c}

And finally,

{Ap} = [Kpp] H {Pp} — [Kpp] " Kpc] {Ac)

The inversion of matrices [K,;,] and [K ]! are easier to handle than the
original global stiffness matrix [K], which is usually ill-conditioned.

ol RESSLab
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=PFL  Physical interpretation of global stiffness matrix

1 (2) (2) (3) 3)
F, 0 Fy' v Fg™, vy

!

1 1 r 2) 2
F v 0___ @ @ — F®, @ @ —_— 3,

&l

3 , 03
A,y @ @ Foon
> X ) S S — —_—
| 1
(n (N
‘l, } 4l> 'Y vy F4(2), v4(2) F2(3). v2(3)
R Rs R

P=Sd (After static condensation)
S — 511 512]
521 522
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=PrL

Physical interpretation of global stiffness matrix (2)

@1/—> K3l{2)

. .
K“(-) KBG)

1 2 3
Sll — K3(3) ~+ Kfl) + K3§3)

L RESSLab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL
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£PFL  Physical interpretation of global stiffness matrix (3)

1 2 3)
Sz = K + K2 + K

"l RESSLab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL
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EPFL  Assembly of the structure stiffness matrix
-Code number technique

= The structure stiffness coefficient of a joint in a direction equals the
algebraic sum of the member stiffness coefficients, in that direction, at
all the member ends connected to the joint.

= The structure stiffness matrix can be formulated directly by adding the

elements of the member stiffness matrices into their proper positions
in the structure matrix.

ol RESSLab
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EPFL  Assembly of the structure stiffness matrix
-Code number technique

(2) ,, (2 3) ,, 3
F4(”, v4“) Fy“,w» Fg vy

| !

1 1 T 2 2
F30, y,® @ @ £, @ F3(3’. v3(3)

&l

3) (3)
A" @ .2 Fon
> X F3 s VT e —_—
| 1 1
(1) (n
F2 s V2 F4(2). V4(2) Fz(:”, v2(3]

ol RESSLab
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EPFL  Assembly of the structure stiffness matrix (2)
-Code number technique

3 4 1 2 12 5 6 708 1 2
RS St Sl E kP kD kG k) Kk KR K
B o PR T4 e M M e e
Ky Kk kgt T |k K RS K|S k57 KD K K
k) k&) &l |2 kP kG &k§ &d e kD k91 &k
1 T2 T

X L
€+ 4k DD

~ o>

Kk kD kDR 2
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EPFL  Assembly of support reaction vector

-Code number technique

Py, dy

[

R, PO

Rs F?

"= R N 1:1:“;(5)“-

o |

R| |r O
R I RS
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ePFL  Elastic beam-column elements

We will deal with prismatic members (constant axial and flexural
rigidities, EA, EI, respectively)

Displaced

y / position
— T —

y

1 leml RreERe e ey ) Q§Q,‘

P
’ |
| Initial
* |

® 1\ © U
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ePFL  Elastic beam-column elements

When a beam is subjected to external loads, internal moments and
shears generally develop at the ends of its individual members.

Displaced

A
i e ST (Prgcs
—~ -7
//{uz 5555 ((
i U3

U @ Q4
o ||, x
&1./ ) | | m @'
|
| Initial
O I position 9s
. x |, ‘
i
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EPFL  Elastic beam-column elements (2)

Two displacements (y-direction) and rotation (about the z-axis) are
necessary to specify the displaced position of each end of the member.

Displaced

o1l mmetl
o m/ o)

2

0

position
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=P

L Elastic beam-column elements (3)

It is convenient to establish the member end forces and displacements
as the algebraic sum of the end forces required to cause the individual
end displacements and the forces caused by the external loads acting
on the member with no end displacements (fixed-end).

Q=kll+Qf

L RESSLab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL

53



=PrL

ol /le =1-3(FP+2(

——

—
-~

Elastic beam-column elements (4)

12EI
le__F k33=?
X
L
, ®
XX
| No=7 (-1 +1)
[
| b=
— — 1
& E~ | ug=1 7
/:24=%1 \\\J~ - -7 @
6EI == ko = — SEL
k=13 | “=p
x {
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ePFL Elastic beam-column elements (5)
-Fixed end forces due to loads

-~
T ———

L] RESSLab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL
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ePFL  Member forces and displacements
-Local coordinate system

Lll

Displaced
/ position

\\\~ LlV

Ll3

Z Initial

position

©

End b

X =

End e

)

HZUZ
HZU4

duy, (x)

Recall that, the slope at any point, 6 = —~
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ePFL  Member forces and displacements
-Local coordinate system

With four boundary conditions we can use a cubic interpolation
function for the displacement function #u, to approximate the

displacements within the member as a function of the end
displacements,

Uy = ag + a;x + a;x* + azx’

