
�m Zoodshydq sn lncdqm cdudknoldmsr nm sgd JZqcZq?OZqhrh?YgZmf tmhudqrZkhsx
bkZrr

JZytlZrZ �0 SZjdtbgh
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�arsqZbs

Sgd JZqcZq?OZqhrh?YgZmf –JOY( tmhudqrZkhsx bkZrr cdrbqhadr Z aqnZc qZmfd ne mnm?dpthkhaqhtl fitbstZshnmr: hmbktchmf
sgnrd ne fqnvhmf hmsdqeZbdr: chqdbsdc onkxldqr Zmc oZqshbkd sqZmronqs: sn mZld ats Z edv0 Rhmbd sgd xdZq 1999: ntq
tmcdqrsZmchmf ne sgd nmd?chldmrhnmZk JOY bkZrr gZr addm bnlokdsdkx qdmdvdc ax lZsgdlZshbZk ogxrhbr ZooqnZbgdr
aZrdc nm dwZbs rnktshnmr0 LZsgdlZshbZk ogxrhbr gZr okZxdc Z bdmsqZk qnkd rhmbd sgdm: kdZchmf sn Z lxqhZc ne mdv
cdudknoldmsr: ats sgdhq hlokhbZshnmr Zqd bkdZqkx mns khlhsdc sn lZsgdlZshbr - Zr Z lZssdq ne eZbs: hs bZm Zkrn ad rstchdc
dwodqhldmsZkkx0 Sgd Zhl ne sgdrd kdbstqd mnsdr hr sn oqnuhcd Zm hmsqnctbshnm sn sgd ıdkc sgZs hr Zbbdrrhakd sn mnm?
rodbhZkhrsr: qduhdvhmf aZrhb oqnodqshdr ne sgd JOY bkZrr Zmc ghfgkhfgshmf lZhm ogxrhbZk ntsbnldr ne lZsgdlZshbZk
cdudknoldmsr rhmbd sgd xdZq 19990 Hs hr vqhssdm hm Z aqhde Zmc rdke?bnmsZhmdc lZmmdq: vhsg dlogZrhr ots nm ogxrhbZk
hmsthshnmr Zmc hlokhbZshnmr: vghkd nmkx Z rlZkk –Zmc lnrskx mns sgd kZsdrs( eqZbshnm ne lZsgdlZshbZk cdudknoldmsr
bntkc ad bnudqdc0 Khpthc?bqxrsZk dwodqhldmsr ax sgd Ztsgnq Zmc bnvnqjdqr Zqd Zkrn qduhdvdc0

Jdxvnqcr. JZqcZq?OZqhrh?YgZmf tmhudqrZkhsx bkZrr: hmsdqeZbd fqnvsg: dwZbs rnktshnm: SqZbx?Vhcnl chrsqhatshnm:
qZmcnl lZsqhw sgdnqx: hmsdfqZakd rxrsdl: dwbktrhnm oqnbdrr

y0 Hmsqnctbshnm

Ogxrhbr ne bqhshbZk ogdmnldmZ: Zr qdoqdrdmsdc ax sgnrd ne sgd Hrhmf lncdk: hr nmd ne sgd lnmtldmsr ne rsZshrshbZk
ogxrhbr0 Eqnl sgd Ztsgnq#r onrrhakx ahZrdc uhdv: hs vZr entmcdc bnnodqZshudkx ax sgdnqdshbZk rstchdr )fl[: ansg qhfnqntr
Zmc mnm?qhfnqntr: Zr vdkk Zr ax dwodqhldmsr )1[0 Lnqd oqdbhrdkx: vgdm �mcqdvr chrbnudqdc sgd khpthc?uZonq bqhshbZk
onhms hm sgd fl8sg bdmstqx )2[: vgZs gd nardqudc vZr sgd Hrhmf bqhshbZk adgZuhnq eqnl sgd lncdqm uhdvonhms: sgntfg sgd
Hrhmf lncdk vZr hmudmsdc ltbg kZsdq0 Hm sgd lhc 19sg bdmstqx: sgd svn?chldmrhnmZk Hrhmf lncdk vZr rnkudc dwZbskx
ax NmrZfdq: Zmc rtardptdmskx ax JZtelZm Zmc MZlat )3-6[0 Sghr dwZbs rnktshnm bkdZqkx hmchbZsdc sgd dwhrsdmbd ne
mnmsqhuhZk bqhshbZk adgZuhnq sgZs hr chΨdqdms eqnl sgd oqdchbshnm ne sgd ldZm ıdkc sgdnqx0 Lnqdnudq: hs stqmdc nts sgZs
bqhshbZk ogdmnldmZ dwghahs bdqsZhm dwsdms ne tmhudqrZkhsx: Zr rtffdrsdc ax dwodqhldmsZk nardquZshnmr ne khpthc?uZonq
rxrsdlr: ahmZqx khpthc lhwstqdr Zmc lZfmdsr )1[0 Sghr tmhudqrZkhsx vZr bkdZqkx Zbbntmsdc enq ax Vhkrnm#r qdmnqlZk?
hyZshnm fqnto )7[ nm sgd aZrhr ne bnmshmttl dptZshnmr rtbg Zr sgd φ3 lncdk: vghbg Zkknvdc tr sn bkZrrhex bqhshbZk
ogdmnldmZ hm sdqlr ne tmhudqrZkhsx bkZrrdr0 Sghr khmd ne qdrdZqbg lZqjdc etqsgdq lhkdrsnmdr: rtbg Zr sgd entmcZshnm ne
bnmenqlZk ıdkc sgdnqx )8[: Zmc hs bnmshmtdr cnhmf rn: Zr dwdlokhıdc ax qdbdms cdudknoldmsr ne bnmenqlZk annsrsqZo
sgdnqx )fl9[ sZbjkhmf sgd sgqdd?chldmrhnmZk Hrhmf oqnakdl0

�kk sgdrd cdudknoldmsr bnmbdqm bqhshbZk ogdmnldmZ Zs sgdqlZk dpthkhaqhtl0 Sgdm: cndr sgdqd dwhrs rtbg Z adZtshetk
ogxrhbr enq rxrsdlr cqhudm nts ne dpthkhaqhtl! Mn nmd jmnvr sgd Zmrvdq xds: ats cdudknoldmsr sgZs lhfgs qdrdlakd
sgd cZvm ne sgd dpthkhaqhtl bntmsdqoZqs bZm ad entmc hm qdbdms rstchdr nm sgd JZqcZq?OZqhrh?YgZmf –JOY( tmhudqrZkhsx
bkZrr )flfl-fl6[0 Sgd JOY bkZrr: adrs jmnvm Zr sgd rhlokdrs fdmdqhb bkZrr enq fitbstZshnmr ne fqnvhmf hmsdqeZbdr )flfl[: hr
Zkrn qdkZsdc sn Z vhcd uZqhdsx ne mnm?dpthkhaqhtl fitbstZshnmr: hmbktchmf chqdbsdc onkxldqr: rshqqdc fithcr: Zmc oZqshbkd
sqZmronqs sn mZld ats Z edv0 Etqsgdqlnqd: enq sgd nmd?chldmrhnmZk –flC( bZrd: lZsgdlZshbZk rstchdr gZud tmudhkdc
mnmsqhuhZk bnmmdbshnmr sn qZmcnl lZsqhw sgdnqx: bnlahmZsnqhZk oqnakdlr: Zmc hmsdfqZakd rxrsdlr0 Sghr gZr cqhudm
hmsdmrd Zbshuhshdr sn hmudrshfZsd dwZbs fitbstZshnm oqnodqshdr ne sgd flC JOY bkZrr Zmc hsr lZsgdlZshbZk rsqtbstqd adghmc:
oqnuhchmf Z fqdZs mtladq ne dwZbs qdrtksr )fl3-fl7[ vghbg Zkrn gZud dwodqhldmsZk qdkduZmbd )fl8-1fl[0

Oqdoqhms rtalhssdc sn OgxrhbZ � �oqhk flfl: 18fl7
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Ehftqd fl. DwodqhldmsZk dwZlokdr ne fqnvhmf hmsdqeZbdr0 –Z( Eqnms dunktshnm ne bZmbdq bdkk bnknmhdr –”GdKZ bdkkr; eqnl gtlZm bdquhw bZmbdq(
btkstqdc hm Odsqh chrgdr )13[0 Gdqd sgd bnknmhdr Zqd svn?chldmrhnmZk: rn sgZs sgd hmsdqeZbdr Zqd nmd?chldmrhnmZk: Zmc sgdx fqnv adbZtrd ne sgd
chuhrhnm ne bZmbdq bdkkr0 Sgd flC JOY dwonmdmsr vdqd entmc )13[0 RhlhkZq fqnvsg vZr Zkrn nardqudc vhsg Udqn bdkkr –eqnl �eqhbZm Fqddm Lnmjdx
jhcmdx(: vghbg Zqd mns stlnqhfdmhb ats hmuZrhud )14: 15[0 –a( Cdonrhshnm ne rogdqhbZk bnkknhc oZqshbkdr nmsn sgd dcfd ne Z rtrodmrhnm cqnokds: ctqhmf
hsr duZonqZshnm oqnbdrr )16[0 Ekthc finvr ntsvZqc adbZtrd ne bZohkkZqx dΨdbs: bZqqxhmf bnkknhcr Zmc kdZuhmf sgdl Zs sgd cqnokds dcfd0 Sgd flC
JOY dwonmdmsr vdqd nardqudc vgdm rkhfgskx dknmfZsdc oZqshbkdr vdqd trdc )17[0 Qdoqhmsr vhsg odqlhrrhnm eqnl )13[–Z( Zmc )16[–a( vhsg rnld
ZcZosZshnmr0 Sgd Zwdr Zmc sgd Zqqnvr: Zr vdkk Zr sgd ZrrnbhZsdc kZadkr: Zqd Zccdc ax sgd oqdrdms Ztsgnq0 Sgd chrokZxdc Zlokhstcdr ne δg Zqd nmkx
rbgdlZshb0

Sgd Zhl ne sgdrd kdbstqd mnsdr hr sn sdlos mnm?rodbhZkhrsr hmsn sghr qZohckx dunkuhmf ıdkc Zqntmc sgd JOY bkZrr0 Hs hr
mns Z qduhdv ne qdbdms lZsgdlZshbZk ZooqnZbgdr mnq Z sdbgmhbZk fthcd sn rnkud sgd oqnakdlr: enq vghbg sgd qdZcdqr Zqd
qdedqqdc sn lnqd ZooqnoqhZsd qduhdvr )fl3: fl4: fl6: fl7[ Zmc qdedqdmbdr sgdqdhm0 HmrsdZc: hs hr hmsdmcdc sn oqnuhcd trdetk
hmenqlZshnm enq mnm?rodbhZkhrs ogxrhbhrsr sn inhm sgd fZld: hm Z aqhde ats rdke?bnmsZhmdc lZmmdq. gnv sgd JOY bkZrr hr
khmjdc sn uZqhntr oqnakdlr: vgZs sgd lZhm ntsbnldr Zmc hlokhbZshnmr enq ogxrhbhrsr Zqd: Zmc vgZs jhmc ne hmsthshnmr
vd bZm trd: eqnl sgd khlhsdc uhdv ne Zm dwodqhldmsZkhrs Zclhqdq Zmc trdq ne sgnrd lZsgdlZshbZk cdudknoldmsr0

Sgdrd kdbstqd mnsdr Zqd nqfZmhydc Zr enkknvr0 Rdbshnm 1 cdrbqhadr vgZs jhmc ne hmsdqeZbdr vd cdZk vhsg: nm sgd
aZrhr ne rnld dwodqhldmsZk nardquZshnmr0 Rdbshnm 2 hmsqnctbdr bnmshmttl dptZshnmr Zmc sgdhq ZrrnbhZsdc tmhudqrZkhsx
bkZrrdr: hmbktchmf sgd JOY dptZshnm Zmc sgd JOY bkZrr: Zmc qduhdv sgdhq aZrhb oqnodqshdr0 Oqnodqshdr ne sgd JOY
dptZshnm Zqd etqsgdq cdrbqhadc hm Rdb0 30 Rdbshnmr 4 Zmc 5 hkktrsqZsd rnld dwZbs qdrtksr enq sgd flC JOY bkZrr: enbtrhmf
nm sgd chrsqhatshnm ne hmsdqeZbd fitbstZshnmr0 Rdbshnm 6 qduhdvr dwodqhldmsZk nardquZshnmr ne fqnvhmf hmsdqeZbdr hm
stqatkdms khpthc bqxrsZk: sn ad bnloZqdc vhsg sgd dwZbs qdrtksr cdrbqhadc hm sgd oqdbdchmf rdbshnmr0 Hm Rdb0 7 vd aqhdfix
chrbtrr sgd rhstZshnm hm ghfgdq chldmrhnmr0 Rdbshnm 8 oqnuhcdr aqhde bnmbktchmf qdlZqjr0

10 DwZlokdr ne pthdrbdms Zmc fqnvhmf hmsdqeZbdr

Sgd rtqeZbd ne vZsdq Zs qdrs hr Z rxlank ne rnldsghmf fiZs Zmc rlnnsg0 Hmcddc: Zbbnqchmf sn sgd bZohkkZqx vZud
sgdnqx )11[: vghbg Zbbntmsr enq sgdqlZk dwbhsZshnmr ne rtbg Z eqdd hmsdqeZbd adsvddm svn fithc ogZrdr: sgd Zlokhstcd ne
fitbstZshnmr tmcdq fqZuhsx hr hm sgd nqcdq ne

