
Gauge Theories and the Standard Model

Problem Set 10

Due Tuesday, December 3, in class (BSP 727)

Problem: Symmetries of the linear σ-model

Consider the theory of QCD with 2 families of light quarks. This theory has a so-called isospin
global symmetry, which refers to the approximate unbroken SU(2) global symmetry of the
theory. The Lagrangian for the associated linear σ-model is given by

L =
1

2

[
(∂µπ)

2 + (∂µσ)
2
]
+ N̄iγµ∂µN

+ gN̄(σ + iγ5τ · π)N + µ2(σ2 + π2)− λ

4
(σ2 + π2)2

where N =

(
p
n

)
is an isospin-12 nucleon field, π = (π1, π2, π3) an isospin one pion field, and σ

and isospin zero scalar field. It is convenient to use a 2×2 matrix to represent the spin zero
fields collectively:

Σ = σ + iτ · π. (1)

(i) Show that the Lagrangian is invariant under the isospin transformations. Find the
corresponding conserved isospin vector current V i

µ, with i = 1, 2, 3.

(ii) Show that the Lagrangian is invariant under the axial isospin transformations

N → N ′ = exp

(
i
τ · β
2

γ5

)
, Σ → Σ′ = V †ΣV †, (2)

where V = exp ( i2τ · β) is an arbitrary 2×2 unitary matrix with β = (β1, β2, β3) a set of
real constants. Find the corresponding axial-vector currents Ai

µ.

(iii) Calculate the charge commutators [Qi, Qj ], [Qi
5, Q

j
5] and [Qi, Qj

5], where Qi =
∫
d3xV i

0 (x)
and Qi

5 =
∫
d3xAi

0(x) .

(iv) Calculate the commutator of particle fields with the vector and axial-vector charges.

(v) What is the interpretation of these commutators?
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