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Quantum 
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Probability 

distribution

Image source: ChatGPT.
Classical vs. quantum paths.



1C.1 The wavefunction and its interpretation

The particle-in-a-box model
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The wavefunction of the particle in its lowest-energy state 

(ground state, n = 1):
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And P(x=0) = P(x=L) = 0



1C.1 The wavefunction and its interpretation

The particle-in-a-box model
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� Physical analog: a bead free to slide along a 

rigid rod lying between two walls a distance L

apart.

� Classical mechanics: the bead has the same 

probability of being found on the rod at any

point inside the box, any speed, any kinetic

energy

Image source: ChatGPT.
Bead on a rigid rod..



1C.1 The wavefunction and its interpretation

The particle-in-a-box model: n<1
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� The integer n labels the wavefunctions and is called a ”quantum 
number”.

A quantum number:

� Is an integer (or sometimes a half-integer, such as ½, see Topic 1D)

� Labels a wavefunction

� Specifies a state

� Can sometimes be used to calculate the value of a property of the 

system, e.g. energy.

Figure 1C.3



1C.1 The wavefunction and its interpretation

Wavefunctions vs. guitar strings
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Because the particle acts like a wave with zero amplitude at 

each end of the box

à Only wavefunctions with certain wavelengths can exist in 

the box

à Think of a guitar string: because it is tied down at each 

end, it can support only shapes like the ones shown.

à The shapes of the wavefunctions for the particle in the box 

are the same as the displacements of a vibrating string.

Figure 1C.3



1C.1 The wavefunction and its interpretation

Wavefunctions vs. guitar strings

Topic 1C Figure 1C.3Michael Davis, Journal of Chemical Education 2007, 1287.



1C.1 The wavefunction and its interpretation

Connecting concepts across Topics 1B and 1C
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� Planck and Einstein: energy is quantized à light behaves as particles 

(photons)

� De Broglie: matter particles (e.g. electrons) have wave nature

� Quantum chemistry: focus on most probable position, not exact location.

� Schrödinger: equation provides wavefunction (ψ) and energy of a system.

� Goal: knowing ψ(r) and E gives all electron properties; information extracted 

through probability.



1C.1 The wavefunction and its interpretation

Summary
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The probability density for a particle at a location is proportional to the square of 

the wavefunction at that point; places where the wavefunction passes through zero 

are called nodes, and the particle will not be found there. A wavefunction is found by 

solving the Schrödinger equation for the particle and recognizing the existence of 

certain boundary conditions.



The Quantization of Energy

Topic 1C.2



1C.2 The quantization of energy

Energies of a particle in a box
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The wavefunctions associated with different quantum numbers also have different 

energies associated with them. How do we calculate these energies?



1C.2 The quantization of energy

Energies of a particle in a box

Topic 1C



1C.2 The quantization of energy

What does this equation tell you?
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𝐸# =
𝑛"ℎ"

8𝑚𝐿"

� Mass in denominator: Heavier particles → lower, closer 

energy levels. Lighter particles → higher, more widely 

spaced levels.

Box length effect: Smaller box (L↓) → higher, more widely 

spaced levels. Larger box (L↑) → lower, closer levels.

� n can only be integer values à energy is quantized!

Figure 1C.4

Important formula.
Need to know how to apply.



1C.2 The quantization of energy

Energy separation between neighboring levels
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As L or m increases, the separation between neighboring

energy levels decreases.

à For large m or L (macroscopic systems), the levels are so 

close together they appear continuous.

Figure 1C.4

Important formula.
Need to know 
how to apply.



1C.2 The quantization of energy

Quantization of energy and the atomic spectrum of hydrogen
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Energy is quantized à this realization is key to understanding the atomic spectrum

of hydrogen (Topic 1A).

Particle in a box Hydrogen atom

1D 3D

Physical walls No physical walls, and electrons are 
confined by pull of the nucleus

Energy quantized



1C.2 The quantization of energy

What are these lines?!

Topic 1C

A spectral line arises from a transition of an electron between allowed energy levels.

The difference in energy is carried away as a photon.

ℎ𝜈 = 𝐸%&&'( − 𝐸)*+'( = Δ𝐸

This equation is known as the Bohr frequency condition.

Figure 1A.10

Important formula.
Need to know how to apply.



� Ground state: The lowest energy state of an atom.

� Excited state: Any higher energy state above the ground 

state.

� Excitation: Moving to a higher energy state

1. Radiative excitation (photon absorption): photon 

absorbed, electron promoted.

2. Nonradiative excitation: energy gained from collisions, 
chemical reactions, or electric fields.

� Relaxation: General term for return from an excited state to 
a lower state.

1. Radiative relaxation (photon emission): energy 

released as a photon .

2. Nonradiative relaxation: energy released in other forms 
(e.g., vibrations, heat).

1C.2 The quantization of energy

Terminology
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1C.2 The quantization of energy

Example 1C.1: Calculating the energies of a particle in a box
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We will estimate the energies of the hydrogen atom.

Treat hydrogen atom as a one-dimensional box of length

150. pm (the approximate diameter of the atom) with one

electron.

Predict energy level separation between the lowest and next

higher energy levels.

If the electron falls from the upper level to the lower level, 

what would be the wavelength of the radiation emitted as a 

photon?



1C.2 The quantization of energy

Example 1C.1: Calculating the energies of a particle in a box
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1C.2 The quantization of energy

Example 1C.1: Calculating the energies of a particle in a box
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1C.2 The quantization of energy

Example 1C.1: Calculating the energies of a particle in a box
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Figure 1A.10



1C.2 The quantization of energy

Particle in a box: zero-point energy
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� Surprising implication of equation: 𝐸# =
#!,!

-./!

� A particle in a container cannot have zero energy.

� The lowest value of n is 1.

� Lowest energy is 𝐸! =
,!

-./!
 (Zero-point energy)

� What this means: A particle can never be perfectly still when it is confined between 

two walls, it must always possess an energy, in this case, at least the kinetic energy 

,!

-./!
.



1C.2 The quantization of energy

The shapes of the wavefunctions
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Figure 1C.5

� The first two wavefunctions (𝑛 = 1,2) illustrate how 

particle location depends on quantum state.

� 𝑛 = 1 with 𝐸 = ℎ"/8𝑚𝐿": Particle most likely at the 

center.

� 𝑛 = 2, 𝐸 = ℎ"/2𝑚𝐿": Particle least likely at the 

center, most likely between center and walls.

� Shading indicates probability density — the 

likelihood of finding the particle at each position.



The skills you have mastered are the ability to

q Describe the origin and shapes of the wavefunctions of a particle in a box.

q Calculate the allowed energies of a particle in a box and explain how they depend

on the length of the box and the mass of the particle.

q Explain what is meant by zero-point energy and accounts for its origin

Summary: You now know that the location of a particle is expressed by a 

wavefunction, the square of which expresses the probability (as a probability 

density) that the particle will be found in each region of space. You also know 

that a wavefunction is found by solving the Schrödinger equation and that one 

consequence of the wavefunction having to fit into a region of space is that a 

particle confined to a region can have only certain discrete energies known as 

energy levels.
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