]
jAS<γ vhsg sgd AnksylZmm bnmrsZms jA: sdlodqZstqd S : Zmc hmsdqeZbhZk

sdmrhnm γ0 Enq lnkdbtkZq fithcr: hs hr trtZkkx rgnqsdq sgZm fl ml )11: 12[, sgdqdenqd: sgd hmsdqeZbd hr rtffbhdmskx rlnnsg
vgdm nardqudc Zs lZbqnrbnohb kdmfsg rbZkdr0 Ats vgZs gZoodmr he nmd ne sgd ogZrdr hr lnqd rsZakd sgZm sgd nsgdq:
gdmbd sZjhmf nudq sgd qdfhnm ne sgd ldsZrsZakd rsZsd! VgZs gZoodmr he nmd ne sgd ogZrdr hr rnkhc Zmc lnkdbtkdr Zqd
cdonrhsdc nm hs nmd Zesdq Zmnsgdq: rtbg Zr hm sghm ıkl fqnvsg! VgZs gZoodmr he sgdqd hr Zm ZffqdfZsd ne oZqshbkdr sgZs
bZm qdokhbZsd sgdlrdkudr: rtbg Zr khuhmf bdkkr! Nq: bnmudqrdkx: vgZs gZoodmr he oZqshbkdr Zqd adhmf qdlnudc eqnl sgd
rtqeZbd ne sgd ZffqdfZsd! Hm Zkk rtbg bZrdr sgd hmsdqeZbd –nq sgd dcfd ne sgd ZffqdfZsd( vhkk lnud hm dhsgdq chqdbshnm:
sxohbZkkx vhsg fitbstZshnmr fqnvhmf hm shld0

Kds#r rdd rnld dwZlokdr0 Ehftqd fl–Z( rgnvr rmZorgnsr ne bnknmhdr ne gtlZm bZmbdq bdkkr –GdKZ(: btkstqdc hm
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Ehftqd 1. Rjdsbg ne sgd cdımhshnm ne sgd hmsdqeZbd vhcsg v–`. s(0 Sgd rsZmcZqc cduhZshnm ne g–w. s( hr bZkbtkZsdc vhsghm Z vhmcnv ne kZsdqZk rhyd `0 Hs
hr sgdm ZudqZfdc nudq roZbd –ax rgheshmf sgd vhmcnv( Zmc qdZkhyZshnmr: Zmc sghr cdımdr sgd hmsdqeZbd vhcsg v–`. s(0

Odsqh chrgdr )13[0 Sgnrd bdkkr vdqd hmhshZkkx btkstqdc vhsg Zm narsZbkd ZssZbgdc nm sgd Odsqh chrg anssnl: vghbg rds
sgd hmhshZkkx rsqZhfgs anqcdq ne bnknmhdr0 Vgdm sgd narsZbkd vZr qdlnudc: sgd bnknmx rsZqsr sn dwoZmc adbZtrd ne
bdkk chuhrhnm Zmc lnshkhsx0 �r Z qdrtks: sgd hmsdqeZbd lnudr hm sgd mnqlZk chqdbshnm: ats fitbstZshnmr Zkrn rsZqs sn
cdudkno: adbZtrd ne sgd rsnbgZrshb mZstqd ne bdkk adgZuhnq0 Sgdm sgd rmZorgnsr hm Ehf0 fl–Z( rtffdrs sgZs sgnrd hmsdqeZbd
fitbstZshnmr fZhm kZqfdq Zmc kZqfdq rsqtbstqd Zr shld dkZordr0

Ehftqd fl–a( rgnvr Zmnsgdq dwZlokd: sZjdm eqnl Zm dwodqhldms ne ”bnΨdd qhmf dΨdbs; )16[ - Z eZlhkhZq ogdmnldmnm
nardqudc vgdm Z cqnokds ne bnΨdd hr cqhdc nm Z rnkhc rtqeZbd: vghbg kdZudr Z qhmf ne bnΨdd oZqshbkdr nm sgd rtqeZbd0
Sgd enqlZshnm ne sgd qhmf hr ctd sn sgd cdonrhshnm ne oZqshbkdr nmsn sgd cqnokds dcfd: bZqqhdc ax fithc bZohkkZqx finv0
Hm Ehf0 fl–a(: onkxrsxqdmd adZcr vdqd trdc Zr oZqshbkdr: Zmc sgd cdonrhshnm vZr lnmhsnqdc ax Z lhbqnrbnod –rdd Zkrn
RtookdldmsZqx Lnuhd 2 ne )16[(0 Nmd bZm ZfZhm rdd sgZs: Zr sgd eqnms ne sgd cdonrhsdc oZqshbkdr lnudr hmvZqc: hsr
fitbstZshnmr cdudkno: adbZtrd ne qZmcnl cdonrhshnm ne oZqshbkdr0 Gdqd vd bZm Zkrn rdd sgZs sgnrd oZqshbkdr hmsdqZbs,
rnldshldr sgdx bnkkhcd Zmc rshbj sn dZbg nsgdq: Zmc hm eZbs sgdx bZm hmsdqZbs sgqntfg cdenqlZshnm ne sgd Zhq?khpthc
rtqeZbd0

Hm sgd khsdqZstqd: rtbg jhmdshb qntfgdmhmf ne hmsdqeZbdr gZr addm qdonqsdc hm Z vhcd uZqhdsx ne fqnvsg oqnbdrrdr
)fl1: fl2: 18[: bkZrrhbZk dwZlokdr adhmf aZbsdqhZ bnknmhdr nm ZfZq: rknv bnlatrshnm ne oZodq: fqnvsg ne rnkhc sghm ıkl:
dsb0 Jhmdshb qntfgdmhmf rddlr sn ad Z bnllnm edZstqd ne hmsdqeZbdr sgZs fqnv sgqntfg rgnqs?qZmfdc hmsdqZbshnmr tmcdq
sgd hmfitdmbd ne mnhrd: vgdsgdq hs hr hmgdqdms sn cxmZlhbr –rtbg Zr bdkk chuhrhnm( nq qdrtksr eqnl gdsdqnfdmdhsx ne sgd
rxrsdl –rtbg Zr ıaqntr rsqtbstqd ne oZodq(fl0 Sgnrd hmsdqeZbdr Zqd mns ldqdkx rhlhkZq hm sgd ptZkhsZshud rdmrd: ats hm
lZmx bZrdr sgdx gZud Z rsqhjhmf ptZmshsZshud oqnodqsx: mZldkx: rbZkd hmuZqhZmbd0 Sgd dwZlokd ne bZmbdq bdkk bnknmx
fqnvsg hm Ehf0 fl–Z( adZtshetkkx rgnvr sgZs: Zr shld s hr hmbqdZrdc: ansg sgd Zlokhstcd ne hmsdqeZbd fitbstZshnmr δg Zmc
sgd kdmfsg ne bnqqdkZshnm hm sgd roZmvhrd chqdbshnm w rddl sn fqnv0 Sn ptZmshex sghr: vd cdımd sgd gdhfgs ne hmsdqeZbd
g–w. s( Zr Z rhmfkd?uZktdc etmbshnm ne roZmvhrd onrhshnm w Zmc shld s –Ehf0 fl–Z((1 Zmc ldZrtqd sgd rsZmcZqc cduhZshnm ne
g–w. s( vhsghm vhmcnvr ne kZsdqZk rhyd `: vghbg hr bZkkdc sgd hmsdqeZbd vhcsg v–`. s( –Ehf0 1(0 Hm lZmx dwodqhldmsr: Zr
vdkk Zr hm snx lncdkr ne fqnvsg oqnbdrrdr: sgd enkknvhmf onvdq kZv gZr addm entmc enq sghr v–`. s( )fl1: fl2[: bZkkdc sgd

fl Hm sgd oqdrdmbd ne mnm?knbZk hmsdqZbshnmr: jhmdshbr Zmc qdrtkshmf lnqognknfx ne hmsdqeZbdr bZm ad udqx chΨdqdms0 Enq dwZlokd: he oZqshbkdr bZm
chΨtrd eqddkx hm sgd rtqqntmchmf dmuhqnmldms adenqd sgdx Zcgdqd sn sgd hmsdqeZbd: sgd fqnvsg hr bnmsqnkkdc ax sgd cdmrhsx ıdkc ne chΨtrhmf oZqshbkdr:
vghbg hr ZΨdbsdc ax sgd fknaZk rsqtbstqd ne sgd hmsdqeZbd0 EqZbsZkr sdmc sn ZoodZq hm rtbg Z bZrd, rdd )fl1[0

1 Ax trhmf sgd rhmfkd?uZktdc etmbshnm g–w. s(: vd hfmnqd nudqgZmfr ne sgd hmsdqeZbdr0 Hm sgd khsdqZstqd: Z fqnvsg dptZshnm enq Zm hmsdqeZbd ne fdmdqZk
rgZod: hmbktchmf nudqgZmfr: vZr oqnonrdc )29[0 Nm sgd aZrhr ne mtldqhbZk qdrtksr oqdrdmsdc hm sgZs oZodq )29[: sgd dΨdbs ne nudqgZmfr rddlr sn
ad lhmnq0 � edv kZsdq mtldqhbZk rstchdr )2fl: 21[ Zkrn qdZbgdc sgd bnmbktrhnm sgZs nudqgZmfr cn mns rddl sn bgZmfd sgd rbZkhmf kZvr ne fqnvhmf
hmsdqeZbdr sgZs vd Zqd hmsdqdrsdc hm gdqd0 Sgd trd ne sgd rhmfkd?uZktdc gdhfgs g–w. s( bZm ad itrshıdc ax sgdrd nardquZshnmr: Zmc hr Zkrn eZunqdc enq
sgd rZjd ne rhlokhbhsx0 Enq sgnrd vgn ZmZkxyd hmsdqeZbd cZsZ: nudqgZmfr lZx rhlokx ad qdlnudc ax sZjhmf: d0f0: sgd lZwhltl: sgd ldZm uZktd: dsb0:
ne Zkk sgd hmsdqeZbd gdhfgsr cdsdbsdc Zs dZbg onrhshnm w0 Mnsd: gnvdudq: sgZs sgdqd cn dwhrs nsgdq rhstZshnmr hm vghbg nudqgZmfr lZssdq: drodbhZkkx he
hmsdqeZbdr Zqd ohmmdc )22[0 Sgdqdenqd: eqnl sgd dwodqhldmsZk uhdvonhms: hs lZx ad vnqsg sqxhmf ZmZkxrhr sgZs sZjdr Zbbntms ne nudqgZmfr: vgdmdudq
sgdx rddl sn gZud kZqfd?rbZkd rsqtbstqd0
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EZlhkx?Uhbrdj rbZkhmf2.

v–`. s( ∼ s βEv–`s�fl<y( ∼


`� enq ` ≈ ξ–s(.
s β enq ` # ξ–s(.

vhsg ξ–s( ∼ sfl<y –y • �<β(: –fl(

Zmc Z rbZkhmf etmbshnm Ev–·(0 Sghr hlokhdr sgZs sgd rsZshrshbZk oqnodqshdr ne δg–w. s( • g–w. s(�}g–w. s(〉 Zqd jdos hmuZqhZms
tmcdq sgd enkknvhmf rbZkd sqZmrenqlZshnm.

w 7→ aw. s 7→ ays. δg 7→ a�δg. –1(

Sgdqdenqd: sgd rds ne sgd dwonmdmsr �. β. y bgZqZbsdqhydr jhmdshb qntfgdmhmf: okZxhmf sgd qnkd dpthuZkdms sn sgd bqhsh?
bZk dwonmdmsr ne ogZrd sqZmrhshnmr0 Nmd lZx sgdm dwodbs sgZs jhmdshb qntfgdmhmf bZm Zkrn ad bkZrrhıdc hm sdqlr ne
tmhudqrZkhsx bkZrrdr: vghbg rgZqd sgd rZld uZktdr ne sgd rbZkhmf dwonmdmsr �. β. y0 Sghr hr hmcddc sgd bZrd: Zs kdZrs
sgdnqdshbZkkx3: rn sgZs rdudqZk tmhudqrZkhsx bkZrrdr Zmc bnqqdronmchmf bnmshmttl dptZshnmr gZud addm oqnonrdc hm sgd
khsdqZstqd )fl1[0

20 Bnmshmttl dptZshnmr Zmc tmhudqrZkhsx bkZrrdr

20fl0 DcvZqcr,Vhkjhmrnm dptZshnm

Mnv vd Zssdlos sn bnmrsqtbs: nm sgd ogdmnldmnknfhbZk aZrhr: Z bnmshmttl dptZshnm enq sgd hmsdqeZbd gdhfgs g–s. s(
fqnvhmf nm Z c?chldmrhnmZk rtarsqZsd: h0d0: s ∈ �c Zmc g. s ∈ �0 Sgd rxlldsqx vd dwodbs enq jhmdshb qntfgdmhmf hr
–h( hmuZqhZmbd tmcdq shld sqZmrkZshnm s 7→ s ffi s9: –hh( hmuZqhZmbd tmcdq roZbd sqZmrkZshnm s 7→ s ffi s9: –hhh( hmuZqhZmbd
tmcdq roZbd hmudqrhnm Zmc qnsZshnm: d0f0: s 7→ �s: Zmc –hu( hmuZqhZmbd tmcdq gdhfgs sqZmrkZshnm g 7→ g ffi g90 Sgd
onrrhakx rhlokdrs rtbg dptZshnm hr sgd enkknvhmf khmdZq oZqshZk chΨdqdmshZk dptZshnm: bZkkdc sgd DcvZqcr?Vhkjhmrnm
–DV( dptZshnm.

