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 Microbial communities are complex, dynamic and inter-connected

 Systems engineering approaches to deal with complexity and dynamics of a system →

optimization methods

 Experience of single organism modeling

Introduction

 Emergent properties due to the inter-connection

 Constraint Based Optimization



Continuous: 

• Rate of reactions

• Metabolite concentrations

Discrete:

• Gene expression  (on/off)

• Knock out / Deletion (off)

• Insertions (on)

Variables

• Continuous

• Discrete

Constraint-based optimization



Variables

• Continuous

• Discrete

Constraints

• Equalities

• Inequalities

𝑣 ≤ 𝑉𝑚𝑎𝑥→ limited capacity of the enzymes

Constraint-based optimization



𝑣 ≤ 𝑉𝑚𝑎𝑥→ limited capacity of the enzymes

Constraints

• Equalities

• Inequalities

ATP
× 1

× 1

× 2

𝑣1

𝑣2

𝑣3

𝑣𝑐𝑜𝑛𝑠𝑢𝑚𝑒 = 𝑣𝑝𝑟𝑜𝑑𝑢𝑐𝑒→ No net accumulation of metabolites

Steady-state assumption

𝑣1 = 𝑣2 + 2𝑣3

Variables

• Continuous

• Discrete

Constraint-based optimization



Growth:  μ

Objective Function

• Cost → minimize

• Reward → maximize

Glucose uptake:  vglc

Constraint-based optimization

Variables

• Continuous

• Discrete

Constraints

• Equalities

• Inequalities



• If objective function and constraints are linear and variables are continuous → Linear Programming
(LP) Problem

Constraint-based optimization



• If objective function and constraints are linear and variables are continuous → Linear 
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Programming (LP) Problem
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𝑉𝐻𝐸𝑋1, 𝑉𝑃𝐺𝐼, 𝑉𝑃𝐹𝐾, 𝑉𝐹𝐵𝐴, 𝑉𝑇𝑃𝐼, 𝑉𝐺𝐴𝑃𝐷, 𝑉𝑃𝐺𝐾 , 𝑉𝑃𝐺𝑀, 𝑉𝐸𝑁𝑂, 𝑉𝑃𝑌𝐾Variables:
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𝑉𝑃𝐺𝐼 ≤ 𝑉𝑃𝐺𝐼
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Constraints:



• If objective function and constraints are linear and variables are continuous → Linear 
Programming (LP) Problem
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• If objective function and constraints are linear and variables are continuous → Linear 
Programming (LP) Problem
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Flux Balance Analysis (FBA)
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• If objective function is quadratic and constraints are linear and variables are continuous →Quadratic 
Programming (QP) Problem

Constraint-based optimization

𝑉𝐻𝐸𝑋1, 𝑉𝑃𝐺𝐼, 𝑉𝑃𝐹𝐾, 𝑉𝐹𝐵𝐴, 𝑉𝑇𝑃𝐼, 𝑉𝐺𝐴𝑃𝐷, 𝑉𝑃𝐺𝐾 , 𝑉𝑃𝐺𝑀, 𝑉𝐸𝑁𝑂, 𝑉𝑃𝑌𝐾Variables:

Constraints:
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Objective: min(𝑉𝑃𝑌𝐾−𝑉𝑚𝑒𝑎𝑠𝑢𝑟𝑒)
2



• If objective function and constraints are linear and variables can be either continuous or discrete →
Mixed Integer Linear Programming (MILP) Problem
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• If objective function and constraints are linear and variables can be either continuous or discrete →
Mixed Integer Linear Programming (MILP) Problem
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NADH or NADPH? 🤔



• If objective function and constraints are linear and variables can be either continuous or discrete →
Mixed Integer Linear Programming (MILP) Problem

Constraint-based optimization
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𝑏𝑁𝐴𝐷𝐻, 𝑏𝑁𝐴𝐷𝑃𝐻
𝑏𝑖 = 0 𝑜𝑟 1

𝑏𝑁𝐴𝐷𝐻 + 𝑏𝑁𝐴𝐷𝑃𝐻 = 1

𝑉𝐺𝐴𝑃𝐷
𝑁𝐴𝐷𝐻 ≤ 𝑏𝑁𝐴𝐷𝐻. 𝑉𝐺𝐴𝑃𝐷

𝑚𝑎𝑥

𝑉𝐺𝐴𝑃𝐷
𝑁𝐴𝐷𝑃𝐻 ≤ 𝑏𝑁𝐴𝐷𝑃𝐻. 𝑉𝐺𝐴𝑃𝐷

𝑚𝑎𝑥



max(𝑜𝑢𝑡𝑒𝑟 𝑜𝑏𝑗. )

max(𝑖𝑛𝑛𝑒𝑟 𝑜𝑏𝑗. 1)

