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Core Concepts

2

Reversible phase transitions are a sign of health

 Irreversibility is a sign of disease

Liquid-liquid phase separation of proteins is used by cells to create 
compositional gradients (gradients are life!) that localise functions

e.g.,  RNA translation,  DNA repair,  synapse formation,  measles virus to 
reproduce, etc.

But flexible polymers are not hard spheres

Many types of phase transition
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What is the size of a fluctuating polymer?

Marsh and Forman-Kay,  Biophys. J 98:2383 (2010)

NMR
Size exclusion chromatography

(DLS - not enough data)

Diffusion coefficient

Hydrodynamic radius

Warning this is not going to be trivial

3
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Q.  Do polymers/IDPs diffuse like hard spheres?  5 mins.
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a) what is diffusion? (see Lecture 6)
b) how do hard spheres diffuse?
c) compared to a hard sphere, do you expect a polymer with the same Rg as 

the sphere to diffuse:

Answer Votes Why?
Faster
Same
Slower

Think - Pair - Share
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Hard sphere

5

Rh = actual sphere radius

Rg ~ distribution of 
mass in space

5

e.g., 

      Spherical shell:  Rg2 = R2

      Solid sphere:     Rg2 = 3/5 R2     which is smaller than for the shell 
                                                    because the interior mass pulls Rg to
                                                    smaller values
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Recall from Lecture 2:  Centre of mass of a polymer (with N monomers):  Rcm = 1/N ∑ Ri

Radius of gyration of a polymer:  Rg2 = 1/N ∑ (Ri - Rcm)2  = 1/2N2 ∑ Rij2              Rij = Ri - Rj

                                                              i≠j             

Lee

RCM

Rg2

Classical polymer physics gives us different “sizes” for a polymer:

Lee  = End-to-end length
Rg = Radius of gyration 
Rh = hydrodynamic radius (equivalent diffusing sphere)

Size Lee2 ν Rg2 /Lee2 Rg/Rh

Ideal a2 N2ν 0.5 1/6 1.50451

SAW a2 N2ν 0.6 1/6.254 1.5912

1  Dunweg et al. J. Chem. Phys. 117:914 (2002)
2  Clisby et al.       Phys. Rev. E 94:052102 (2016)

and different kinds of polymer model: 

6
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Rg / Rh From

Sphere √3/5 ~ 0.775 Rg2 = 3/5 R2

Ideal 
polymer 1.5045 Dunweg et al.,

 J. Chem. Phys. 117:914 (2002)

SAW 
polymer 1.591 Clisby et al., 

Phys. Rev. E 94:052102 (2016)

A fluctuating polymer with size Rg does not diffuse as if it occupied a 
spherical volume like a hard sphere with the same Rg

RhRg

7

While a hard sphere diffuses with a hydrodynamic radius Rh = 5/3 Rg2 ,
a polymer diffuses with an Rh < Rg, so it diffuses faster than the 
equivalent sized sphere.

Experimentalists 

beware
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Polymer phase separation
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Consider a mixture of a polymer in a solvent (which may be another polymer):

Do they mix?  Do they phase separate?

We can construct a thermodynamic theory of
the mixture that predicts a phase separation as
as function of the polymer/solvent interactions.

Assume: composition,  V,  T are constant.

Helmholtz free energy is:

F = U - TS

U ~ energetic interaction between polymers
S ~ number of configurations of polymers/solvent

How do we find U and S?   Just as the entropic spring’s behaviour was 
dominated by the largest number of microstates (bond flips), the polymer 
mixture’s behaviour is dominated by the most likely  “number” of interactions
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Calculation

Consider a lattice with N sites that is 
filled with monomers such that

n1 monomers of type 1

n2  monomers of type 2

and N = n1 + n2

How many ways Ω(n1, n2, N) are there of placing n1 (blue) monomers and n2 
(red) monomers on the lattice?

Express the result in terms of the volume fractions φ1 = n1 / N and φ2 = n2 / N

ln Ω(φ1 , φ2) = ?
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Let species 1 be a polymer with N monomers, and volume fraction φ1

and species 2 a monomeric solvent with volume fraction φ2 = 1 - φ1.