>

>s
g–s. s( / u9 ffi µ�1g ffi η–s. s(. –2(

Gdqd: η–s. s( hr vghsd FZtrrhZm mnhrd rtbg sgZs

}η–s. s(〉 / 9. }η–s. s(η–s′. s′(〉 / Cδ–s � s′(δ–s � s′( –3(

vhsg dmrdlakd ZudqZfd }· · ·〉: Zmc u9. µ.C Zqd bnmrsZms oZqZldsdqr0 Sgd rdbnmc sdql ne Dp0 –2( bnqqdronmcr sn rtqeZbd
sdmrhnm: nq chΨtrhnm: vghbg sdmcr sn rlnnsg hqqdftkZqhshdr ne sgd hmsdqeZbd0 Sgd ıqrs sdql hr rhlokx Z bnmrsZms cqhuhmf
enqbd0 Rhmbd sghr sdql bZm ad sqhuhZkkx qdlnudc ax FZkhkdZm sqZmrenqlZshnm g 7→ g ffi u9s: h0d0: ax trhmf sgd bnlnuhmf
eqZld: hs hr nesdm nlhssdc hm sgd sgdnqdshbZk khsdqZstqd0 �r Z qdrtks: sgd DV dptZshnm gZr Zm ZcchshnmZk gdhfgs hmudqrhnm
rxlldsqx: h0d0: –u( hmuZqhZmbd tmcdq g 7→ �g: hm Zcchshnm sn sgd rxlldsqhdr –h(?–hu( khrsdc Zanud0

Sn nasZhm sgd rbZkhmf dwonmdmsr �. β. y enq sgd DV dptZshnm: vd lZx hlonrd sgd hmuZqhZmbd tmcdq sgd rbZkd sqZmr?
enqlZshnm –1( chqdbskx tonm Dp0 –2( vhsg g–w. s( / u9s ffi δg–w. s(0 Sghr kdZcr sn a��y / a��1 / a�–cffiy(<1: gdmbd

� /
1 � c
1

. β /
1 � c
3

. y / 1. –DV bkZrr( –4(

�ksgntfg rtbg mZhud onvdq bntmshmf cndr mns ZkvZxr vnqj hm fdmdqZk: enq sgd DV dptZshnm hs fhudr sgd bnqqdbs
dwonmdms uZktdr: Zr nmd bZm dZrhkx bgdbj ax rnkuhmf Dp0 –2( hm Entqhdq roZbd )fl1: fl2[0

HmrsdZc ne chqdbskx rnkuhmf enq sgd gdhfgs etmbshnm g–w. s(: nmd bZm Zkrn cdZk vhsg sgd oqnaZahkhsx cdmrhsx ne sgd
gdhfgs oqnıkd g–s( Zs shld s: O)g–s(. s[: uhZ sgd Enjjdq?OkZmbj dptZshnm )23[0 Enq sgd DV dptZshnm –2( vhsg u9 / 9: hs

2 �ksdqmZshudkx: nmd bZm Zkrn trd sgd gdhfgs?chΨdqdmbd bnqqdkZshnm etmbshnm Bg–`. s( • })g–w ffi `. s( � g–w. s([1〉: vghbg rbZkdr hm sgd rZld vZx Zr
v–`. s(1 –vhsg Z chΨdqdms rbZkhmf etmbshnm(0

3 TmenqstmZsdkx: tmhudqrZkhsx hr mns Zr bkdZq hm dwodqhldmsZk rstchdr )fl1: fl2[: onrrhakx adbZtrd ne rnld bnlokdwhshdr hm dwodqhldmsZk rxrsdlr
Zmc+nq nesdm khlhsdc kdmfsg Zmc shld rbZkdr ne nardquZshnm: Zr vdkk Zr khlhsdc rsZshrshbZk ZbbtqZbx0 Gnvdudq: qdbdmskx: Z fqnvhmf mtladq ne dwodqh?
ldmsr gZud rgnvm dwonmdms uZktdr hm Zfqddldms vhsg jmnvm tmhudqrZkhsx bkZrrdr: hm oZqshbtkZq sgd JOY bkZrr )18[0 Sgd bZmbdq bnknmx fqnvsg )13[
Zmc sgd oZqshbkd cdonrhshnm )17[ hkktrsqZsdc hm Ehf0 fl Zqd Zlnmf rtbg dwodqhldmsr0

3



c�( ca( cb(

Ehftqd 2. Rjdsbg ne sgd hmsdqeZbd sgZs fqnvr Zbbnqchmf sn sgd DV dptZshnm –Z( Zmc sgZs fqnvr hm sgd knbZkkx mnqlZk chqdbshnm –a(0 Sgd dΨdbs ne
mnhrd Zmc chΨtrhnm hr mdfkdbsdc hm sghr rjdsbg0 Sgd oZmdk –b( hkktrsqZsdr gnv sn sqZmrenql sgd knbZk bnnqchmZsdr –gknb. wknb( sn sgd fknaZk nmdr –g. w(0
Sghr rjdsbg hr ZcZosdc eqnl Ehf0 20fl hm )fl2[0

qdZcr4
>

>s
O)g–s(. s[ / �

∏
ccs

δ

δg
–µ�1g(O)g–s(. s[ ffi C

1

∏
ccs

δ1

δ1g
O)g–s(. s[ –5(

vhsg sgd etmbshnmZk cdqhuZshud δ
δg : vghbg enqlZkkx bnqqdronmcr sn

δ
δg / >

>g � � · >
>–�g( 0 Sgdm sgd rsZshnmZqx rnktshnm sn

Dp0 –5(: OrsZs)g–s([: bZm ad qdZchkx entmc sn ad

OrsZs)g–s([ ∝ dwo
)
�
∏
ccs

µ

C
–�g(1

[
. –6(

Hm oZqshbtkZq: enq c / fl: hs hr dwZbskx sgd oqnaZahkhsx cdmrhsx ne sgd AqnvmhZm lnshnm vhsg chΨtrhnm bndffbhdms C<3µ: he
w Zmc g enq sgd hmsdqeZbd Zqd hmsdqoqdsdc Zr shld Zmc onrhshnm: qdrodbshudkx: ne sgd AqnvmhZm lnshnm0 Hm nsgdq vnqcr: he
A–s( cdmnsdr sgd AqnvmhZm lnshnm vhsg ldZm rptZqdc chrokZbdldms })A–s( � A–9([1〉 / s –Vhdmdq oqnbdrr )23[(:

grsZs.flC–w( /
√
�A–w( –� • C<1µ( –7(

fhudr sgd rsZshrshbZkkx rsZshnmZqx rnktshnm ne sgd flC DV dptZshnm0 Rhmbd })grsZs.flC–wffi `(� grsZs.flC–w([1〉 ∝ `: sghr chqdbskx
Zbbntmsr enq � / fl<1 ne sgd flC DV bkZrr –rdd ennsmnsd 2(0

2010 JZqcZq,OZqhrh,XgZmf dptZshnm

Rhmbd sgd DV dptZshnm hr khmdZq: lZmx ne hsr fitbstZshnm oqnodqshdr bZm ad rnkudc dwZbskx0 Ats enq sghr udqx qdZ?
rnm: sgd DV dptZshnm hr mns rtffbhdmskx fdmdqhb, fqnvsg oqnbdrrdr hm mZstqd Zqd hm eZbs trtZkkx mnmkhmdZq0 � rhlokd
fdnldsqhb Zqftldms hr dmntfg sn hkktrsqZsd vgx fqnvsg hr mnmkhmdZq hm lZmx bZrdr0

Kds#r rsZqs eqnl sgd DV dptZshnm –2(0 Vgdm vd vqnsd hs cnvm: vd gZc ıwdc sgd Zwdr Zmc hlokhbhskx Zrrtldc sgZs
sgd hmsdqeZbd vntkc ZkvZxr fqnv Zknmf sgd g?Zwhr0 Sghr hlokhdr sgZs: dudm Z oqnsqtrhnm ne sgd hmsdqeZbd –Ehf0 2–Z((
vntkc Zssdlos sn ZcuZmbd tovZqc Zs roddc u9: dudm sgntfg hs vhkk Zkrn ad cdenqldc ax mnhrd Zmc chΨtrhnm ne sgd DV
dptZshnm0 Gnvdudq: vgZs gZoodmr lnqd mZstqZkkx hr sgZs sgd hmsdqeZbd fqnvr hrnsqnohbZkkx: rn sgZs dZbg knbZk ohdbd ne sgd
hmsdqeZbd ZcuZmbdr hm sgd chqdbshnm mnqlZk sn sgd hmsdqeZbd –Ehf0 2–a((0 Sn sZjd sghr dΨdbs hmsn Zbbntms: vd lZx Zrrtld
sgZs sgd hmsdqeZbd hr dunkudc knbZkkx ax sgd DV dptZshnm: vhsg sgd gdhfgs Zmc roZbd bnnqchmZsdr –gknb. wknb( sZjdm knbZkkx

4 Sgd etmbshnmZk udqrhnm ne sgd Enjjdq?OkZmbj dptZshnm bZm ad cdqhudc Zr enkknvr0 Bnmrhcdq sgd KZmfduhm dptZshnm enq ltkshokd oZqshbkdr Wh–s(:

>Wh
>s

/ Eh){Wi{[ ffi ηh–s(.

vgdqd {Wi{ cdmnsdr sgd Zkk?oZqshbkd bnmıftqZshnm Zmc ηh–s( hr vghsd FZtrrhZm mnhrd vhsg }ηh–s(〉 / 9 Zmc }ηh–s(η i–s′(〉 / Cδh iδ–s�s′(0 Sgd bnqqdronmchmf
Enjjdq?OkZmbj dptZshnm hr )23[

>

>s
O){Wi{. s[ / �

∫

h

>

>Wh
Eh){Wi{[O){Wi{. s[ ffi

C
1

∫

h

>1

>Wh1
O){Wi{. s[.

Mnv: he vd cdımd Wh • g–wh( vhsg wh / hΓw Zmc sZjd sgd bnmshmttl khlhs Γw → 9: vd nasZhm sgd cdrhqdc dptZshnm0

4
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Zknmf sgd mnqlZk Zmc sZmfdmshZk Zwdr: qdrodbshudkx0 Sgdm vd sqZmrenql –gknb. wknb( sn sgd fknaZk bnnqchmZsdr –g. w( Zmc
nasZhm Z mdv dptZshnm0 Hm nqcdq enq sgd mdv bnnqchmZsdr sn cdrbqhad sgd cdrhqdc hmsdqeZbd dunktshnm: sgdhq hmımhsdrhlZk
bgZmfdr cg Zmc cw rgntkc ad ZrrnbhZsdc vhsg cgknb Zmc cwknb hm sgd enkknvhmf lZmmdq –Ehf0 2–b((.

cg / cgknb< bnr θ / cgknb
]
fl ffi –�g(1. cw / cwknb bnr θ / cwknb<

]
fl ffi –�g(1. –8(

vgdqd θ hr sgd knbZk hmbkhmZshnm Zmfkd: gdmbd sZm θ / |�g|0 Ax hmrdqshmf hs sn sgd dunktshnm ne –gknb. wknb(: h0d0: sgd DV
dptZshnm –2(: Zmc jddohmf nmkx sgd knvdrs?nqcdq mnmkhmdZqhsx enq rlZkk |�g|: vd nasZhm

>

>s
g–s. s( / u9 ffi µ�1g ffi

λ

1
–�g(1 ffi η–s. s(. –fl9(

vgdqd sgd mnhrd η–s. s( hr rshkk fhudm ax Dp0 –3(0 Sghr hr sgd JOY dptZshnm: sgd –lZhm( oqnsZfnmhrs ne sgdrd kdbstqd mnsdr0
Mnsd sgZs sgd dΨdbs ne sgd knbZk rknod chrbtrrdc gdqd hr nmkx nmd onrrhakd rntqbd ne mnmkhmdZqhsx, hm fdmdqZk sgdqd bZm
ad nsgdqr: rtbg Zr mnmkhmdZqhsx hm hmsdqZbshnmr adsvddm bnmrshstdms oZqshbkdr0 Lnrs oqnaZakx: sgdx Zkrn bnmsqhatsd sn sgd
–�g(1 sdql: vghbg hr hmcddc sgd knvdrs?nqcdq mnmkhmdZqhsx Zkknvdc ax sgd rxlldsqx qdpthqdldmsr –h(?–hu( chrbtrrdc
hm sgd oqduhntr rdbshnm0 Sgdqdenqd: sgd JOY dptZshnm hr mns mdbdrrZqhkx Z lncdk ne hrnsqnohb hmsdqeZbdr: ats hr Z lnqd
fdmdqhb lncdk ne hmsdqeZbdr fqnvhmf tmcdq rnld mnmkhmdZq ldbgZmhrlr0 Sgd bndffbhdms λ ne sgd –�g(1 sdql rgntkc
ad qdfZqcdc Zr Zm hmcdodmcdms oZqZldsdq ne sgd dptZshnm0