Inner problem 1

max(𝑖𝑛𝑛𝑒𝑟 𝑜𝑏𝑗. 2)

Inner problem 2

max(𝑖𝑛𝑛𝑒𝑟 𝑜𝑏𝑗. 3)

Inner problem 3

Outer constraints

 A main optimization problem with

several nested optimizations

Multi-level optimization



max(𝑐𝑜𝑚𝑚𝑢𝑛𝑖𝑡𝑦 𝑜𝑏𝑗. )

max(𝑠𝑝𝑒𝑐𝑖𝑒𝑠 𝑜𝑏𝑗. 1)

Interactions between members

max(𝑠𝑝𝑒𝑐𝑖𝑒𝑠 𝑜𝑏𝑗. 2) max(𝑠𝑝𝑒𝑐𝑖𝑒𝑠 𝑜𝑏𝑗. 3)

 A main optimization problem with

several nested optimizations

Multi-level optimization



• Infer from data and model

complex microbial 

interactions

• Use experimental data to 

augment the model

From Single Organism to Communities

Tshikantwa et al., Current TA, 2018



• Model complex microbial interactions

• Objective function and constraints of the community ?

Community prosperity vs single organism prosperity

How can we translate

ecological interactions

into mathematical formulation?

From Single Organism to Communities



• Model complex microbial interactions

• Objective function and constraints?

Community prosperity vs single organism prosperity

• Computational burden of simulating microbial communities

Big number of variables and constraints 

Can we systematically 

learn from and/or

reduce complexity?

From Single Organism to Communities



Class I: Joint objective

• 1 problem for the whole community

• Each species is treated as different modeling compartments

Objective maximize (wA. growthA +wB. growthB)

At least the following modeling compartments:

1) Intracellular A

2) Extracellular A

3) Intracellular B

4) Extracellular B

5) Shared Extracellular

Metabolites can be transported between the 

compartments

A

B
Shared

Metabolites

A joint objective Problem

1

2

3

4

5

Modeling Microbial Interactions



Solve problems with initial concentrations

Calculate the concentration of the cells and 

the shared metabolites 

Solve problems with updated 

concentrations

1.

2.

3.

A

B
Shared

Metabolites

Problem A

Objective: maximize growthA

Problem B

maximize growthB

Modeling Microbial Interactions
Class II: Multiple objectives

• 1 problem for each species

• After each simulation, the effect of each species on the shared metabolites is updated.



Structure of multi-level optimization

Outer constraints: shared metabolites

Inner constraints: species-

specific metabolites

Objective maximize (wA. growthA +wB. growthB)
community

A

B
Shared

Metabolites

Outer problem

1

2

1

Inner problemInner problem

maximize growthA

species 

maximize growthB

Objective

Modeling Microbial Interactions
Class III: Nested objectives

• Species-level objective for each  inner problem and community-level objective for the outer problem



Class I: Joint objective Class II : Multiple objectives Class III: Nested objectives

Objective:

Problem A Problem B

max (wA. growthA +wB. growthB)

Objective:

A

BShared

mets

A

BShared

mets

Objective:

A

BShared

mets
Inner 

problem
Inner 

problem

Outer problemJoint Problem

max growthA max growthB

max (wA. growthA +wB. growthB)

Inner  Species Objective
max growthA , max growthB

Outer Community Objective

Solve problems

Calculate the concentrations

Solve problems with updated concentrations

1.

2.