The slope of the member at any position, x within the member,

diy, (x)
dx

0(x) = = a; + 2a,x + 3a3x?

ol RESSLab
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ePFL  Member forces and displacements
-Local coordinate system

At x =0,

ﬂy(o) = Qg = Uy

Ao = Uy
9(0)=a1 = Uy
d; = Uz
At x = L, - a, zﬁ(—Bul —ZUZL+ 3u3 —U,4L)
u,(L) =ap+aL+al* +azl®=u 1

y 0 1 2 3 3 as ZE(ZU]_ +u2L—2u3 +u4L)

(L) = a; + 2a,L + 3a3Ll? = u,

—
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ePFL  Member forces and displacements
-Local coordinate system

Finally,
Uy (x) = _1 -3 (—)2 + 2 (£)3] uq + |x
i 2

|
+:3 (%) —2(%)3]u3+ xf(— +3Li)]u4
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Shape functions

ol RESSLab




=PFL  Displacement field in a matrix form

0 =[1-30) +2(3) |u [ (1- 9w

|
3 -2()) Jus+ xf(_H’Li)]M

(U1
u
Uy (x) =[N1 Ny Nz Nys Ui ’
v Uy )
N
iy (x) = NA
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£PFL  Strain-displacement relationship

Recall from structural mechanics,

The normal (longitudinal) strain in a fiber of a member located at a
distance y above the neutral axis can be expressed as follows,

= dzy— d* NA) = dZNA—BA
E(X)—— dx ydxz( ) ydxz -

Member strain-displacement matrix, B

__y[dZN1 dzNz d?Ns d2N4]
dx? dx?  dx?

L RESSLab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL




£PFL  Strain-displacement relationship (2)
For a typical beam-column element

B=—L—yz[6(—1+2%c) 2L(—2+3%C) 6(1—2%) 2L (
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=PFL  Stress-displacement relationship

The stress-strain relation is as follows,

o = FEe = EBA

= RESSLab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL
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EPFL  Member stiffness matrix

We can establish the relationship between member end forces F and end
displacements, by applying the principle of virtual work for deformable
bodies

Virtual displaced
j o SW, = Q18u;y + Q;8uy + Q38us + Qu6u
i __________ i\ 7 e = Q10uq + Q20uUy + Q30uU3 + 040Uy
| - s (Q1)
&‘I (\ Oy Q
I E—— SVVe — [6711 5712 6?13 57.1,4] 4 2 >
0> @ LEquilibrium @ | Q3
0, ’ position 0 \ Q4 }
I I
| EI = constant ! 8M/€ — 5 AT F

ol RESSLab
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EPFL  Member stiffness matrix (2)
for the planar beam-column element

SW, = 6ATF = f SelodV
v

SW, = 6ATF = j (B6A) EBdAVA (B6A)! = (6A)'BT
%

SATF = (5A)T j BTEBAVA - SATF — (6A)T f BTEBAVA = 0
V |74

ol RESSLab
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=PrL

Member stiffness matrix (3)

SAT F—fBTEBdVA =0
4

F — f B'EBdAVA =0 - F = j BTEBdAV
v v

Therefore, the element stiffness matrix is given as follows,

ol RESSLab

k= f B'EBdAV
4
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EPFL  Member stiffness matrix (4)

szBTEBdV
V
f6(—1+2L—x)W
p 2L(—2+3—x) N
[k]zﬁlyz< 6(1_2%3 >[6(—1+—) ZL(
\ZL(—1+3L—x)J
dV = (dA)dx f y*dA =1




EPFL  Member stiffness matrix (5)

k_Elr
L* )
] x\? X X
— 2— — I— || — —
36( I + L) 12L( 2+ L)( 1+2L)
X x x\’
120} =2 + 3+ |( =1 + 2+ 1-2+3,
( L)( I + L) 4L( 2+ L)
X 2 X X
X
— — 22— — 3— —)—
36( I + L) 12L( 2+ L)(l 27
X X X X
—1 43 -1 +2- A—=2+3-)( -1 +3+
12L< I + L)( I + L) 4L( 2+ L)( I + L)

x2
~36( —1 + 2=
()

X
12L{ =2 + 35 |( 1—-
( L)(
X 2
36( —1 + 2+
( L)

X
12L{ —1 + 3~ |(1—
( L)(
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+
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N
I

+
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=
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ol RESSLab

Member stiffness matrix (6)

12

El| 6L
- I3]-12
| 6L

Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures -

6L —12 6L |
41?2 —6L 2I7
—6L 12 —6L
217 —6L 417 ]
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PFL Member fixed-end forces due to loads

L
- d*u, 1
< < d*u, 1
h=x=1L M=—-FM, +FS,x —W(x—1) dxzy=El(—FMb+Fbe—W(x—ll))
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ePFL Member fixed-end forces due to loads (2)

di, 1 FS,x2
<x< =—2=—|—-FMyx + +C
O=x=1 Y= ax EI< X T ) !

