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CHSH inequality .

=

Bell proved au Inequality that can be

experimentale , herhed to decide if two parties

Share
"

corrélations " only explaimable by the

enteangled staten of QM en exrlainahh by more

moun dame corrélations coming from a common

classica l hidden cause (en variable ) .

Later Clausen
,
Horne

,
Shimon} and Holt

derived au Inequality beHer sailed for expérimente

the CHSH Inequality .
We briefly review it

here
.

There exist by now a whale tooleda of



②
"

Bell inyualih.cn
"

•

Cet Alice and Bob de separated by a

Sreet distance and assume theycannotcannwneahe .

A source distributeur a pain of qubits in

same arbitra rz State LX ) f ¢2☒ ¢
' and

they perform local Independent measurement

?⃝ ⑤
earth#14)

tson→
- won

Alice performs measurement in are of two

possible orthonormal basis { IL> , txt > } en

{12 ' ) , Ité ) } where { IL > = conxlo)+ six 11 )1×+2 = Suis to)- cesse / 1)



③

Similar ly Bob performs measurement, in one

of tue possible orthonormal basis { Ip ) , IP≥ >{a

{ 1f ')
,
IPI > | where { 4) = cap to> & simples

/ P, ) = Sinis to > - ces f12 >

This is repeated at each time instant
.

Analysés of expriment within class ical local

ʰi
Eaw_result of Alice is

Mended as a variable A ( x
,
7) c- { ± / }

en A Cx '
,
d) c- { ± IS .

Each measurement

result of Bob is recaded on a variable B ( p, d )

a BCP ! d) c- { ± / } .

Here I is a
"
hidden variable

"

that characters

the pain distribue ted
.
This can be a determinesbi

variable a more generally a tandem variable



④

with distribution Lcd ) ≥ o
, fdd =L

.

It is also assumed here that A ( •
,
] )

and B ( •
,
d) au descriptions of the

results of Alice and Bob as they depend only en

✗ ( a x ' ) and p ( ap
' ) and not ( x

, } )

simultaneously . @f course Alice and Bob should

not communicante en there should met be any

super luminol hidden communication between them. )

One all results of measurement are

collected Alice and Bob get tote then and

Compute the average i

{
EH
, F) = fdthHAK.tl B ( P.d )

Et
, p
') = fddhti Acht / BCP ! JI

E (x ! p) = fdd ha Act! d) B (j , d)

E (x ! p
' ) = fdd has Act!d) Bcp;D)



⑤
and then the

correkti-ff.is
= E (x

, p) - E ( x
'

, f) + E (x ! P ) +Et! p
')
.

theorem-ct-s-itz-falocalhiddeuvantteay-r.IS
≤ + 2

Proof.se
= fdd Là { A Cast ) B (BI ) - Aca, d) Bcp !»

+ A (x!d) Bcp, d) + AK!d) B- (p,
'd)

= fdb LUI { A ( x, d ) ( BCP> d) - B (PSN)

+ A ( x '
,
d) ( B (p> d) + BCP ! d) )}



⑥
Since the A & B fonctions tekevalues in

{± | } we have B ( Bt) - B ( j'•d) = -2,0>2

and B ( P- d) + Bcpst ) = -2
,
o
,
r
.

Notre also that one of the two mustvanishe !

Therefore

A- ( x
,
d ) ( Bcp, d) - BCP ! )) ) + A là, d) (Bcp» +13343!»)

c- {- 2 , o , 2 } .

Sinn S is an average of these velues
,
it must

be in the Interval [-2,1-2] .

=D - 2 ≤ S ≤ 2

*

In summary if the World is described by some

alouates
local hidden variable theory we shonld-fids.cz

in expérimentes [ this is famous ly 1ˢᵗ Recase fa )
.suiteble x

, 1.x! P
'
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AiÏ

According to QM Alice measures the observables

{ A = 4-1)
la > <✗ l + c- i ) txt > <« l

on

A
'

= C- s ) K
' > <x ' I t C-n 12f > <✗I I

and Bob measures

{
B. = ⇔ ) tp > < il + , 1ft > < f+1

or

D' = en pp
'
> < j' 1 + , 1ff > < PI I

If the source distribution a State Ly ) c- ¢
'

-0 à

we have according to the QM :

E- ( x
, p ) = < y / A Bly >

E (x
, p
'
) = < 4 / A B

' 14 >

E (x'
, P ) = < 4 / A 'Il 4){
, , , , , , , , , , ,

,
,
,
, , ,



⑧

If tu >= lyt >= 1- (% ⑦ to >qpgt
l'↳ ④ l' )

Tz

is an EPR -pain a coup- tatien shows (exercise !)

( E ( &, f) = ces &@ - A) ; E ( x, p ')= ces @& - P '))

EL L '
, p ) = ces⇔ '

-p)) i E ( ✗5,3
'

) = ces@*
'
-P
'))

Thus for the correlation coefficient we have

S = Cos 2d- f) - ces Xx - p ') + ces 2K
'
-f) + cas 2@

'
-p') .

If we maximix this over x
,
x
'

,
B
,
B
'

we find

the max for ✗ =

Eg , x
'
= O

, P = Ig , j'= _ Igs .

⇒ S = Cos 1T

-4
- ↳53 t ↳SI

,
+ cas ÷ = 4 . ces = 2F .

⇒ s-i.FI .

Thus the C test/Bell inequality is violahed . Experienced
this is indeed the can !E? .



⑤

Application :EkuttsslQKDprotocol.rs

• Alice & Bob have acum to a source of ERR

pains i- state txt ) for each time instant .

• Alice measures her qubit by chewing random by

a basis with X
,
= - In , ti - Eg , ↳ = o and

she records the clan ical hit ✗ = +1 if the outcome

is Id ) and ✗ = - I of the couteau is 1×+7 .

• Bob measure his qubit by Choo ring tandem Cy

a basis with P, = _ Ig , 132=0 , P] = Ig and be

records the daniel hit
y = ±

I of the antenne is

I p ) and y = - I if the outcome is LH ) .

• Alice & Bob communiste publicby their basis

Choices
. They select the time instants such that

their choin. were (✗
z P] ) , (x] P, ) , (X, P, ) , (x, P])

[ These are dfhe
"

CASH
"

angler ]
.



④
and they Compute a correlation coefficient

S = E (✗3,133 ) t ECX] , P , ) - E(x, ,B) + E (X, P,)

If there is no eaves dropper they should find

S = 2Fr ( au with a Small amount of mein24542ff

• Fa the secret Keg ( one - time pad ) Alice and Bob

talle the measurement remets ✗ = y

whenthei_4aischoicerauide_ntial@z.Pz) n (Xx , P , ) .

Æü :

Boblsbasischoius_i-@2g.o÷
.

→ ✗
~ = a

LE - Ig
8✗

i. - T/
y



④

w_timfftEY@IfEvecaptuunthehvognh.tsef
/LÉ ) and

does some measurement and learn them in a

product state then there is no enfantement left

and the correlation coefficient wll be 1St < 2 .

A & B wel notice during their Security check
.

• If Eve Sands au entanjled state to A & B

( soy she copies the EPR pain ) and nuits until the

public communication phare to perform the same

measurement than A & B
.
Some though shows that

she get the same remets than A & Bouly helf of the time .

ah .