3. Problems per each species embedded in a large 

optimization problem

1  problem for whole of the community with 

community objective function

Modeling Microbial Interactions



Modeling Microbial Interactions

Objective:

max (wA. growthA +wB. growthB)

A

BShared

mets

A

BShared

mets

A

BShared

mets

Inner 

problem
Inner 

problem

• Computationally cheap

• Sensitive to the choice of weights

Suitable for communities with prior 

knowledge about relative abundance 

or growth rates

Class I: Joint objective Class II : Multiple objectives Class III: Nested objectives

Joint Problem



Objective:

Problem A Problem B

max (wA. growthA +wB. growthB)

A

BShared

mets

A

BShared

mets

Objective:

A

BShared

mets

Inner 

problem
Inner 

problem

max growthA max growthB

• Computationally cheap

• Sensitive to the choice of weights

Suitable for communities with prior 

knowledge about relative abundance 

or growth rates

• Simulate the species abundances and 

concentrations

• No community objective

Modeling Microbial Interactions

Class I: Joint objective Class II : Multiple objectives Class III: Nested objectives

Joint Problem

Suitable to predict and simulate 

abundances and concentrations 



Objective:

Problem B

max (wA. growthA +wB. growthB)

Objective:

A

BShared

mets

A

BShared

mets

Objective:

A

BShared

mets

Inner 

problem
Inner 

problem

Outer problem

max growthA max growthB

max (𝐷𝑒𝑠𝑖𝑔𝑛)

Inner Species Objective
max growthA , max growthB

Outer  Community Objective

• Computationally cheap

• Sensitive to the choice of weights

Suitable for communities with prior 

knowledge about relative abundance 

or growth rates

• Simulate the species abundances and 

concentrations

• No community objective

• Community and species objectives at the same 

time

• Computationally expensive

Suitable for designing new experiments 

and developing synthetic communities 

Modeling Microbial Interactions

Class I: Joint objective Class II : Multiple objectives Class III: Nested objectives

Joint Problem Problem A

Suitable to predict and simulate 

abundances and concentrations 



Translating Darwin theory into systems modeling

Assume that the metabolic network

must fulfill a cellular objective….

Cellular (evolutionary) objective:

- Grow

- Cooperate

- Outcompete



Map evolutionary objectives to cellular functions

What is the maximal growth rate? Optimize growth rate

Grow

Metabolic objectives to meet cellular objective



What are the biochemical

production capabilities?

What is the maximal growth rate?

What is the tradeoff between biomass production and 

metabolite production?

Optimize metabolite production

Optimize growth rate

Optimize growth rate for a 
given metabolite production

Grow

Cooperate

Metabolic objectives to meet cellular objective

Map evolutionary objectives to cellular functions



Metabolic objectives to meet cellular objective

What are the biochemical

production capabilities?

What is the maximal growth rate?

How energetically efficient can metabolism operate?

What is the tradeoff between biomass production and metabolite 

production?