~ 1 ( FMpyx* FSyx3
uy=EI — 5 + 6 +C1x+C2

FS,x*> Wx
L <x<L 6 = = <—Fbe+ : —Z(x—2l1)>+C3

) 1( FMyx?> FS,x> Wx

2
2 + 6 - 6 (x - 3l1)> + C3x + C4
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ePFL Member fixed-end forces due to loads (3)

x =0, 6 =1, =0, C,=C, =0
X = ll ) 0 A — 6 B
L (_pmyt, + P05 2 (g,
El bR 2 El v
- wiz
> 2EI
L] RESSLab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL
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EPFL Member fixed-end forces due to loads (4)

X = ll) ﬂy,A — ﬂy’B

1 [ FMyl? . FSpl\ 1 [ FMplf . FS,l3 . wi3

El 2 2 ) EI 2 6  2EI
wi3
C4 e
6E1
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ePFL Member fixed-end forces due to loads (5)

X=L, H:ﬂyzo’

L oFm,L FSpl” WL 21| -
El b 2 2 1 2EI
1 [ FM,L?> FS,1> WI? WI2L W3
_ bR T (L-3l)|-——+—"=0
El 2 6 6 2EI ' 6EI
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EPFL Member fixed-end forces due to loads (6)

W
FM
{ ® l A © ) ’ . (FS b )
At I 0 = F My
{ ) I ) FS,
FS, Fs, \F M b/
[ L
1 | 2
L
2 Wli,l5
2 . 142
FSb — —L3 (3l1 + lz) b L2
2
wiz Wiil,
FSe_L—3(l1+3l2) FMe__ 12
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EPFL  Coordinate transformations

EEERE l

Local coordinate system

-\V
Displaced

position

“l ug A
o e ———
U3 u5
— Initial I Uy
4|:h position O
oL > 4 TN} S N

Y

@ [ @1/ :

L |
= g

E. I, A = constant

6

Qi = z(kijuj) + Qri, i =12, ..

J=1

L RESSLab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL
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Coordinate transformations (2)

As such,

ol RESSLab

Q2 ka1 kaz ko3 kay kas kae
0%
Q4
Qs ksi ksz ks3 ksa kss  kse

Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL

(Q1) k11 k21 ki kia kis kg6

\Qe/ Ke1 Koz Koz Kea Kes Kee-

o

foﬂ
Qr2
Qr3
Qra
Ors

¢ 6/
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tEPFL  Coordinate transformations (3)

" AL ) ) AlL? ) ) '
I I
0 12 6L 0 —12 6L
_EI o 6L 42 0 —6L 2I2
13| AlZ ) ) AL? ) )
I i
0 —-12 —6L 0 12 —6L
0 6L 212 0 —6L 4I2-

ol RESSLab

Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL




tPFL  Coordinate transformations (4)

Displaced
! position g
- -

Initial
position
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tEPFL  Coordinate transformations (5)

Q1
Q; = —F;sinf + F,cos6
) . Q3 = F;3

Q4 = F4c0s0 + Fssinf

Ficos0 + F,sin0O

-—
—_—,—’

Initial

position Qs = —F4sinb + Fscoso

L RESSLab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL
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£EPFL  Coordinate transformations (6)

Force transformation

(Q1\ [ cosO® sind 0 0 0 07 (F)
Q2 —sinf cosf 0 0 0 0|
Q| _| O 0 1 0 0 O0|)Fs
{ A= . 15 [
Q4 0 0 0 cosf® sind O |F
Qs 0 0 0 —sin@ cos O] |Fs
\Qs/ L O 0 O 0 o 1d\F)
\ }
|
T Transformation matrix
Q=TF
C059=xe_xb= Xe — Xp Sin9=ye_yb= Ye — Vb
L \/(xe _ xb)z + (ye - Yb)z L \/(xe _ xb)z + ()’e _ yb)z
m FNRRIEELY  Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL
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Coordinate transformations (3)

End displacement transformation

ol RESSLab

(U1 - cosf  sinf 0 0 0 071 (V1Y
Uz —sinf cos@ 0 0 0 0 | V2
< Uus - 0 0 1 0 0 0 < V3
Uy 0 0 0O cos@ sinf O0f|Va
Us 0 0 0 —sin@ cos@ 0] |Vs
\ug/ L0 0 0 0 0 11 \ve/
\ )
|