The essence of the Flory Huggins theory is based on two points:

• the connectivity of the polymers is ignored when placing their monomers on 
the lattice

• the translational entropy of the polymers is reduced by a factor 1/N

U = energetic interactions among monomers and solvent proportional to their 
volume fractions   ~ φ (1 - φ)

S = translational entropy of the polymers and solvent

Flory-Huggins theory of polymer mixtures
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Notes
1) The first term is usually negligible because polymers have N >> 1 

(PEG has a molecular weight ~ 10,000 Da or more)

2) Polymers have very low translational entropy compared to solvent

3) Energetic term: every monomer in the polymers interacts with the solvent, a small, 
repulsive χ increases the energetic term very rapidly with polymer length

4) Temperature dependence of χ(T) ~ A + B / T and values of A, B are tabulated for 
different polymer mixtures.

Flory-Huggins theory of polymer mixtures

Why this form?

Plot F for several χ

βF = (φ/N) ln(φ) + (1 - φ) ln(1 - φ) + χ φ (1 - φ)

polymer
entropy 

energy favours 
separating if  χ > 0

solvent
entropy 

entropy favours mixing
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FH theory predicts a phase transition
as the parameter χ increases
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βF = (φ1/N1) ln(φ1) + (1 - φ1) ln(1 - φ1 ) + χ φ1 (1 - φ1 )

χ = 1 χ = 2.5

As the monomer-monomer repulsion increases, the homogeneous state 
becomes unstable to breaking up into two separate phases: one enriched in 
one polymer and the other enriched in the other polymer/solvent
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Flory-Huggins phase separation

χ > χC = 0.5.(1/sqrt(NA) + 1/sqrt(NB) )2

Minimising βF with respect to φA, φB predicts phase separation for mixing parameters satisfying

Fr
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Volume fraction

0.00 0.25 0.50 0.75 1.00

χ =  3

χ =  1

If N1 = N2 = 1 then χc = 2

For general N1  = N2 = N

 χc = 2/N

and for long polymers, χc  is 
small, which is why polymers 
usually don’t mix well.

The condition ∂F/∂φA = 0 (with N1 = N2) leads to χN1 = log((1-φ1)/φ1)/(1-2φ1)
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Entropic spring from Lecture 8
Think - Pair - Share

5 mins
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The free energy of an entropic spring is a 1dimensional model:

F(L/L0) = kBT ( L0/2a )( (1 - x) ln(1 - x) + (1 + x) ln(1 + x) - 2 ln2 )

and x = L/L0

And Flory-Huggins is a 2-dimensional lattice model:

( ln Ω )/N  = -φ ln(φ) - (1 - φ) ln(1 - φ)

where φ = n1/N

But we can show ( letting φ = (1 - x)/2 )

-φ ln(φ) - (1 - φ) ln(1 - φ) = 1/2( (1 - x) ln(1 - x) + (1 + x) ln(1 + x) - 2 ln2 ) 

Question:  why do these two models have the same free energy?
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Flory-Huggins/DPD equivalence

βFV = ρA/NA ln(ρA) + ρB /NB ln(ρB) - ρA/NA - ρB/NB+ βα(aAA ρA 
2 + 2aAB ρA ρB + aBB ρB

2)

where β = 1/kBT,     α ~ 0.1 from simulations

ρi = Number density of particles of type  i (NA = NB = 1)

aAA = aBB= like-particle conservative force parameter

aAB = unlike-particle conservative force  parameter

yielding the relation:   χ = 2 βα(aAB - aAA )(ρA+ρB),  between the Flory-Huggins parameter and the 
relative DPD cross interaction 

aAB - aAA.  As χ is known from experiment this allows DPD to be calibrated for polymer mixtures.

Now let x = ρA/(ρA + ρB) and assume that ρA + ρB ~ constant then:

βFV ~ x/NA  ln(x) + (1-x) /NB  ln(1-x) + χ x (1-x) + const.
Fig. 7 in Groot and Warren, 1997

Groot and Warren (1997) found a correspondence between the soft DPD fluid and the Flory-Huggins 
theory of polymer mixtures. 



BIOENG-455 Computational Cell Biology 16

Brangwynne et al. 
Nature Physics  11:899 (2015)

Can Flory Huggins theory explain LLPS?

Look at the density of 
condensed phase

When does an homogeneous polymer mixture  
become unstable to phase separation?