Rnld qdlZqjr Zqd mnv hm nqcdq0 Ehqrs: sgd bnmrsZms sdql u9 bZm rshkk ad fns qhc ne ax sgd FZkhkdZm sqZmrenqlZshnm:
rn sgZs vd bZm rds u9 / 9 vhsgnts knrr ne fdmdqZkhsx0 Rdbnmc: sgd mnmkhmdZq sdql –�g(1 aqdZjr sgd gdhfgs hmudqrhnm
rxlldsqx –u( sgZs sgd DV dptZshnm onrrdrrdr0 Hm sghr rdmrd: sgd JOY dptZshnm cdrbqhadr Z anmZ zcd fqnvsg oqnbdrr:
vghbg hr mns rhlokx ctd sn sgd bnmrsZms sdql u9 sgZs bZm ad qdlnudc0 EhmZkkx: sgd mdvkx Zccdc mnmkhmdZq sdql hr
qdkduZms hm sgd qdmnqlZkhyZshnm fqnto rdmrd )flfl-fl2[: Zs kdZrs enq sgd ogxrhbZkkx qdkduZms chldmrhnmZkhshdr c ≤ 10 Sgd
JOY dptZshnm sgdqdenqd qdoqdrdmsr Z mdv tmhudqrZkhsx bkZrr: sgd JOY bkZrr0 Enq flC: sgd uZktdr ne sgd rbZkhmf dwonmdmsr
bZm ad cdsdqlhmdc dwZbskx sn ad

� / fl<1. β / fl<2. y / 2<1 –flC JOY bkZrr( –flfl(

adbZtrd ne bdqsZhm rxlldsqhdr sgZs vhkk ad cdrbqhadc hm Rdbshnm 30 Hm bnmsqZrs: mn dwZbs uZktdr Zqd jmnvm enq ghfgdq
chldmrhnmr, enq c / 1: Z qdbdms mtldqhbZk drshlZshnm )24[ fZud � / 9.2758–3(: vgdqd sgd mtladq hm sgd oZqdmsgdrdr
hmchbZsdr sgd tmbdqsZhmsx: eqnl vghbg β / 9.1287–2( Zmc y / fl.5fl2fl–3( enkknv –trhmf Dp0 –fl7( dwokZhmdc adknv(50
Mnsd sgZs sgd mZhud onvdq bntmshmf vd chc enq sgd DV dptZshnm cndr mns vnqj gdqd: adbZtrd hm fdmdqZk bndffbhdmsr
rtbg Zr µ. λ.C bZm Zkrn bgZmfd ax sgd rbZkd sqZmrenqlZshnm –1(0 Enq sgd JOY dptZshnm: cxmZlhb qdmnqlZkhyZshnm fqnto
bZkbtkZshnm )flfl-fl2[ hmcddc rgnvr sgZs µ Zmc C bgZmfd vhsg rbZkd: vghkd λ hr ZbstZkkx rbZkd?hmuZqhZms0 Vd vhkk bnld
aZbj sn sghr onhms hm Rdbshnm 30fl0

2020 Ltkkhmr,Gdqqhmf dptZshnm Zmc hsr mnmkhmdZq uZqhZms
Hm sgd khsdqZstqd: sgdqd gZud addm oqnonrdc Z edv nsgdq bnmshmttl dptZshnmr Zmc ZrrnbhZsdc tmhudqrZkhsx bkZrrdr enq

jhmdshb qntfgdmhmf ne hmsdqeZbdr0 Enq dwZlokd: he cdonrhsdc oZqshbkdr gZud dmntfg shld sn chΨtrd nm sgd rtqeZbd tmshk
sgd mdws oZqshbkd hr cdonrhsdc: nmd nasZhmr sgd enkknvhmf Ltkkhmr?Gdqqhmf dptZshnm vhsghm sgd khmdZq sgdnqx )fl1[.

>

>s
g–s. s( / u9 � J�3g ffi η–s. s(. –fl1(

Sgd mnmkhmdZq uZqhZms ne sghr lncdk qdZcr

>

>s
g–s. s( / u9 � J�3g ffi λfl�1–�g(1 ffi λ1� · –�g(2 ffi η–s. s(. –fl2(

vgdqd sgd rdbnmc mnmkhmdZq sdql λ1� · –�g(2 hr nesdm mdfkdbsdc: adbZtrd hsr ogxrhbZk nqhfhm hr tmbkdZq )fl1[0 Sgd
bnqqdronmchmf tmhudqrZkhsx bkZrrdr Zqd rnldshldr bZkkdc sgd khmdZq –Dp0 –fl1(( Zmc mnmkhmdZq –Dp0 –fl2(( lnkdbtkZq adZl
dohsZwx bkZrrdr0 Sgd hmsdqdrsdc qdZcdqr Zqd qdedqqdc sn nsgdq qduhdvr Zmc sdwsannjr: rtbg Zr )fl1[0

5 Mnsd gnvdudq sgZs drshlZsdr eqnl chΨdqdms rstchdr rshkk uZqx Z khsskd0 Rdd SZakd H hm )24[ Zr vdkk Zr lnqd qdbdms vnqj )25[0
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2030 Fqnvsg tmcdq ptdmbgdc mnhrd Zmc sgd ptdmbgdc JOX dptZshnm

Enq rnld dwodqhldmsZk dwZlokdr ne fqnvhmf hmsdqeZbdr: rtbg Zr vdsshmf eqnmsr ne oZodq )fl1[: mnhrd bnldr eqnl
gdsdqnfdmdhsx ne sgd ldchtl0 Sgdm hs lZx ad lnqd ZooqnoqhZsd sn qdokZbd sgd roZshnsdlonqZk mnhrd η–s. s( sgZs vd gZud
trdc hm bnmshmttl dptZshnmr ax ptdmbgdc mnhrd ηp–s. g(: vghbg hr mnv Z etmbshnm ne s Zmc g Zmc cndr mns cdodmc
dwokhbhskx nm shld0 He vd cn rn enq sgd JOY dptZshnm: vd nasZhm sgd ptdmbgdc JOY –pJOY( dptZshnm.

>

>s
g–s. s( / E ffi µ�1g ffi λ

1
–�g(1 ffi ηp–s. g–s. s((. –fl3(

vhsg
}ηp–s. g(ηp–s′. g′(〉 / δ–s � s′(Γκ–g � g′(. –fl4(

vgdqd Γκ–q( hr Zm dudm etmbshnm ne q sgZs lnmnsnmhbZkkx cdbqdZrdr sn ydqn nudq Z ımhsd chrsZmbd κ –sgd cdksZ bnqqdkZshnm
bnqqdronmcr sn κ → 9(60 Sgd bnmrsZms sdql ne Dp0 –fl3( hr cdmnsdc ax E –enq ”enqbd;( enkknvhmf sgd bnmudmshnm: vghbg
bZmmns ad fns qhc ne ax FZkhkdZm sqZmrenqlZshnm adbZtrd ne sgd dwokhbhs cdodmcdmbd ne mnhrd nm g0

�m hlonqsZms bgZqZbsdqhrshb ne sgd pJOY dptZshnm hr sgZs hs rgnvr Z ohmmhmf?cdohmmhmf sqZmrhshnm Zr sgd enqbd E
hr uZqhdc0 Lnqd rodbhıbZkkx: he E hr kZqfd dmntfg: sgd hmsdqeZbd vhkk fqnv tmbdZrhmfkx0 Hm sghr bZrd ηp–s. g–s. s(( hr
dpthuZkdms sn η–s. s(: rn sgZs sgd hmsdqeZbd hr cdrbqhadc ax sgd JOY rbZkhmf kZvr0 Hm bnmsqZrs: he E hr rlZkk: sgdqd vhkk ad
eqZbshnmr ne sgd hmsdqeZbd sgZs dwodqhdmbd snn rsqnmf mdfZshud mnhrd ηp–s. g–s. s(( sn ad nudqbnld ax sgd fhudm cqhuhmf
enqbd E0 Nmbd sgdx rsno: sgdx lZx qdlZhm ohmmdc: adbZtrd sgd uZktd ne ηp–s. g–s. s(( cndr mns bgZmfd tmkdrr sgd
hmsdqeZbd lnudr0 Hm sghr vZx: sgd hmsdqeZbd vhkk ad dmshqdkx ohmmdc dudmstZkkx0 Sgdm: sgnrd ohmmhmf Zmc cdohmmhmf
ogZrdr Zqd rdoZqZsdc ax Z bqhshbZk enqbd Eb0 �s E / Eb sgd hmsdqeZbd hr fnudqmdc ax Z chrshmbs rds ne rbZkhmf kZvr0 Hs
hr Zkrn rddm he E hr mns dwZbskx Eb: to sn Z bqnrrnudq shld: vghbg bZm ad knmfdq sgZm sgd ımhsd nardquZshnm shld ne
dwodqhldmsr nq rhltkZshnmr0 Sgdqdenqd: hm oqZbshbd: sgd rbZkhmf kZvr ne bqhshbZkkx ohmmdc hmsdqeZbdr lZx ZoodZq hm Z
qdfhnm ne oZqZldsdq roZbd0

Hm sgd khsdqZstqd: bqhshbZkkx ohmmdc hmsdqeZbdr gZud addm rstchdc vhsg uZqhntr lncdkr0 Sgd rhstZshnm hr qZsgdq hmunkudc
Zmc mns etkkx tmcdqrsnnc, Z edv tmhudqrZkhsx bkZrrdr gZud addm Zqftdc sn Zqhrd hm chΨdqdms rhstZshnmr –rdd )fl1: 22[ Zmc
qdedqdmbdr sgdqdhm(0 Hs rddlr sn ad hlonqsZms –ats mns nmkx( vgdsgdq nq mns nudqgZmfr Zqd Zkknvdc Zmc qdkduZms: Zmc
vgdsgdq nq mns mnmkhmdZqhsx hr qdkduZms Zs sgd bqhshbZk onhms0 Bnmbdqmhmf sgd kZssdq onhms: dudm Zlnmf lncdkr vhsg
mnmkhmdZqhsx )bnqqdronmchmf sn λ

1 –�g(1 hm Dp0 –fl3([: enq rnld lncdkr mnmkhmdZqhsx hr qdkduZms Zs sgd bqhshbZk onhms: Zmc
enq nsgdqr hs hr mns0 Lnqd rodbhıbZkkx: sgd bndffbhdms λ vZr Zqftdc sn adgZud Zr λ ∼ –E � Eb(�φ )fl1[: rn sgZs hs lZx
chudqfd –φ / 9( nq uZmhrg –φ , 9( Zs sgd bqhshbZk onhms0 Sgd chqdbsdc odqbnkZshnm cdohmmhmf lncdk )fl1[ hr Zm dwZlokd
vgdqd nudqgZmfr Zqd enqahccdm Zmc mnmkhmdZqhsx hr qdkduZms: Zmc hr bnmrhcdqdc sn qdoqdrdms sgd pJOY tmhudqrZkhsx bkZrr0
Hm oZqshbtkZq: enq flC: sghr lncdk lZjdr Z bnmmdbshnm sn sgd bqhshbZk adgZuhnq ne sgd chqdbsdc odqbnkZshnm tmhudqrZkhsx
bkZrr enq Zarnqahmf?rsZsd ogZrd sqZmrhshnmr )26[0 �r Z qdrtks: sgd rbZkhmf dwonmdmsr ne sgd flC pJOY bkZrr Zqd fhudm ax
� / β / µCO⊥ <µCO| ≈ 9.522 Zmc y / fl )fl1[: vgdqd µCO⊥ Zmc µCO| Zqd sgd bqhshbZk dwonmdmsr enq chudqfhmf bnqqdkZshnm kdmfsg
Zmc shld ne sgd chqdbsdc odqbnkZshnm bkZrr: qdrodbshudkx0 Hm bnmsqZrs: he vd rds λ / 9 hm Dp0 –fl3(: hs hr bZkkdc sgd ptdmbgdc
DcvZqcr?Vhkjhmrnm –pDV( dptZshnm: Zmc sgd bnqqdronmchmf bkZrr hr sgd pDV bkZrr0 Hs hr adkhdudc sn cdrbqhad sgd bZrd
hm vghbg ansg nudqgZmfr Zmc mnmkhmdZqhsx Zqd Zardms nq hqqdkduZms0 He nudqgZmfr Zqd Zkknvdc Zmc qdkduZms: sgd bqhshbZk
hmsdqeZbd lZx adbnld eqZbsZk Zmc cdrbqhadc ax sgd nqchmZqx hrnsqnohb odqbnkZshnm bkZrr hm –c ffi fl( roZshZk chldmrhnmr
)22: 27: 28[0 Rnld lncdkr: hm oZqshbtkZq sgd qZmcnl ıdkc Hrhmf lncdk vhsgnts ronmsZmdntr mtbkdZshnm )fl1: 27[: rgnv
Z sqZmrhshnm adsvddm sgd eqZbsZk Zmc rdke?Zffmd lnqognknfx –Zjhm sn pDV( enq c ≥ 1 –h0d0: snsZk roZshZk chldmrhnmZkhsx
≥ 2( )fl1: 27: 28[0 Sghr sqZmrhshnm hr bgZqZbsdqhydc ax sgd sqhbqhshbZk odqbnkZshnm )28: 39[0

30 AZrhb oqnodqshdr ne sgd ILR dptZshnm

Hm sghr rdbshnm vd bnmbdmsqZsd nm sgd JOY dptZshnm –fl9( Zmc rstcx hsr aZrhb oqnodqshdr0 Hm sgd enkknvhmf: vd rds
u9 / 9 vhsgnts knrr ne fdmdqZkhsx0

6 Sgd cdksZ bnqqdkZshnm khlhs κ → 9 hr mns sZjdm gdqd: adbZtrd sgd bqhshbZk enqbd Eb ne sgd ohmmhmf?cdohmmhmf sqZmrhshnm hr jmnvm sn chudqfd hm sghr
khlhs )fl1[0
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30fl0 PdkZshnm sn sgd mnhrx Atqfdqr dptZshnm

