
Final exam  

When?       Friday, 16th January, 15.15 - 18.15 

Where?      SG 1138, SG 0211 

(seating plan will be distributed by email and at the door, 
come ~ 15 minutes early to find seat, special arrangements 
will be communicated in advance) 

Bring coloured pencils/pens, ruler, eraser, etc. 

5 pages (10 sides) of A4 paper with handwritten/drawn/
printed notes are allowed 

No calculators, phones, ipads, laptops, smart watches, etc.



Create your own exam question*

* I checked it is allowed by Lex rules.

Draw 2, 3 or 4 fixed points 
(including spirals or limit 
cycles) in a phase portrait as 
for last year. 

Mark 6 - 8 initial points by + 

(Check that you can actually 
work out where trajectories 
from those points go)

If I get at least 20 possible questions, one of them will be on the 
exam (assuming it’s not too easy, and that I can solve it.)



What does chaos have to do with biology?

Period doubling provides a mechanism by which a deterministic system can 
become chaotic. The system jumps between FPs that are so close they are 
influenced by noise in the environment, and this makes the motion chaotic. 

It appears that even highly complex natural systems, modelled by sets of 
ODEs, go along the same route to chaos as the simple 1D maps.

Some systems are inherently noisy or chaotic: 
• turbulent rivers  
• your heart rate (constant is bad, lack of flexibility) 
• number of fish in a lake from year to year, etc.

If we assume that natural phenomena are governed by continuous 
differential equations, e.g., Navier-Stokes equations for fluid flow, 
how do they produce random fluctuations?



https://fractalfoundation.org



3D Runge-Kutta integration of the Lorentz attractor 
(on moodle for 9th December)





Background quiz:  go.epfl.ch/turningpoint 

Session Id: julian23

All input is anonymous; data are stored outside CH

http://go.epfl.ch/turningpoint


Break





xn+1 = λ xn (1 - xn)

Iterating the discrete logistic map

For a given value of λ in the range (0, 4), pick a (random) 
starting value x0, in the range (0, 1), and apply the above map to 
get x1. Repeat N times. 
If there is a stable fixed point(s), the points will approach it



Cobweb plot  

Choose an xn, go vertically to xn+1 = f(xn), then horizontally 
to xn+1 (diagonal), then vertically again to  f(xn+1), etc. 

Either you spiral closer to the fixed point (stable), or you 
don’t (unstable).

r = 2.5 r = 3.2

When is a fixed point in a discrete map stable?



Return map for logistic map with r = 3.9, 
5000 points ignoring first 1500

xn

xn+1



xn+1 = λ xn (1 - xn) Iterate this for large n ~ 1000,  
and plot xn against λ



the period doubling route to chaos

λn λn+1

λn+2

δn = λn+1 - λn    ~ 4.6692… 
        λn+2 - λn+1 

αn ~ 2.503…



Feigenbaum numbers

δn = λn+1 - λn    ~ 4.6692… 
        λn+2 - λn+1 

αn ~ 2.503…

δ tells you that to reach the next splitting you must increase the 
control parameter by about 1/5 of its previous increment. 

Splittings get closer together! 

α gives the ratio of the separation of the new fixed points. 

This is called Period Doubling

Universality in Chaos, P Cvitanovic,  Adam Hilger 1984



xn+1 = r sin( π xn )

Exercise 13 explores the sine map

For a given value of r in the range (0, 1), pick a (random) 
starting value x0, also in (0, 1), apply the above map to get x1, 
then repeat N times. 
If there is a fixed point(s) in the map, the points will approach it. 

How are the fixed points in the chaotic regime distributed?



• 3D system of ODEs is much harder than 1D, 2D because 
trajectories can “escape” from nearby ones 

• A Poincare map transforms a 3D continuous problem into a 1D 
discrete iterated map 

• Different 3D systems can have the same return map, and so 
be modelled by the same 1D iterated map 

• Some 3D systems go chaotic via a process of period doubling, 
where their trajectories just “miss” being periodic as a 
parameter changes 

“Tricky” points


