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Vector Spaces: Motivation

e \Vectors (x & y) in R® with scalars (a & b) in R
(tai,taz)
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(z+y)+z=z+(y+2) (ab)z = a(bx)
r+0=x a(z +y) = ax +ay

113 t+y=0 (a + b))z = az+bx



Vector Spaces

2/13

Definition 1.2.1 (Vector space) Consider a nonempty set V, equipped
with operations of addition and scalar multiplication. Assume that the

following rules are satisfied:
(i) For all v,w €V, we have that v+w =w + v;
(ii) For all v,w,u € V, we have that (v+w) +u=v + (w+u);
(iii) There ezists an element, called 0, in V', such that for all v eV,
v+0=v;

(iv) For each v € V there ezists an element, called —v, in V, with the
property that

v+ (—v) =0;
(v) For all o, € C and all v €V,
a(fv) = (ab)v;
(vi) For all o, € C and all v €V,
(a+ B)v =av + fv;
(vii) For alla € C and all v,w €V,
a(v+w) =av+aw,;
(viii) For allv €V,
lv=w.

In that case we say that V', equipped with the operations of addition and
scalar multiplication, forms a vector space.



Vector Spaces: Examples

* R"and C"

e Matrices Mpxn(F)

e Functons f:R—C

e Square-Integrable functions L*(R) = {f :R—C | /_Z |f(2)|? dz < oo}

e “Zero vector space” V = {0}
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Vector Spaces: Additional concepts

e Subspaces

L*(R)

e Linear Independence & dependence

a1vi+asvo+---4+anvy =0=a; =ag =---

e Bases & dimension
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Inner product spaces

Definition 4.1.1 (Inner product space) Let V be a (complex) vector
space. An inner product on V is a mapping

(9 : VeV (4.1)
Complex fov ihich
conjugation <Rl R el Bl sl e A,
(ii) (v,w) = (w,v), Vv,w € V;
(i) (v,v) >0, VveV,and (v,v) =0 v=0.

A wector space equipped with an inner product is called an inner product
space.

(v,aw + fu) = (aw+ [u,v)

Different convention in physics! a(w,v) + 3(u, v)
5/13 = a(v,w)+B{(v,u), Vv,w,ucV, o,p €C.




Inner product spaces: Examples

e R"”and C"”
G, y) = Zxkyk, x,y € R" (X, %) = kay_k, x,y € C"
k=1 k=1
¢ L*R)
o= [ fa f.9€ L’(R)
conjugate transpose or Hermitian conjugate
¢ Mux"(F)

/
(A.B) = tr{B*A)  A.B € My, (F)
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Inner product spaces: Additional concepts

e Orthogonality & Norm
(v,w) =0 V]| == V{v,v)

e Orthonormal Basis

e Orthogonal and Unitary operators

T linear operator and || Tv|| = ||| /\
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Hilbert Spaces

® A complete inner product space is called a Hilbert space.

e Completeness

3,3.1,3.14, 3.141, 3.1415, 3.14159, ...
0 1 2

3 4
HENAa
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e Examples
o R"™and C"
o L*R), and w(r) € L%(R)
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Dirac Notation: Motivation
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Analogy

Different representations

Example
Ket |[nlm>
|10 0>
Position representation/ Wave
function

(pn=l.l=0.m=0 = \/ 3
mna
0




Dirac Notation

e Aket | w)represent a physical state and is an element of an abstract Hilbert space.

For every ket | ) corresponds a bra (y |such that the inner product is written (v | @)

(oY) =(dle)" Complex conjugation
° Properties < ‘ /\1¢1 i >\2¢2> = A1 < |¢1 > + Ao < 2 >

(Arp1+ X2 [¥) = AT (@1 [¥) + A5 (@2 [¢)

(1 |1 ) réel, positif; nul si et seulement si | ) =

e Linear Operator
[¥') =A|yY)

10/13 A (Y1) + A2 [Y2)) = M Al ) + A2 Afy2)



Homework: Continuous Case

Dirac notation: Representations

e Given an orthonormal (discrete) basis {|u;)} (uiluj) = 6;

o Closure relation [¥) = ) cilui) = Y ju) (uil) = (Z qu><ui|> 1Y)
i i i

Z_|u,-><ui| =1

e Representation of ket, bras and operators

Important
representations

(xly) = P(r)
(ply) = Y(p)

Ajj = (uilAluj)

(s l) Ay A - Ay e
(uz1y) Ay Ay - Ay -

((plur){pluz) ... {plu;)...)
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(uilyp) Ain Ap - Ay -



Examples

Hermitian Conjugate

/

Py =)l Pylo)=1p)ple) Py =I)wl=Py Pl =)l =Py

e Projectors onto [¢h) (YY) =1)

e Closure relation Zlu,-)(u,-l =1 Pi+P,+P3=1
i
e Change of Basis {|u;)} & {ltk)} (uilh) = (uilly) = (Uil Py 1)
o  Change of basis matrix _ Z(uiltk)(tkllli)
Sik = (Uilt) K
=) Su(trlP)
k

12/13® Density Operator
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Thank you for your attention!