Optimize metabolite production

Optimize growth rate

Optimize energy consumption
or nutrient uptake

Optimize growth rate for a 
given metabolite production

Grow

Cooperate

Outcompete

Map evolutionary objectives to cellular functions



Concept Formulation
Type of 

problem

Community members maximize their growth rate (at the 

expense of or in collaboration with the other species)
max𝑤𝐴𝑉𝐴

𝑔𝑟𝑜𝑤𝑡ℎ
+ 𝑤𝐵𝑉𝐵

𝑔𝑟𝑜𝑤𝑡ℎ
+⋯ LP

Inconsistency between experimental observation and 

prediction should be minimized

min (𝑉𝑔𝑙𝑢𝑐𝑜𝑠𝑒
𝑒𝑥𝑝

− 𝑉𝑔𝑙𝑢𝑐𝑜𝑠𝑒
𝑝𝑟𝑒𝑑𝑖𝑐𝑡

)2

+ (𝑉𝑎𝑐𝑒𝑡𝑎𝑡𝑒
𝑒𝑥𝑝

− 𝑉𝑎𝑐𝑒𝑡𝑎𝑡𝑒
𝑝𝑟𝑒𝑑𝑖𝑐𝑡

)2+⋯
QP

Microbes have evolved to maintain homeostasis upon 

perturbation

min (𝑉𝑔𝑙𝑢𝑐𝑜𝑠𝑒
𝑊𝑇 − 𝑉𝑔𝑙𝑢𝑐𝑜𝑠𝑒

𝐾𝑛𝑜𝑐𝑘𝑜𝑢𝑡)2

+ (𝑉𝑎𝑐𝑒𝑡𝑎𝑡𝑒
𝑊𝑇 − 𝑉𝑎𝑐𝑒𝑡𝑎𝑡𝑒

𝐾𝑛𝑜𝑐𝑘𝑜𝑢𝑡)2+⋯
QP

Microbes have evolved to grow self-dependently → the 

number of exchanged metabolites is minimized
min 𝑏𝑎𝑐𝑒𝑡𝑎𝑡𝑒 + 𝑏𝑙𝑎𝑐𝑡𝑎𝑡𝑒 +⋯ MILP

Developing a synthetic community by gene knockouts to 

maximize the production of valuable compound or the 

consumption of a toxic compound

max 𝑉𝑝ℎ𝑒𝑛𝑜𝑙
𝑑𝑒𝑔𝑟𝑎𝑑𝑒

MILP



Concept Formulation
Type of 

problem

Community members maximize their growth rate (at the 

expense of or in collaboration with the other species)
max𝑤𝐴𝑉𝐴

𝑔𝑟𝑜𝑤𝑡ℎ
+ 𝑤𝐵𝑉𝐵
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• The constraints that are 

specific to the community

From Single Organism to Communities

Tshikantwa et al., Current TA, 2018
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Microbial interactions: Competition

Negative for both species

Example: Human gut microbiata 

Escherichia coli

NH4+

Salmonella enterica

𝑈𝑝𝑡𝑁𝐻4+
𝐸. 𝑐𝑜𝑙𝑖 + 𝑈𝑝𝑡𝑁𝐻4+

𝑆. 𝑒𝑛𝑡𝑒𝑟𝑖𝑐𝑎 = 𝑈𝑝𝑡𝑁𝐻4+
𝑒𝑛𝑣

Environment

NH4+ Uptake by E. coli 

NH4+ Uptake by S. enterica

NH4+ Uptake by Community
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Microbial interactions: Syntrophy

Positive and obligatory for both species

Example: Rumen syntrophy

Nutrients

H2 CH4

Methanogens

Ruminococcus spp.

𝑈𝑝𝑡𝐻2
𝑀𝑒𝑡ℎ𝑎𝑛𝑜𝑔𝑒𝑛𝑠

= 𝐸𝑥𝑝𝐻2
𝑅𝑢𝑚𝑖𝑛𝑜𝑐𝑜𝑐𝑐𝑖

H2 Uptake by Methanogens

H2 Export by Ruminococci
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Microbial interactions: Commensalism

Positive for one species

Example: Nitrification cycle in soil and marine environments

Nitrosomonas spp.

NH4+

NO2- NO3-

Nitrobacter spp.

𝐸𝑥𝑝𝑁𝑂2−
𝑁𝑖𝑡𝑟𝑜𝑠𝑜𝑚𝑜𝑛𝑎𝑠 = 𝑈𝑝𝑡𝑁𝑂2−

𝑁𝑖𝑡𝑟𝑜𝑏𝑎𝑐𝑡𝑒𝑟 + 𝐸𝑥𝑝𝑁𝑂2−
𝑒𝑛𝑣

Environment

NO2- Uptake by Nitrobacter

NO2- Export by Nitrosomonas

NO2- Export by Community
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• Single organism in batch culture

• Steady-state assumption is not valid for biomass and 
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Important computational methods

Name Approach Dynamic Reference

Stoylar et al. Joint objective NO
Stoylar, S. et al., Molecular systems biology, 

2007

cFBA Joint objective NO Khandelwal, R. et al., PloS one, 2013

SteadyCom Joint objective NO
Chan, S. et al.,PLoS computational biology, 

2017

DMMM Multiple objectives YES Zhuang, K. et al., The ISME journal, 2011

OptCom Nested objectives NO
Zomorrodi, A. and Maranas C, PLoS

computational biology, 2012

CASINO Nested objectives NO Shoaie, S. et al., Cell metabolism, 2015

D-OptCom Nested objectives YES
Zomorrodi, A., et al., ACS synthetic biology, 

2014
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Case studies in literature

 Both methods were able to predict acetate, methane 

and CO2 fluxes

 The members were inter-dependent and relative 

abundances were known

 Joint objective is faster and easier to be solved

 Syntrophic interaction between sulfate reducer Desulfovibrio vulgaris and methanogen

Methanococcus maripaludis

 Hydrogen exchange



• Flora of Octopus and Mushroom Springs of Yellowstone National Park (Wyoming, 
USA)
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Case studies in literature
• Flora of Octopus and Mushroom Springs of Yellowstone National Park (Wyoming, 

USA)

• Three guilds: Oxygenic photoautotrophs related to Synechococcus spp., filamentous
anoxygenic phototrophs related to Chloroflexus and Roseiflexus spp., sulfate reducing
bacteria