T Transformation matrix

A=Tv

Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL
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cPFL  Transformation from local to global coordinate systems
The transformation matrix T is an orthogonal matrix; thus,
T—l — TT
Forces from local to global coordinate system:
F=T1Q=TTQ

Displacements from local to global coordinate system:

v=TTA

L RESSLab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL
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EPFL  Member stiffness relations in the global coordinate system

Forces from local to global coordinate system:

F=T7Q= TTk<+ T7Q;

Local stiffness matrix

A= (TTR) ™ (F—T7Q) = kX (TT) L (F — T7Q) = k' T(F — T7Qy)

Displacements from local to global coordinate system:

v=T'A =T’k 'T(F-T"Qs) = (TTKkIT)(F — TTQ/)
Member flexibility matrix in the global coordinate system Member stiffness matrix

K- = (TTk™'T) K = (TTKT)

ol RESSLab

Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL 85



EPFL  Member stiffness relations in the global coordinate system

- 2 2 2 -
AL cos?@ + 12sin? @ (AL - 12) cos 0 sin 0 —6L sin 0 —(% cos?@ + 12sin2 0 ) ( f ) cosf@sinff —6Lsinf
Al? Al? Al?

( lZ)cosGsmO ; sin?f@ + 12 cos? @ 6L cos —( ; IZ)cos()smO ( ; sin’f + l2cos~0) 6L cos 0

El —6L sin 0 6L cos 0 412 6L sin 0 —6L cos 0 212

K=73 AL , . AL _ ,
12 sin’ 0 - 7 — 12 |cos@sinf 6L sin f 7 cos’ @ + 12sin’ @ cos @ sin 0 6L sin 0

, AL i AL _ AL )
cos f sin 0 — 7 sin®@ + 12 cos’ 0 —6Lcos @ 7 — 12 |cosf@sin@ 7 sin’f + 12 cos? @ —6Lcosf
— 6L sin @ 6L cos 212 6L sin 0 —6Lcos@ 412

L RESSLab Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab EPFL

86



tPFL  Assembly of the structure stiffness matrix
-Code number technique applies

P,

RS{ ”Z’f\ i 5 )s_x

o @ mol

R, Ry R,
Three degrees of freedom (1 through 3);
five restrained coordinates (4 through 8)

(a) Analytical Model
4 5 1 2 1 2 6 3 6 3 7 8

S CHICE I S
I ) E P WP CO
A P NG & 6k kP |7
CHEGHGANGE PN E K K2k ks

1 1 A T

R I I [

s=| ek e |

2 2 e SR .
k4(1) kiz) \’fis,’""‘ I‘ISZ(-Z)&'. 3 .-

(b) Assembling of Structure Stiffness Matrix S




EPFL  Elastic beam element with rotational springs

Q4, Uy 2 Q1) Uq; Q3j, Uz 02U
200 121 J) ] Q4, u4
02, Uz '/1 2

Linear rotational spring to consider the connection flexibility within a

numerical model M = k6,
Left end Right end
Q2 = kq(uz—uy;) Qs = ky (u4—u4j)

The length of the connection is ignored, and the spring stiffness k is
generally taken as an empirically (or semi-empirically) determined initial
stiffness of the connection (usually based on experimental evidence).
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EPFL  Elastic beam-column element with rotational springs

Let’s assume the following:
a;a;

ky = aiE1/L ky = azE1/L ‘= a,a, + 4a, + 4a, + 12

The “spring and beam” element stiffness matrix becomes:

() *(1+2) -F (e 2(1+ ) |
(9 °(1+2) G -2(1+2) T
<Q2>=a_EI 12 Zz+a 4(1+a_2) 12 y ai‘; —9(1+i) Z;
QS L _L_2(1+;a2) _9(1+£) L—Z(]_-I-;az) L aq u
\Q4) AL G s A 4(1+2) !
Z(1+Z) 2 —;(1+;) a/
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Fixed-end beam a;~o0 and a,~

Q1
Q2
Q3
Q4

Two typical cases

TN TN

Fix-pinned beam a;~o0 and a,~0

Q1
Q2
Q3
Q4

- 3/12
3/L

—3/12
0

i imitri i PFL
m ERIEY  Truss, Frame and Zero-length elements - Nonlinear Analysis of Structures - Prof. Dr. Dimitrios Lignos, RESSLab E

3/12
3
—3/L
0

—3/12
—3/L
3/12
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=PFL  Some remarks about “infinity”

= Usually, you can assume something is "infinitely still” if it is 1 to 2 orders
of magnitude larger than the elastic beam element flexural stiffness;
therefore,

k,~(10 t0100) - EI/L

= |[f you plan to use a zero-length element, software does not like
“infinitely” stiff elements due to numerical convergence.

= Commercial software assume the above value but inherently imply that
the zero-length elastic stiffness is theoretically infinite (Not true).
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