Graded exercise 1

Graded Exercise 1 will be available on moodle after
next week’s lecture, and the solutions must be
uploaded to moodle before midnight Thursday, 16th
October (so you have 9 days)

Submit a single pdf document containing your hand-
written work / scanned images

Each person must submit their own solution, no
photocopies, nor one person in a group submitting a
single solution for several people

All questions should be done by hand

Submit early in case of glitches with the system



Background quiz



Background quiz: go.epfl.ch/turningpoint

Session Id: julian23

All input is anonymous; data are stored outside CH


http://go.epfl.ch/turningpoint

Break



Lecture 4 Introduction

There is only one |ID linear ODE: dx/dt = ax

2D linear problems are so varied, we need a scheme to classify
them.

2D non-linear problems are reducible to (locally) independent
linear problems; so solving a 2D linear problem is nearly all you
need to solve any non-linear 2D problem.

Each higher dimension allows new phenomena:in 2D we get new
types of fixed point: saddlepoints, spirals, and limit cycles.

You can visualize phase portraits using a 2D Runge-Kutta
integration scheme to create trajectories (see moodle for today)
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wx*% -4 A=y Given the 2D linear dynamical system:

dX/dt=M X

S
pirals where the matrix M = (a, b, ¢, d).
Calculate the trace T and determinant A of M:

T=a+¢c
det M =ad - bc

Draw XY axes with A as the X axis and 1 as
the Y axis.

Add the quadratic curve 1**2 -4 A =0 on rhs.

Locate the point (A, T) on the graph, and read
off the type and stability of the fixed point.

NB For fixed points on the curves, linear
stability analysis fails for nonlinear 2D systems.



Recipe for solving the general 2D linear dynamical system
1) Given dX/dt = M X, the type of FP at the origin is determined by the trace (1) and determinant (A) of M.
2) Draw the A-T plot from previous slide, and add the curve T*2 - 4*A = 0 on the right hand side. Locate the
fixed point of M by its (A, 1) value, and read off its type and stability.
(if you just want the type/stability of FP, stop here)

3) On the phase portrait, draw the nullclines where dx/dt = 0 or dy/dt = 0. Mark the direction of flow of the
other component of the vector field on the nullclines.

4) Find the eigenvalues, A1 A2 ,and eigenvectors, V1 V2 | of the matrix M.

5) Draw the eigenvectors of M (they are always straight lines in the plane). and fill in the vector field around
the fixed point

Trajectories approach (leave) a stable (unstable) node parallel to the slow eigendirection (smallest
magnitude eigenvalue) as time goes to plus infinity, and become parallel to the fast eigenvector as time
goes to minus (plus for unstable) infinity

Trajectories approach the unstable manifold of a saddlepoint as time goes to infinity, and the stable manifold
as time goes to minus infinity.
(if you just want the qualitative solution, stop here)

6) Write the general solution as: X(t) = c1 exp(A1t) Vi +caexp(A2t) V2

7) Given an initial condition (x0, y0) solve X(0) = ¢1 V1 + c2 V2 for c1, c2 and draw the trajectory.
(This is the full solution)



Tricky points

Trajectories never cross: don’t draw them crossing on a phase
portrait, even roughly (they meet at nodes and stars, but not at
saddlepoints)

Nullclines are curves defined by dx/dt = 0 or dy/dt = 0, they are
not always a trajectory of the system.

Nullclines do not always coincide with the axes

Nullclines are straight lines for linear 2D systems (why?), but
are usually curves for non-linear systems.

Be able to distinguish slow/fast eigenvectors of a node from
stable/unstable manifolds of a saddlepoint and nuliclines

Know the tau-delta plot. The type of fixed points on the
boundaries between regions may not be correctly identified by
linear stability analysis for nonlinear systems.