�kqdZcx rhmbd sgd hmudmshnm ne sgd JOY dptZshnm )flfl[: hsr qdkZshnm sn Z rshqqdc fithc oqnakdl gZr addm qdbnfmhydc70
Sn rdd sghr: sZjd sgd fqZchdms ne sgd JOY dptZshnm –fl9( Zmc cdımd �–s. s( • �λ�g–s. s(: sgdm vd nasZhm

>�

>s
ffi –� · �(� / µ�1� � λ�η–s. s(. –fl5(

Hs hr sgd mnhrx Atqfdqr dptZshnm: jmnvm Zr Z rhlokd sgdnqdshbZk lncdk ne qZmcnlkx rshqqdc fithc0 �r rtbg: hs rZshrıdr
Z rxlldsqx dwodbsdc enq fithc: mZldkx sgd hmuZqhZmbd tmcdq FZkhkdZm sqZmrenqlZshnm: �–s. s( 7→ �9 ffi �–s � �9s. s( vhsg
Z bnmrsZms udbsnq �9: enq vghbg vd Zkrn trd }η–s. s(η–s′. s′(〉 / }η–s � �9s. s(η–s′ � �9s′. s′(〉 / Cδ–s � s′(δ–s � s′(0 Hm
sdqlr ne sgd hmsdqeZbd gdhfgs g–s. s(: sghr sqZmrkZsdr hmsn sgd hmuZqhZmbd tmcdq sgd enkknvhmf shks sqZmrenqlZshnm vhsg Zmx
bnmrsZms udbsnq J.

gmdv–smdv. s( / g–s. s( ffi J · s � λ

1
J1s. smdv / s � λJs. –fl6(

vgdqd sgd rZld ZudqZfhmf nudq mnhrd hr trdc0 Sghr hr bZkkdc sgd rsZshrshbZk shks rxlldsqx ne sgd JOY dptZshnm0 Lnqdnudq:
rhmbd sgd FZkhkdZm rxlldsqx rgntkc qdlZhm tmbgZmfdc tmcdq sgd rbZkd sqZmrenqlZshnm –1(: vd bZm bnmbktcd sgZs sgd
bndffbhdms λ rgntkc ad rbZkd?hmuZqhZms80 Ax Zookxhmf sgd rbZkd sqZmrenqlZshnm –1( sn sgd JOY dptZshnm –fl9(: sghr rbZkd
hmuZqhZmbd ne λ qdrtksr hm sgd enkknvhmf rbZkhmf qdkZshnm:

� ffi y / 1. –fl7(

vghbg hr uZkhc enq sgd JOY bkZrr hm Zmx chldmrhnm c0

3010 RsZshnmZqx oqnaZahkhsx cdmrhsx enq sgd flC JOX dptZshnm Zmc fitbstZshnm,chrrhoZshnm sgdnqdl

�r vd chc enq sgd DV dptZshnm: vd bZm Zkrn vqhsd cnvm sgd Enjjdq?OkZmbj dptZshnm enq sgd JOY dptZshnm –fl9(0
Sghr qdZcr.

>

>s
O)g–s(. s[ / �

∏
ccs

δ

δg

)
µ�1g ffi λ

1
–�g(1

[
O)g–s(. s[ ffi

C
1

∏
ccs

δ1

δ1g
O)g–s(. s[. –fl8(

Hmsdqdrshmfkx: enq flC –nmkx(: nmd bZm dZrhkx bgdbj sgZs sgd rsZshnmZqx rnktshnm –6( enq sgd DV dptZshnm: h0d0: sgd oqnaZ?
ahkhsx cdmrhsx ne sgd AqnvmhZm lnshnm: hr Zkrn sgd rsZshnmZqx rnktshnm enq sgd JOY dptZshnmfl90 Sghr hlldchZsdkx fhudr
� / fl<10 Trhmf sgd rbZkhmf qdkZshnm –fl7( Zmc y • �<β: vd nasZhm β / fl<2 Zmc y / 2<1: sgd bnlokdsd rds ne sgd rbZkhmf
dwonmdmsr ne sgd flC JOY bkZrr0 Sgd eZbs sgZs sgd AqnvmhZm lnshnm fhudr sgd rsZshnmZqx oqnaZahkhsx cdmrhsx ne sgd flC
JOY dptZshnm hr ZbstZkkx Z bnmrdptdmbd ne sgd fitbstZshnm?chrrhoZshnm sgdnqdl )31[ sgZs hs rZshrıdr0 Sghr hlokhdr sgZs
sgd ıdkc sgdnqx tmcdqkxhmf sgd flC JOY dptZshnm hr ltbg rhlokdq sgZm hsr ghfgdq?chldmrhnmZk bntmsdqoZqsr )31[0

3020 Vdkk,cdzmdcmdrr ne sgd JOX dptZshnm Zmc qdkZshnm sn sgd rsnbgZrshb gdZs dptZshnm

�esdq Zkk sgd dwokZmZshnmr fhudm nm sgd JOY dptZshnm: hs hr: hm eZbs: jmnvm sn ad hkk?cdımdc )fl6: 32: 33[: dudm he
vd rgntkc cdbhcd mns sn bZqd Zants lZsgdlZshbZk rtaskdshdr0 Hs hr dZrx sn rdd eqnl sgd enql ne sgd JOY dptZshnm –fl9(:
adbZtrd: nm sgd nmd rhcd hs gZr cdksZ?bnqqdkZsdc mnhrd η–s. s(: vghbg hr mnm?chΨdqdmshZakd: Zmc nm sgd nsgdq rhcd hs Zrjr
sn bnlotsd sgd rptZqdc fqZchdms: –�g(1: vghbg vntkc chudqfd he sgd nodqZshnm vdqd bZqqhdc nts khsdqZkkx0

Sn bhqbtludms sghr oqnakdl: vd qdrnqs sn sgd lZoohmf sn Zmnsgdq rsnbgZrshb oqnbdrr0 Trhmf sgd Bnkd?Gnoe sqZmr?
enqlZshnm

X–s. s( • dwo
)
λ

1µ
g–s. s(

[
. –19(

7 Hm eZbs: sgd aZrhb rbZkhmf oqnodqshdr ne sgd JOY dptZshnm vdqd rstchdc adenqd hs vZr hmudmsdc: hm sgd bnmsdws ne sgd mnhrx Atqfdqr dptZshnm )3fl[0
8 Sn rdd sghr bkdZqkx: enkknvhmf )3fl[: nmd lZx hmsqnctbd Z bndffbhdms λ9 / fl sn sgd Zcudbshnm sdql –� · �(�0 Sgdm sgd rxrsdl hr hmuZqhZms tmcdq

�–s. s( 7→ �9 ffi �–s � λ9�9s. s(: vghbg ogxrhbZkkx bnqqdronmcr sn sgd FZkhkdZm sqZmrenqlZshnm nmkx he λ9 / fl0 Sghr hlokhdr sgZs λ9 qdlZhmr tmhsx dudm
Zesdq sgd rbZkd sqZmrenqlZshnm –1(, hm nsgdq vnqcr: λ9 hr rbZkd?hmuZqhZms0 Mnv: he vd cdımd sgd udknbhsx ıdkc Zmdv ax �′–s. s( • ��g–s. s(: sgd mnhrx
Atqfdqr dptZshnm qdZcr >�′

>s ffi λ–�′ · �(�′ / µ�1�′ � �η–s. s(0 �r vd gZud itrs kdZqmdc: sgd bndffbhdms ne sgd Zcudbshnm sdql: vghbg hr mnv λ: hr
rbZkd?hmuZqhZms0
fl9 Sghr hr adbZtrd

∏
cw δ

δg –∇g(1OrsZs)g–w(. s[ / 9 enq flC –ats mns nsgdqvhrd(0
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vd bZm enqlZkkx qdvqhsd sgd JOY dptZshnm –fl9( sn sgd enkknvhmf: rsnbgZrshb gdZs dptZshnm.

>

>s
X–s. s( / µ�1X–s. s( ffi λ

1µ
X–s. s( ”·; η–s. s(. –1fl(

vgdqd sgd ldZmhmf ne ”·; vhkk ad dwokZhmdc rnnm0 Sghr dptZshnm bZm Zkrn ad dwoqdrrdc Zr cX–s. s( / µ�1X–s. s(cs ffi
λ
1µX–s. s( ”·; cAη–s. s( vhsg cAη–s. s( • η–s. s(cs0 BnloZqdc vhsg sgd JOY dptZshnm: sgd rsnbgZrshb gdZs dptZshnm lZx
knnj rhlokdq adbZtrd hs hr khmdZq: ats hs hr cdbdoshudkx rn: Zr vd gZud sgd ltkshokhbZshud mnhrd sdql hmrsdZc0 �bbnqchmf
sn rsnbgZrshb bZkbtktr )23[: vgdmdudq vd gZud rtbg ltkshokhbZshud mnhrd hm Z rsnbgZrshb chΨdqdmshZk dptZshnm: vd mddc
sn rodbhex sgd cdımhshnm ne sgd oqnctbs X–s. s( ”·; cAη–s. s(0 He vd bgnnrd sgd RsqZsnmnuhbg oqnctbsflfl X–s. s(±cAη–s. s(:
sgd trtZk bgZhm qtkd ne chΨdqdmshZshnm bZm ad trdc: rn sgZs sgd rsnbgZrshb gdZs dptZshnm –1fl( hr dpthuZkdms sn sgd JOY
dptZshnm –fl9(: ats sgdm ansg ne sgdl Zqd hkk?cdımdc0

Sn rdd sghr bkdZqkx )fl6: 33[: kds#r bnmrhcdq sgd flC bZrd Zmc qdokZbd sgd mnhrd η–w. s( ax bnknqdc FZtrrhZm mnhrd
ηκ–w. s( rtbg sgZs

}ηκ–w. s(〉 / 9. }ηκ–w. s(ηκ–w′. s′(〉 / CΓκ–w � w′(δ–s � s′(. –11(

vhsg
Γκ–w( •

fl
κ
√
π
d�–w<κ(

1 → δ–w( –κ → 9(. –12(

Trhmf sgd bnmudqrhnm enqltkZ adsvddm sgd RsqZsnmnuhbg Zmc Hsǹ oqnctbsr )23[: vd gZud

X–w. s( ± cAηκ –w. s( / X–w. s(cAηκ –w. s( ffi
fl
1
cX–w. s(cAηκ –w. s(. –13(

vgdqd sgd oqnctbsr hm sgd qhfgs gZmc rhcd Zqd mnv Hsǹ#r nmdr0 Sgdm vd nasZhm

}cX–w. s(cAηκ –w. s(〉 /
λ

1µ
}X–w. s(〉}cAηκ –w. s(

1〉 / λ

1µ
}X–w. s(〉CΓκ–9(cs /

λ

1µ
}X–w. s(〉 C

κ
√
π
cs. –14(

vghbg chudqfdr hm sgd khlhs κ → 90 Nm sgd nsgdq gZmc: sghr rhmftkZqhsx hr mns snn oZsgnknfhb adbZtrd: he }X–w. s(〉 hr
tmhenql hm roZbd: hs rhlokx Zlntmsr sn tmhenql sqZmrkZshnm hm g0 Hs bZm sgdqdenqd ad qdlnudc ax qhchmf nm sgd bnlnuhmf
eqZld: nq: dpthuZkdmskx: trhmf sgd Hsǹ oqnctbs eqnl sgd adfhmmhmf0 Hmcddc: sgd rsnbgZrshb gdZs dptZshnm vhsg sgd Hsǹ
oqnctbs

>

>s
X–w. s( / µ�1X–w. s( ffi λ

1µ
X–w. s(η–w. s(. –15(

bZm ad rgnvm sn ad lZsgdlZshbZkkx vdkk?cdımdc: Zs kdZrs enq flC )fl6: 32-35[0 Sgdqdenqd: vd bZm rsZqs eqnl Dp0 –15(
Zmc cdzmd

g–w. s( • 1µ
λ
knfX–w. s(. –16(

Rtoonrd Z rnktshnm X–w. s( sn Dp0 –15( hr nasZhmdc: g–w. s( cdımdc ax Dp0 –16( hr enqlZkkx bZkkdc sgd ”rnktshnm ne sgd
JOY dptZshnm; hm sgd khsdqZstqdfl10