⇒ Translational entropy favours mixing

Problem: polymers interact along their whole length 

⇒ Monomers repulsion favours separation if  χ > χc

Problem: dense phase is too dense

Phase separated droplets of FUS are ~ 65% solvent by volume
(Murthy et al.  Nature. Struc. Mol. Biol. 26:637 (2019)
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We now have two approaches to understanding why IDPs might 
form biomolecular condensates:

- experimental/atomistic modelling: residues define the forces 
between IDPs that control whether they phase separate and 
their material properties

- coarse-grained modelling:  generic properties of polymers with 
sticky sites show a phase transition from dilute to concentrated
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Reduce an IDP to its simplest form: a semi-flexible polymer with sticky end-caps (telechelic)

Still many parameters:  molecular weight,  backbone stiffness, end-cap affinity,  concentration …

Choose two

A) Backbone length (molecular weight) = 16,  24,  32, … beads

B) Dimensionless end-cap affinity = [0, 1]; where 0 = no affinity and 1 = “very strong” affinity 
(defined in terms of the conservative interactions between end-caps and water)

N = 634 hydrophilic polymers (FH doesn’t apply) with increasing affinity

18
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Assembly

Box = 50 nm
N = 634
Affinity ε ~ 0.68 or weak

B is hydrophilic backbone
E is a hydrophilic binding site

Solvent is invisible for clarity

Mol. architecture:  E - B16 - E
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Assembly

Box = 50 nm
N = 634
Affinity ε ~ 0.76 or threshold

Mol. architecture:  E - B16 - E
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Assembly

Box = 50 nm
N = 634
Affinity ε ~ 0.8 or strong

Mol. architecture:  E - B16 - E
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Separation is independent of concentration and (almost) affinity,
and scales as a SAW with backbone length: <R> ~ N0.6

634 B16    ε = 0.8
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RDF of the nodes (red beads)
Increasing binding site sepn - peaks move apart 
(yellow to blue; red to brown)

Reducing affinity - no change in peaks
(yellow to red; blue to brown)

Node separation is modulated by the binding site location not affinity

Node separation controls porosity of the dense phase ~ diffusion of biochemical reactants
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Phase diagram
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• Reversible binding + entropy of fluctuations lowers the free energy of the condensed phase 
below the dispersed phase

• Condensed phase has a spatial structure, low density, and mass distribution not predicted by 
Flory-Huggins theory

• Spatial structure is controlled by binding site separation 

• Junction mass is modulated by binding site affinity

• Network porosity may functionally modulate diffusion and interaction of other proteins, and 
could be controlled by activating/deactivating interaction sites

Shillcock et al.,  Soft Matter 16:6413 (2020)
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Biomolecular condensates often assemble at membranes 
in signalling networks … and tight junctions

Chong and Forman-Kay,
Curr. Op. Struct. Biol. 41:180 (2016)

https://phasage.eu/phasage-conference-1/
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• No IDP-membrane attraction at 
Time = 0;  droplet forms in bulk

• Turn on at ~ 0.1 Tmax ;  
adsorption occurs

• Turn off at ~ 0.8 Tmax; IDPs 
desorb and forms droplet

Adsorption reduces bulk conc. 
so droplet dissolves

Can phase separation of bulk IDPs create membrane domains?
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Morphology diagram in the endcap-endcap / endcap-membrane plane

Wetting

Bulk LLPS

Domain formation by LLPS

Independent

Adsorption reduces bulk conc. 
so droplet dissolves
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System size

100 x 100 x 48 nm3

14837 lipids + 24 colipid/linkers
2477 telechelic polymers

Romeo and Juliet droplets
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Summary of lecture 
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Flory-Huggins theory predicts a phase transition in polymer mixtures because 
on average the monomers are constantly repelling each other between species (the 
chi - χ - parameter) - it’s a Mean Field Theory. 

DPD and Flory Huggins share a theoretical basis but simulations keep fluctuations

Assumptions of Flory-Huggins theory are wrong for LLPS (not all monomers repel, 
conformational fluctuations are important, not averaged over)

DPD is a good technique for exploring LLPS because:

 a) polymers are weakly interacting and fluctuate strongly

 b) they are in the fluid phase
 
 c) Material properties/structure of the dense phase probably don’t depend on 
atomic details, cp Van der Waals theory of liquid-gas phase transition.
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Biophysics is:

mapping (complex) biological processes onto (simpler) physical ones to reveal the 
principles underlying the biology
(random walks,  membrane surfaces,  polymer droplets)

hiding the complexity of biology within models/simulations
(packing parameter for lipids,  pore creation/growth parameters,  RW with binding 
sites for IDPs)

Equipartition theorem, random walks, diffusion, membrane-mediated forces,  
entropic spring,  Flory-Huggins theory,  LLPS

Building models based on:

what is important? energy,  entropy,  shape,  flexibility,  barrier,  fluctuations, …

what is ignorable?  detailed chemistry,  initial conditions,  diffusion, …

Summary of course
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Break  
10 minutes 
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