• Syntrophy and competition for different metabolites

 Over-estimation of growth rates

 Two hypotheses: selfish growth or altruistic growth

 Joint objective: selfish growth 

 Nested objective: combination of both
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• Geobacter sulfurreducens and Rhodoferax ferrireducens in a uranium contaminated
aquifer

• Competition for Fe3+, acetate and ammonium

• Dynamic modeling

Case studies in literature

A

BShared

mets

Multiple Objectives

• Successful prediction of relative abundances at different 

time points



Case studies in literature

• Geobacter sulfurreducens and Rhodoferax ferrireducens in a uranium contaminated
aquifer

• Competition and Cooperation for different metabolites

• Dynamic modeling

A

BShared

mets

Nested Objectives

• Design a synthetic community for uranium bioremediation:

Addition of a new member 

(Shewanella oneidensis)

Addition of metabolites

Gene knockouts



• Human gut microbiota

• 5 representative species
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• Human gut microbiota

• 5 representative species

• Various interactions

Case studies in literature
Bacteroides thetaiotaomicron

Eubacterium rectale

Bifidobacterium adolescentis

Faecalibacterium prausnitzii

Ruminococcus bromii

A

BShared

mets

Nested Objectives

• Altered fecal and serum amino acid levels in response to 

diet intervention

• The interactions were inferred from the experimental data
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• Human gut microbiota

• 9 representative species

• Various interactions

Case studies in literature

A

BShared

mets

Joint Objective

Predicted the changes in species 

abundance

in response to changes in diet
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Chan SH, Simons MN, Maranas CD. SteadyCom: Predicting microbial abundances while ensuring community stability. PLoS computational biology. 2017 May



• Experimental data can be used to enhance model predictions:

• Relative or absolute abundances → weight of objectives, etc.

• Transcriptomics or proteomics data → upper-bound of fluxes

Data integration

Pandey V, Gardiol DH, Chiappino-Pepe A, Hatzimanikatis V. TEX-FBA: A constraint-based method for integrating gene expression, thermodynamics, and metabolomics data into genome-scale metabolic 
models. bioRxiv. 2019 Jan 1:536235.
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Data integration

• Experimental data can be used to enhance model predictions:

• Relative or absolute abundances → weight of objectives, etc.

• Transcriptomics or proteomics data → upper-bound of fluxes

• Extra/Intracellular metabolite concentration → reaction directionality

• Kinetic parameters of uptake and secretion → dynamic models

• Extracellular metabolite concentration → dynamic models

Zomorrodi, A.., Islam M., and Maranas CD, "d-OptCom: dynamic multi-level and multi-objective metabolic modeling of microbial communities." ACS synthetic biology, 2014



Amino acids

NTPs

Growth

mRNA

Peptide

Enzyme

Transcription

Assembly

General metabolism

Dilution

Degradation

Degradation

Translation

Vmax

krib

kRNAP

ExpressionMetabolism

Salvy, Pierre, and Vassily Hatzimanikatis. "The ETFL formulation allows multi-omics integration in thermodynamics-compliant metabolism 
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Closing remarks

• Size and complexity of the problem 

• Importance of a suitable objective for the community

• Prospecpective and retrospective study

• Enumeration of sorting the alternative solution

• Integration of experimental data
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Microbial Communities Models

Constrained-based models

Steady state Dynamic Spatio-temporal 

 Well-mixed system. 

 No accumulation of metabolites 

or biomass.

 Well-mixed system. 

 Changes in metabolites and 

microbial abundance.



Spatio-temporal modeling

 Heterogeneous system.

 Space and time components.

 Changes in extracellular metabolites and 

microbial abundance.

 Compartmentalized model.

𝑣𝑒𝑥

𝑣𝑢𝑝

t

simt0
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Spatio-temporal modeling

Population approachIndividual-based approach

𝜕𝜌𝑠𝑝

𝛿𝑡
= 𝛻 ∙ 𝐷𝑠𝑝𝛻𝜌𝑠𝑝

Cells increase in size too!



Spatio-temporal modeling

t = 0

t = t + Δt

Set up GEM models and

discretize the system

Metabolic fluxes

Spatial distribution 

of metabolites

3 Spatial distribution 

of cell species

2

1

0

Spatio-temporal 

model

x

t

simt0

Diffusion