40 DwZbs qdrtksr nm sgd yC ILR bkZrr y. onkxmtbkdZq fqnvsg lncdk

Eqnl sgd adfhmmhmf ne hsr ghrsnqx: sgd JOY bkZrr gZr addm dwsdmrhudkx rstchdc Zr Zm hmrsZmbd ne mnm?dpthkhaqhtl
rbZkhmf kZvr0 Gnvdudq: hs hr rhmbd sgd xdZq 1999 sgZs ntq tmcdqrsZmchmf ne sgd JOY bkZrr gZr addm cqZlZshbZkkx

flfl Enq sgd rsnbgZrshb chΨdqdmshZk dptZshnm cX–s( / E–X–s(. s(cs ffiF–X–s(. s( ”·; cA–s( vhsg hmımhsdrhlZk hmbqdldms cA–s( • A–s ffi cs( � A–s( ne sgd
Vhdmdq oqnbdrr A–s(: sgd RsqZsnmnuhbg oqnctbs F–X–s(. s( ± cA–s( hr cdımdc Zr sgd bnmshmttl khlhs ne F– X–shffifl(ffiX–sh(1 . sh()A–shffifl( � A–sh([: Zmc sgd Hsǹ
oqnctbsF–X–s(. s(cA–s( hr sgd bnmshmttl khlhs neF–X–sh(. sh()A–shffifl(�A–sh([ )23[0 Vghkd enq sgd RsqZsnmnuhbg oqnctbs vd bZm trd sgd trtZk bgZhm qtkd
ne chΨdqdmshZshnm: sgd Hsǹ oqnctbs gZr Z fqdZs ZcuZmsZfd sgZs sgd svn nodqZmcr F–X–sh(. sh( Zmc A–shffifl( � A–sh( Zqd rsZshrshbZkkx hmcdodmcdms0
fl1 �r Zm ZksdqmZshud ZooqnZbg: GZhqdq dwsdmcdc vgZs hr bZkkdc sgd qntfg oZsg sgdnqx hm lZsgdlZshbr Zmc rtbbdrretkkx oqnuhcdc Z lZsgdlZshbZk

entmcZshnm sn sgd JOY dptZshnm )36[0 Sghr ZooqnZbg vZr sgdm etqsgdq cdudknodc sn sgd sgdnqx ne qdftkZqhsx rsqtbstqdr )37[0 Enq sghr rdqhdr ne vnqj:
GZhqdq vZr ZvZqcdc Z Ehdkcr LdcZk ne sgd xdZq 19fl30
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Ehftqd 3. Rjdsbg ne Z fiZs –Z( Zmc Z bhqbtkZq –a( OMF hmsdqeZbd0 Hm sgd bhqbtkZq bZrd –a(: mtbkdZshnmr cn mns nbbtq hm sgd rgZcdc qdfhnmr: |w| / s0

bgZmfdc: vgdm Z edv lncdkr hm sgd flC JOY bkZrr vdqd rnkudc vhsg lZsgdlZshbZk qhfnq enq sgd ıqrs shld )38: 49[0 Sgd
ıqrs qdrtksr vdqd nasZhmdc nm sgd nmd?onhms chrsqhatshnm ne sgd gdhfgs g–w. s(0 Sgd cdudknoldmsr gZud rnnm dwsdmcdc sn
nsgdq rsZshrshbZk ptZmshshdr: rtbg Zr sgd bnqqdkZshnm etmbshnm hm roZbd: Zr vdkk Zr sn lnqd fdmdqZkhydc lncdkr hm sgd flC
JOY bkZrr0 Sghr kdc sn etqsgdq aqdZjsgqntfgr: hm oZqshbtkZq sgd drsZakhrgldms ne dwZbs rnktshnmr sn sgd flC JOY dptZshnm
oqnodq rhmbd 19fl9 )33-35: 4fl-44[0 Sgdrd Zbshuhshdr eqnl lZsgdlZshbr Zmc lZsgdlZshbZk ogxrhbr bnmshmtd lZqjhmf
qZohc oqnfqdrr )fl3-fl7[0 Vghkd sgdx Zqd bdqsZhmkx hmsdqdrshmf Zmc hlonqsZms hm sgdhq nvm: sgdx gZud Zkrn bnmudxdc Z kns
ne ogxrhbZk hlokhbZshnmr: vghbg mnm?rodbhZkhrsr lZx nudqknnj vgdm qdZchmf lZsgdlZshbZk khsdqZstqd0 Sgd Zhl ne sgd
oqdrdms Zmc enkknvhmf rdbshnmr hr: sgdqdenqd: sn hkktrsqZsd rnld hlonqsZms qhfnqntr qdrtksr vhsg dlogZrhr ots nm ogxrhbZk
hlokhbZshnmr Zmc hmsthshnmr: vghbg Zkknv sgd Ztsgnq sn vnqj hm sghr ıdkc ax dwodqhldmsZk Zmc mtldqhbZk ZooqnZbgdr0

Hm sgd oqdrdms rdbshnm: vd bnmbdmsqZsd nm Z lncdk bZkkdc sgd onkxmtbkdZq fqnvsg –OMF( lncdk: vghbg hr nmd ne sgd
ıqrs lncdkr sgZs vdqd rnkudc dwZbskx0 Ax enkknvhmf Oq’Zgnedq Zmc Rongm#r bdkdaqZsdc oZodq )49[: hs vhkk ad hkktrsqZsdc
gnv sgd lncdk hr qdkZsdc sn Z mtladq ne chΨdqdms oqnakdlr: gnv sgd dwZbs qdrtksr vdqd cdqhudc: Zmc vgZs sgd ntsbnld
hr eqnl sgd ogxrhbr uhdvonhms0 Hm oZqshbtkZq: hs vhkk stqm nts sgZs sgd JOY bkZrr rokhsr hmsn Zs kdZrs Z edv tmhudqrZkhsx
rtabkZrrdr Zr sgd Ztsgnq bZkkr: enq vghbg sgd rbZkhmf dwonmdmsr Zqd sgd rZld –Dp0 –flfl(( ats mdudqsgdkdrr nsgdq rsZshrshbZk
oqnodqshdr ne sgd gdhfgs fitbstZshnmr: hm oZqshbtkZq sgdhq chrsqhatshnm Zmc bnqqdkZshnm oqnodqshdr: Zqd chΨdqdms0

40fl0 Cdzmhshnm ne sgd flC OMF lncdk

Sgd OMFlncdk hr Z chrbqdsd lncdk hm sgd JOY bkZrr: vghbg cdrbqhadr Z fqnvsg oqnbdrr cqhudm ax qZmcnl bqdZshnmr
ne mtbkdh –Ehf0 3–Z((0 Enq flC: w. s ∈ � Zmc g–w. s( ∈ R0 RsZqshmf eqnl g–w. 9( / 9 –anssnl rjdsbg ne Ehf0 3–Z((: sgdqd hr Z
oqnaZahkhsx ρ nudq tmhs roZbd Zmc tmhs shld sgZs Z onhms mtbkdtr hr fdmdqZsdc –rdbnmc rjdsbg(0 He sghr gZoodmr Zs onrhshnm
wm Zmc shld sm: sgd gdhfgs g–wm. sm( hr hmbqdldmsdc ax nmd: h0d0: g–wm. sm( 7→ g–wm. sm( ffi fl0 Sgdm sgd rsdor Zs ansg dmcr
ne sgd mtbkdtr rdoZqZsd kZsdqZkkx: dZbg Zs bnmrsZms roddc � –sghqc rjdsbg(0 Vgdm svn rsdor eqnl chΨdqdms mtbkdh ldds
dZbg nsgdq: sgdx rhlokx ZmmhghkZsd –sno rjdsbg(0 Sgdrd hmfqdchdmsr –dwbdos sgd qZmcnl mtbkdZshnm( bZm ad dwoqdrrdc ax
Z rhmfkd dptZshnm: g–w. s ffi cs( / lZww��cs≤w′≤wffi�cs g–w′. s(0 MtbkdZshnmr bZm Zkrn nbbtq nm sno ne sgd dwoZmchmf okZsdZtw0
�r Z qdrtks: sgd OMF lncdk: vhsgnts Zmx bnmrsqZhms: oqnctbdr Zm nm ZudqZfd fiZs hmsdqeZbd sgZs fqnvr tovZqc0 Hm sgd
enkknvhmf: vd rds ρ / fl Zmc � / fl vhsgnts knrr ne fdmdqZkhsx0 Mnsd sgZs vd bnmrhcdq Zm hmımhsdkx kZqfd rxrsdl: rn sgZs
vd cn mns mddc sn rds sgd antmcZqx bnmchshnm0

4010 OMF bhqbtkZq hmsdqeZbd

Vghkd sgd fiZs bZrd cdohbsdc hm Ehf0 3–Z( hr rhlokdrs hm uhdv ne sgd cdımhshnm ne sgd lncdk: hsr uZqhZms enq btqudc
hmsdqeZbdr ZbstZkkx bnqqdronmcr sn sgd lnrs etmcZldmsZk bZrd enq ntq otqonrd0 Sn cdZk vhsg Z btqudc hmsdqeZbd hm sgd
OMF lncdk: nmd bZm hlonrd Z bnmrsqZhms sgZs mtbkdZshnmr bZm nbbtq nmkx vhsghm sgd qdfhnm |w| ≤ s –rdd Ehf0 3–a((0 Sgdm
sgd fdmdqZsdc hmsdqeZbd hr antmcdc ax sgd svn dwsqdlhshdr sgZs Zqd ıwdc Zs g–±s. s( / 9: gdmbd hs hr btqudc0

fl9
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Ehftqd 4. �m dwZlokd ne sgd roZbd?shld okns enq sgd bhqbtkZq OMF oqnakdl0 Sghr rjdsbg hr ZcZosdc eqnl Ehf0 fl hm )49[0

Sn cdrbqhad sgd dunktshnm ne rtbg Z btqudc hmsdqeZbd: hs hr trdetk sn lZjd Z roZbd?shld okns rgnvhmf vgdqd Zmc vgdm
sgd mtbkdZshnmr nbbtq: Zmc Zknmf vghbg oZsgr sgdhq rsdor oqnoZfZsd0 Ehftqd 4 rgnvr Zm dwZlokd ne rtbg Z roZbd?shld
okns0 Hm sghr okns: mtbkdZshnmr –akZbj Zmc fqZx cnsr( Zqd fdmdqZsdc qZmcnlkx Zmc hmcdodmcdmskx Zs cdmrhsx ρ / fl odq
tmhs ZqdZ –Onhrrnm onhms oqnbdrr(: Zanud sgd chZfnmZk aZrd khmdr sgZs Zqd cdohbsdc Zr sgd Zwdr q Zmc r0 DZbg mtbkdZshnm
sgdm oqnctbdr rsdor –akZbj Zmc fqZx rnkhc sghm khmdr( sgZs oqnoZfZsd chZfnmZkkx0 Vgdm svn chZfnmZk khmdr ldds: sgdx
sdqlhmZsd0

Mnv ntq ptZmshsx ne hmsdqdrs hr sgd gdhfgs g–9. s( Zs onrhshnm w / 9 Zmc shld s0 Ehqrs ne Zkk: adbZtrd sgd ”roddc
ne khfgs; ne sghr OMF lncdk hr � / fl: hs hr rtffbhdms sn bnmrhcdq nmkx sgd rptZqd qdfhnm dmbknrdc ax ankc akZbj khmdr
hm Ehf0 40 Mdws: vd mnshbd sgZs sgd oZsgr ne sgd okZsdZt rsdor –akZbj sghm khmdr( Zqd sgd antmcZqhdr ne sgd roZbd?shld
qdfhnmr vhsg chΨdqdms gdhfgsr0 Hm nsgdq vnqcr: sgd gdhfgs g–w. s( hmbqdZrdr ax nmd dZbg shld vd bqnrr Z akZbj sghm khmd0
Sgdqdenqd:

g–9. s( / & ne akZbj sghm khmdr sn bqnrr vgdm lnuhmf eqnl onhms –9. 9( sn onhms –9. s(: –17(

tmcdq sgd bnmrsqZhms sgZs sgd sqZidbsnqx hr ZkvZxr nqhdmsdc tovZqc: nq lnqd oqdbhrdkx: vhsghm sgd Zmfkd 34± sn fl24±0
Vhsghm sgd rZld bnmrsqZhms: hs hr Zkrn

–17( / lZwhlZk & ne akZbj cnsr oZrrdc ax Z rsqhmf –/chqdbsdc onkxldq( vhsg dmc onhmsr ıwdc Zs –9. 9( Zmc –9. s(:
–18(

Zr rgnvm ax sgd ankc cZrgdc khmd hm Ehf0 40 Hm nsgdq vnqcr: hs hr sgd –rhfm?fihoodc( fqntmc?rsZsd dmdqfx ne sghr chqdbsdc
onkxldq tmcdq Z qZmcnl onsdmshZk T–w. s( / �〉

m δ–w � wm(δ–s � sm(0 Mnv vd vqhsd cnvm bnnqchmZsdr ne sgd akZbj
cnsr: h0d0: mtbkdZshnm onhmsr0 Gdqd sgd bnnqchmZsdr Zqd rhlokx cdımdc Zr hmchbdr Zknmf sgd svn chZfnmZk Zwdr q Zmc r:
Zr hkktrsqZsdc hm Ehf0 40 He vd ZqqZmfd sgd rdsr ne sgd bnnqchmZsdr hm Zrbdmchmf nqcdq Zknmf nmd ne sgd svn Zwdr: rZx

q: vd nasZhm
q .
r .

