
AQFT - Exercise Set 2

Exercise 1

Compute explicitly the wave functions in the helicity basis1 for a massive spin 1/2 particle and its
anti-particle, mediated by the Dirac (4-component) spinor

u(p, λ) = ⟨0|Ψ(0)|p, λ; r⟩ and v∗(p, λ) = ⟨0|Ψ∗(0)|p, λ; r̄⟩ (5)

with normalization u†u = v†v = 2E. The states with r and r̄ correspond to particle and antiparticle.
In the following we will assume the theory to be invariant under both charge conjugation and parity.
The particle/anti-particle states are then related via charge conjugation

U(C) |p, λ; r⟩ = |p, λ; r̂⟩ (6)

whose action on the Dirac spinor is given by

Ψc(x) = U(C)†Ψ(x)U(C) = −iγ2Ψ∗(x). (7)

You may want to also use parity transformation for particles at rest

U(P )†Ψ(t, x⃗)U(P ) = γ0Ψ(t,−x⃗). (8)

Exercise 2

Consider a massive spin-2 particle state in the helicity basis |p, λ⟩ with p2 = m2 and λ = −2,−1, 0, 1, 2.
A symmetric rank-2 tensor can interpolate for those states

ψµν(x) = εµν(p, λ)e−ipx = ⟨0|hµν(0)|p, λ⟩ . (9)

• Find the polarizations in the rest frame p̄µ = (m, 0, 0, 0), εµν(p̄, λ).

• What are the constraint that they satisfy?

• Show that the constraints in an arbitrary reference frame can be written as

∂µψ
µν = 0, ψµ

µ = 0. (10)

• Prove that the Fierz-Pauli equation

□ψµν − ∂σ∂µψ
σ
ν − ∂σ∂νψ

σ
µ + ∂µ∂νψ + ηµν(∂λ∂σψ

λσ −□ψ) +m2(ψµν − ηµνψ) = 0, (11)

with ψ = ψµ
µ , leads to the constraints above.

1Let us remind the definition of the helicity basis for massive single particle state. Consider the state of the particle
in its rest frame where p̄µ = (m, 0, 0, 0): |p̄, λ⟩ where, in this frame, λ is defined for convention as the projection of the
angular momentum along the third axis

J3 |p̄, λ⟩ = λ |p̄, λ⟩ , (1)

and it takes values λ = −j, ..., j with j the spin of the particle. A state with generic momentum pµ is then defined as

|p, λ⟩ = U(R(θ, ϕ))U(B(η)) |p̄, λ⟩ , (2)

where
B(η) = e−iηK3

, (3)

is the boost that fixes the energy of the particle to be equal to p0, coshη = p0/m, and the rotation

R(θ, ϕ) = eiϕJ
3
e−iθJ2

e−iϕJ3
, (4)

adjust the direction of motion to be p̂. What is the physical meaning of λ for a state with generic momentum pµ?
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