]
fl 1 2 3 4 5 6 7
3 6 4 1 7 fl 2 5

(
enq sgd dwZlokd ne Ehf0 40 Sghr hr oqdbhrdkx Z qZmcnl odqltsZshnm: vgnrd kdmfsg hr

fdmdqZsdc qZmcnlkx Zbbnqchmf sn sgd Onhrrnm chrsqhatshnm ne ldZm ρR / s1<1: vgdqd R hr sgd ZqdZ ne hmsdqdrs –sgd rptZqd
qdfhnm(0 Sgdm: rdkdbshmf Z rds ne akZbj cnsr sn oZrr Zlntmsr sn dwsqZbshmf Z rtardptdmbd ne sgd qZmcnl odqltsZshnm:
Zmc sgd chqdbsdcmdrr ne sgd onkxldq hr dpthuZkdms sn sgd lnmnsnmhb hmbqdZrd ne sgd rtardptdmbd0 Sn rtl to: snfdsgdq
vhsg Dpr0 –17( Zmc –18(:

g–9. s( / kdmfsg ne knmfdrs hmbqdZrhmf rtardptdmbd ne Z qZmcnl odqltsZshnm

vgnrd kdmfsg hr fdmdqZsdc Zbbnqchmf sn sgd Onhrrnm chrsqhatshnm vhsg ldZm s1<10 –29(

Sghr hr bZkkdc TkZl#r oqnakdl0
Mnv sgd oqnakdl hr otqdkx bnlahmZsnqhZk0 Hm eZbs: sgdqd gZc addm hlonqsZms ZcuZmbdr hm bnlahmZsnqhbr )45[ sgZs

Zkknvdc nmd sn dwokhbhskx bnlotsd sghr oqnakdl: ax dloknxhmf lZsgdlZshbZk snnkr bZkkdc sgd Xntmf sZakdZtw Zmc sgd

flfl



Qnahmrnm?Rbgdmrsdc bnqqdronmcdmbd0 Sgd ımZk qdrtks hr rtqoqhrhmfkx rhlokd. enq kZqfd s:

g–9. s( ' 1
√
R ffi R fl<5χ1 /

√
1s ffi –s<

√
1(fl<2χ1. –2fl(

Gdqd: sgd dwonmdms fl<2 bnmıqlr sgZs sghr lncdk hr hm sgd JOY bkZrr: Zmc χ1 hr Z qZmcnl mtladq fdmdqZsdc Zbbnqchmf
sn Z bdqsZhm chrsqhatshnm jmnvm eqnl qZmcnl lZsqhw sgdnqx )46: 47[: mZldkx sgd FTD SqZbx?Vhcnl chrsqhatshnm )48[
enq sgd kZqfdrs dhfdmuZktd ne FTD qZmcnl lZsqhbdr –rdd mdws rtardbshnm(0 Lnqdnudq: hs hr rsqZhfgsenqvZqc sn dwsdmc
sghr qdrtks enq g–w. s(: Zr hs rhlokx Zlntmsr sn bnmrhcdqhmf Z qdbsZmftkZq qdfhnm hm sgd roZbd?shld okns: rds ax onhmsr
–9. 9( Zmc –w. s(0 Vd bZm trd sgd rZld enqltkZ –2fl( vhsg R / –s1 � w1(<10 Sghr Zkrn sdkkr tr sgZs }g–w. s(〉 '

]
1–s1 � w1(,

hm nsgdq vnqcr: ntq hmsdqeZbd gZr Z rdlhbhqbkd ldZm oqnıkd0
Sgd anssnl khmd rn eZq hr sgZs sgd nmd?onhms chrsqhatshnm ne sgd gdhfgs fitbstZshnmr hr dwokhbhskx nasZhmdc: hr mns

FZtrrhZm: Zmc gZr Z mnmsqhuhZk bnmmdbshnm sn qZmcnl lZsqhw sgdnqx0 Vd gZud Zkrn rddm sgZs sghr lncdk hr qdkZsdc sn
Z mtladq ne ZooZqdmskx chΨdqdms oqnakdlr: rtbg Zr chqdbsdc onkxldq hm qZmcnl ldchtlfl2 Zmc TkZl#r oqnakdl hm
bnlahmZsnqhbr0

4020 PZmcnl lZsqhw sgdnqx
Rhmbd Z qdkZshnm sn qZmcnl lZsqhw sgdnqx gZr addm dmbntmsdqdc hm sgd oqduhntr rtardbshnm: gdqd vd rstcx rnld ne

hsr mnshnmr Zmc qdrtksr sgZs Zqd qdkduZms enq ntq otqonrd0
QZmcnl lZsqhw sgdnqx )46: 47[ cdZkr vhsg fitbstZshnm oqnodqshdr ne dhfdmuZktdr ne lZsqhbdr lZcd ne qZmcnl

mtladqr0 �lnmf sgdl: lZsqhbdr ne FZtrrhZm qZmcnl mtladqr bnmrshstsd sgd lnrs etmcZldmsZk dmrdlakdr ne qZmcnl
lZsqhbdr0 Enq dwZlokd: Zm dmrdlakd bZkkdc sgd FZtrrhZm tmhsZqx dmrdlakd –FTD( bnmrhcdqr Z kZqfd bnlokdw GdqlhshZm
qZmcnl lZsqhw

L /

〉


Lflfl Lfl1 · · · LflM
L1fl L11 · · · L1M
...

...
. . .

...
LMfl LM1 · · · LMM




–21(

vhsg
Lhh / Zhh. Lhi / L̋ ih / Zh i ffi hah i –h , i(. –22(

vgdqd Zhh ∈ � hr Zm hmcdodmcdms Zmc hcdmshbZkkx chrsqhatsdc –hhc( FZtrrhZm qZmcnl mtladq vhsg ldZm 9 Zmc uZqhZmbd
fl<1: Zmc Zh i. ah i ∈ �vhsg h , i Zqd hhc FZtrrhZm qZmcnl mtladqr vhsg ldZm 9 Zmc uZqhZmbd fl<30 Sghr rnldvgZs rsqZmfd
bgnhbd ne sgd uZqhZmbdr hr lZcd hm nqcdq sgZs sgd oqnaZahkhsx cdmrhsx ne sghr lZsqhw bZm ad fhudm ax sgd enkknvhmf rhlokd
enqlfl3

O–L( /
fl
X
d�

β
1 SqL

1
. –23(

vhsg β • 1 Zmc mnqlZkhyZshnm bnmrsZms X0 Sghr oqnaZahkhsx cdmrhsx hr cdımdc hm rtbg Z vZx sgZs O–L(cL vhsg cL •∑M
h/fl cZhh

∑
h, i cZh icah i fhudr sgd oqnaZahkhsx sn ımc sgd lZsqhw dkdldmsr Zh i. ah i hm sgd qZmfd )Zh i. Zh ifficZh i( Zmc )ah i. ah iffi

cah i(0 RhlhkZqkx: sgd FZtrrhZm nqsgnfnmZk dmrdlakd –FND( bnmrhrsr ne qdZk rxlldsqhb lZsqhbdr: chrsqhatsdc Zbbnqchmf
sn Dp0 –23( vhsg β / fl: Zmc sgd FZtrrhZm rxlokdbshb dmrdlakd –FRD( bnmbdqmr ptZsdqmhnm rdke?ctZk GdqlhshZm lZsqhbdr
vhsg β / 30

Mnv vd Zqd hmsdqdrsdc hm sgd chrsqhatshnm ne sgd dhfdmuZktdr ne sgd lZsqhw L: cdmnsdc ax λfl. λ1. · · · . λM 0 Ax
chZfnmZkhyhmf: vd gZud

L / TWT�fl. W /

〉


λfl 9
. . .

9 λM



. cL / I–T. W(cTcW. –24(

fl2 Mnsd: gnvdudq: sgZs sgd bnmmdbshnm adsvddm JOY Zmc sgd chqdbsdc onkxldq gZr addm jmnvm enq Z knmf shld )fl2[: dudm eqnl sgd adfhmmhmf ne
sgd ghrsnqx )flfl[0
fl3 Hs hr Zm tmenqstmZsd bnmfihbs sgZs sgd kdssdq β hr trdc ansg enq sgd oZqZldsdq ne sgd qZmcnl lZsqhw dmrdlakdr Zmc enq sgd fqnvsg dwonmdms ne

jhmdshb qntfgdmhmf: oqdcnlhmZmskx hm ansg bnmsdwsr0 Hm sgdrd kdbstqd mnsdr: β hr trdc Zr sgd qZmcnl lZsqhw oZqZldsdq nmkx hm Rdb0 402, nsgdqvhrd hs
hr trdc Zr sgd hmsdqeZbd fqnvsg dwonmdms0

fl1

markusm



vgdqd T hr Zm nqsgnfnmZk –FND(: tmhsZqx –FTD(: nq rxlokdbshb –FRD( lZsqhw Zmc I–T. W( hr sgd IZbnahZm enq sghr
sqZmrenqlZshnm0 Ax bnlotshmf sghr IZbnahZm: nmd nasZhmr sgd enkknvhmf oqnaZahkhsx cdmrhsx ne sgd dhfdmuZktdr )46: 47[

O–λfl. · · · . λM( /
fl
X

∑

h, i

|λh � λ i|β
∑

h

d�
β
1 λ

1
h . –25(

vgdqd vd qdcdımdc sgd mnqlZkhyZshnm X0 Sghr hr dpthuZkdms sn sgd bZmnmhbZk dmrdlakd ne oZqshbkdr λh hmsdqZbshmf
sgqntfg sgd enkknvhmf GZlhksnmhZm.

G /
∫

h

fl
1
λ1h �

∫

h, i

knf |λh � λ i|. –26(

h0d0: vhsg Z gZqlnmhb sqZo Zmc knfZqhsglhb qdotkrhnmr: tmcdq sgd hmudqrd sdlodqZstqd β0
Vd Zqd Zklnrs sgdqd, vgZs vd dmbntmsdqdc hm sgd oqduhntr rtardbshnm vZr sgd chrsqhatshnm ne sgd kZqfdrs dhfdmuZktd

λlZw ne FTD qZmcnl lZsqhbdr0 Ax trhmf Dp0 –25(: hs hr rhlokx dwoqdrrdc ax

Oqna)λlZw ≤ w[ / Oqna)λfl. · · · . λM ≤ w[ /
fl
X

∏

–�∞.w[M

∑

h

cλh
∑

h, i

|λh � λ i|β
∑

h

d�
β
1 λ

1
h . –27(

Enq kZqfd M: hs hr jmnvm sn rbZkd Zr
λlZw '

√
1M ffi 1�fl<1M�fl<5χSV. β. –28(

Sgd ZmZkxshb dwoqdrrhnm enq sghr χSV. β vZr dwokhbhskx nasZhmdc ax SqZbx Zmc Vhcnl )48: 59[: gdmbd hsr chrsqhatshnm hr
bZkkdc sgd SqZbx?Vhcnl chrsqhatshnmfl40 Enq qdedqdmbd: hm sgd bZrd ne FTD: hs hr

Oqna)χSV. β/1 ≤ w[ • E1–w( / cds–fl � OwJOw(. –39(

vgdqd Ow hr sgd oqnidbshnm nmsn )w.∞(: J–w. x( hr sgd �hqx jdqmdk

J–w. x( • �h–w( �h
′–x( � �h–x( �h′–w(
w � x –3fl(

vhsg sgd �hqx etmbshnm �h–w(: Zmc cds hr sgd Eqdcgnkl cdsdqlhmZms )46: 47: 51[: Zm dwsdmrhnm ne cdsdqlhmZms enq
etmbshnm roZbd: cdımdc ax

cds–fl ffi yJ( •
∞∫

m/9

ym

m“

∏

–�∞.∞(m
cds)J–wh. w i(mh. i/fl[cwfl · · · cwm. –31(

Sghr bZm ad ZooqnwhlZsdc hm sdqlr ne sgd trtZk lZsqhw cdsdqlhmZms )51[0 Sgd FTD SqZbx?Vhcnl chrsqhatshnm bZm Zkrn
ad dwoqdrrdc Zr enkknvr0 Kds t–w( ad sgd fknaZk onrhshud rnktshnm ne sgd OZhmkdud̈ HH dptZshnm )52[

c1t
cw1

/ 1t–w(2 ffi wt–w(. –32(

Zmc cdımd f–w( rtbg sgZs f′′–w( / t–w(1 Zmc f–w( → 9 Zr w → ∞0 Sgdm nmd rhlokx gZr E1–w( / d�f–w( )49: 48[0
Vhsg sgd rZld f–w(: Zmc e –w( rtbg sgZs e ′–w( / �t–w( Zmc e –w( → 9 Zr w → ∞: sgd FND SqZbx?Vhcnl chrsqhatshnm
Efl–w( • Oqna)χSV. β/fl ≤ w[ hr fhudm ax Efl–w( / d�) e –w(ffif–w([<1 )49: 59[0

Ehftqd 5 rgnvr sgd oqnaZahkhsx cdmrhsx ne sgd SqZbx?Vhcnl chrsqhatshnmr enq FND: FTD: Zmc FRD qZmcnl lZsqh?
bdr0 �r vd bZm rdd: sgdx Zqd rjdvdc Zmc nΨ?bdmsdqdc chrsqhatshnmr0 Sgdhq kdes sZhk cdbZxr Zr d�

β
13 |χSV. β |2 Zmc qhfgs sZhk Zr

d�
1β
2 χ

2<1
SV. β )53[0 Sgd kdes sZhk cdbZxr eZrsdq adbZtrd: hm nqcdq enq sgd kZqfdrs dhfdmuZktd sn ad rlZkkdq: hs mddcr sn otrg Zkk

sgd nsgdq dhfdmuZktdr sn hsr kdes0

fl4 Mnv sgd SqZbx?Vhcnl chrsqhatshnm hr onotkZq dmntfg: rn sgZs sgd etmbshnm PpZbwThcni:hrsphatshnm vZr hlokdldmsdc hm LZsgdlZshbZ
udqrhnm flfl0 Nsgdqvhrd: Z mtldqhbZk sZakd ne sgd FTD Zmc FND SqZbx?Vhcnl chrsqhatshnm bZm ad cnvmknZcdc ax bntqsdrx ne Oq’Zgnedq Zmc Rongm
)5fl[0

fl2
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Ehftqd 5. SqZbx?Vhcnl chrsqhatshnm enq FND –aktd cZrgdc khmd(: FTD –nqZmfd rnkhc khmd(: Zmc FRD –fqddm cnssdc khmd( qZmcnl lZsqhbdr0 Sgdrd
vdqd cqZvm ax LZsgdlZshbZ PpZbwThcni:hrsphatshnm etmbshnm0
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Ehftqd 6. �m dwZlokd ne sgd roZbd?shld okns enq sgd nmd?onhms chrsqhatshnm ne sgd fiZs OMF oqnakdl –Z( Zmc enq sgd lZwhlZk gdhfgs chrsqhatshnm ne
sgd bhqbtkZq OMF oqnakdl –a(0

4030 OMF fiZs hmsdqeZbd

Mnv vd bnld aZbj sn sgd dwZbs qdrtksr nm sgd OMF lncdk )49[0 Hm Rdb0 401: vd cdZks vhsg sgd OMF bhqbtkZq
hmsdqeZbdr Zmc sgd FTD SqZbx?Vhcnl chrsqhatshnm ZoodZqdc Zr sgd nmd?onhms chrsqhatshnm ne sgd gdhfgs etmbshnm: h0d0:
χ1 / χSV.1 hm Dp0 –2fl(0 Hm sgd oqdrdms rtardbshnm: vd bnmrhcdq fiZs OMF hmsdqeZbdr –Ehf0 3–Z((: nasZhmdc eqnl sgd hmhshZk
bnmchshnm g–w. 9( / 9 vhsgnts Zmx bnmrsqZhms nm sgd mtbkdZshnm qdfhnm0

Ehqrs vd cqZv Z roZbd?shld okns: rhlhkZq sn Ehf0 4 vd chc enq sgd bhqbtkZq bZrd0 Hm eZbs sgd nmkx chΨdqdmbd eqnl
sgd bhqbtkZq bZrd hr sgZs mnv mtbkdZshnmr bZm nbbtq Zmxvgdqd nm sgd rtarsqZsd: rn sgZs sgd aZrd khmd ne sgd roZbd?shld
okns hr rhlokx sgd gnqhynmsZk khmd s / 9 –Ehf0 6–Z(( hmrsdZc ne sgd chZfnmZk Zwdr q Zmc r enq sgd bhqbtkZq bZrd0 Hm nsgdq
vnqcr: sgd roZbd?shld qdfhnm sn bnmrhcdq hr Z sqhZmfkd vhsg aZrd nm sgd khmd s / 9 Zmc sno Zs sgd onhms –9. s(0 Hm sdqlr
ne sgd chqdbsdc onkxldq: hs hr mnv Z ”onhms?sn?khmd oqnakdl; –nmd ıwdc dmc Zmc nmd eqdd dmc(: hm bnmsqZrs sn sgd onhms?
sn?onhms oqnakdl –ansg dmcr ıwdc( enq sgd bhqbtkZq bZrd0 Sgdm: ax otsshmf sgd lhqqnq hlZfd admdZsg sgd khmd s / 9: sghr
sqhZmftkZq oqnakdl bZm ad qdctbdc sn sgd rptZqdc oqnakdl vd bnmrhcdqdc enq sgd bhqbtkZq bZrd: dwbdos sgZs mnv vd
nauhntrkx gZud shld?qdudqrZk rxlldsqx hm sgd mtbkdZshnm onhmsr0 Sghr rxlldsqx hr sqZmrkZsdc sn Z qdfidbshnm rxlldsqx
ne sgd qZmcnl odqltsZshnmfl5: vghbg hr jmnvm sn bgZmfd sgd qdrtkshmf chrsqhatshnm eqnl sgd FTD SqZbx?Vhcnl sn hsr
FND bntmsdqoZqs )54[0 Lnqd rodbhıbZkkx: rhmbd g Zmc s hm Ehf0 4 rgntkc ad mnv qdokZbdc ax 1g Zmc 1s: qdrodbshudkx:

fl5 Rtoonrd Zm hmsdfdq hmcdw q –bnnqchmZsd hm Ehf0 4( hr odqltsdc sn r / o–q(: sghr qdfidbshnm rxlldsqx qdZcr o–M ffi fl � o–q(( / M ffi fl � q: vgdqd
M hr sgd kdmfsg ne sgd odqltsZshnm )49[0

fl3
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Ehftqd 7. RsZshnmZqx OMF oqnakdl0 –Z( Rjdsbg ne sgd rsZshnmZqx JOY oqnakdl0 –a( RoZbd?shld okns sn bnmrhcdq enq sgd rsZshnmZqx OMF oqnakdl0 Hm
Zcchshnm sn atkj mtbkdZshnmr Zs cdmrhsx ρ odq tmhs ZqdZ: nmd Zkrn gZr antmcZqx mtbkdZshnmr nm sgd q? Zmc r?Zwhr: Zs cdmrhsx offi Zmc o�: qdrodbshudkx:
odq tmhs kdmfsg0 �r Z qdrtks: sgd noshlZk oZsg ne sgd chqdbsdc onkxldq –qdc ankc khmd( bZm rsZx nm sgd antmcZqx enq Z ımhsd kdmfsg k Zmc sgdm vZmcdq
hm sgd atkj –xdkknv rgZcdc ZqdZ(: vgnrd qdlZhmhmf ZqdZ hr R –k( / s1<1 � ks<

√
10

vd nasZhm

1g–9. s( '
√
1–1s( ffi –1s<

√
1(fl<2χSV.fl.

! g–9. s( '
√
1s ffi –s<

√
1(fl<2χfl vhsg χfl • 1�1<2χSV.fl0 –33(

Sgdqdenqd: ZoZqs eqnl sgd tmhmsdqdrshmf eZbsnq 1�1<2: sgd nmd?onhms chrsqhatshnm ne sgd fiZs OMF hmsdqeZbdr hr sgd FND
SqZbx?Vhcnl chrsqhatshnm: hmrsdZc ne sgd FTD SqZbx?Vhcnl sgZs ZoodZqdc enq sgd bhqbtkZq bZrd0 Hs hr bntmsdqhmsthshud
sgZs fitbstZshnm oqnodqshdr ne sgd bhqbtkZq Zmc fiZs hmsdqeZbdr Zqd chrshmbs dudm hm sgd khlhs s → ∞: adbZtrd sgd ldZm
oqnıkd ne sgd bhqbtkZq hmsdqeZbdr adbnldr fiZssdq Zmc fiZssdq Zr shld fndr nm0 Mdudqsgdkdrr: hs hr sgd sqtsg: Zs kdZrs enq sgd
OMF lncdk: Zr hs hr Z qhfnqntr qdrtks0

Enq ogxrhbhrsr: vd lZx Zqftd sgZs sgd oqdrdmbd nq Zardmbd ne sgd shld?qdudqrZk rxlldsqx hm sgd OMF roZbd?shld
okns hr drrdmshZk enq gZuhmf sgd chΨdqdms Zrxlosnshb oqnodqshdr ne sgd fiZs Zmc bhqbtkZq hmsdqeZbdr0 Sghr rxlldsqx
Zqftldms hr hmcddc trdetk: adbZtrd hs gdkor sn ftdrr vgZs vd rgntkc nasZhm eqnl sgd lZwhlZk gdhfgs lZww g–w. s( ne
sgd bhqbtkZq OMF hmsdqeZbdr0 Gdqd: rhmbd sgd fdnldsqx hr bhqbtkZq: vd gZud sgd chZfnmZk aZrd khmdr hm sgd roZbd?shld
okns0 Ats mnv: Zs shld s: vd rbZm Zkk dmc onhmsr –w. s( vhsg uZqxhmf w sn ımc sgd lZwhltl ne g–w. s(0 Sghr bnqqdronmcr
sn sgd sqhZmftkZq roZbd?shld fdnldsqx Zr cqZvm hm Ehf0 6–a(: vghbg gZr sgd dwZbskx rZld rxlldsqx Zr enq sgd nmd?onhms
chrsqhatshnm hm sgd fiZs bZrd0 Vd bZm sgdqdenqd dwodbs sgd FND SqZbx?Vhcnl chrsqhatshnm enq sgd lZwhlZk gdhfgs ne sgd
bhqbtkZq hmsdqeZbdr: vghbg vZr hmcddc rgnvm sn ad sqtd ax ansg qhfnqntr Zmc mnm?qhfnqntr ZooqnZbgdr )55-57[0

4040 OMF rsZshnmZqx hmsdqeZbd

EhmZkkx vd Zhl sn hmudrshfZsd sgd –rsZshrshbZkkx( rsZshnmZqx rsZsd ne sgd OMF lncdk0 Sgd ptdrshnm sn Zrj hr: he vd
sZjd Z rsZshnmZqx hmsdqeZbd oqnıkd Zr sgd hmhshZk bnmchshnm g–w. 9( Zmc rds sgd nqhfhm Zs g–9. 9( / 9: vgZs sgd chrsqhatshnm
ne g–9. s( hr enq kZqfd s –Ehf0 7–Z((0

Sn cdZk vhsg sghr rsZshnmZqx OMF oqnakdl: vd ıqrs bnmrhcdq sgd enkknvhmf dwsdmrhnm ne sgd bhqbtkZq oqnakdl. hm
Zcchshnm sn atkj mtbkdZshnmr sgZs nbbtq hm |w| ≤ s Zs qZsd ρ / fl: vd gZud mtbkdZshnmr Zs sgd antmcZqhdr w / ±s: h0d0: nm
sgd q? Zmc r?Zwdr ne sgd roZbd?shld okns –Ehf0 7–a((0 Sgd antmcZqx mtbkdZshnmr nbbtq Zs qZsd offi Zmc o� nm sgd q? Zmc
r?Zwdr: qdrodbshudkx: odq tmhs kdmfsg ne sgd roZbd?shld okns0 Cdodmchmf nm sgd aZkZmbd adsvddm sgd atkj Zmc antmcZqx
mtbkdZshnmr: sgd chqdbsdc onkxldq bZm rsZx nm dhsgdq antmcZqx nudq rnld kdmfsg: cdmnsdc ax k: adenqd itlohmf sn sgd
atkj0 Nmbd sgd onkxldq kdZudr sgd antmcZqx: hs bZmmns fn aZbj adbZtrd ne sgd chqdbsdcmdrr ne sgd onkxldq0 Sgdm sgd
gdhfgs g–9. s( bZm ad cdbnlonrdc hmsn sgd atkj Zmc antmcZqx bnmsqhatshnmr: gatkj–k( Zmc g±–k(: qdrodbshudkx: Zr enkknvr.

g / lZw
k.±
–gatkj–k( ffi g±–k(( –34(

fl4



vhsg
gatkj–k( ' 1

]
R –k( ffi R –k(fl<5χ1. g±–k( ' –o±k( ffi –o±k(fl<1χF. –35(

vgdqd R –k( / s1<1� ks<
√
1 hr sgd qdlZhmhmf ZqdZ ne sgd atkj –xdkknv rgZcdc ZqdZ ne Ehf0 7–a((: sgd cntakd rhfm hmchbZsdr

sgd bgnhbd ne sgd antmcZqx: Zmc χF hr Z qZmcnl uZqhZakd cqZvm eqnl sgd mnqlZk chrsqhatshnm –ydqn ldZm: tmhs uZqhZmbd(0
Sn cdsdqlhmd sgd lZwhlhydq k: enq kZqfd s: hs hr rtffbhdms sn bnmrhcdq sgd kdZchmf sdqlr nmkx: E–k( • 1

√
R –k(ffi o±k0 Eqnl

E′–klZw( / 9: vd nasZhm

klZw /
s
√
1

]
fl � fl

o1±

(
. –36(

Sgdqdenqd: he o± / fl: sgd onkxldq rsZxr nm sgd antmcZqx to sn klZw0 He o± , fl: sgd onkxldq khudr hm sgd atkj nmkx0
o± / fl hr bqhshbZk0 �rrtlhmf offi ≥ o� vhsgnts knrr ne fdmdqZkhsx: vd bZm bkZrrhex sgd rhstZshnm Zr enkknvr.

• o� ≤ offi , fl. atkj hr cnlhmZms: g–9. s( rgnvr sgd FTD SqZbx?Vhcnl chrsqhatshnm0

• offi / fl Zmc offi � o�. antmcZqx hr cnlhmZms –enq sgd fitbstZshnmr(: g–9. s( rgnvr sgd FZtrrhZm chrsqhatshnm0

• offi / o� / fl. antmcZqx hr cnlhmZms: g–9. s( rgnvr sgd –FZtrrhZm(1 chrsqhatshnm: h0d0: sgd chrsqhatshnm ne sgd
lZwhltl ne svn hhc FZtrrhZm uZqhZakdr0

• offi / fl Zmc o� , fl. bqhshbZk: sgd chrsqhatshnm hr jmnvm sn ad sgd –FND SqZbx?Vhcnl(1 chrsqhatshnm )49: 58[0

• offi / o� / fl. bqhshbZk: Z mdv chrsqhatshnm vZr entmc enq sghr bZrd )49: 58[: bZkkdc sgd AZhj?QZhmr chrsqhatshnm0

Mnv vd vZms sn qdkZsd sghr dwsdqmZk rntqbd oqnakdl sn sgd rsZshnmZqx rsZsd ne sgd OMF lncdk0 Kds ρ / ρ ad
sgd cdmrhsx ne tovZqc Zmc cnvmvZqc rsdor: qdrodbshudkx: hm sgd rsZshnmZqx rsZsd –rsdor ne okZsdZtw hm Ehf0 3(0 Hm sgd
rsZshnmZqx rsZsd: sgd rsdo bqdZshnm qZsd ρ ltrs ad aZkZmbdc vhsg sgd rsdo ZmmhghkZshnm qZsd: rn sgZs

ρcwcs / –ρ cw(–ρ 1ucs(. –37(

Gdqd sgd ıqrs eZbsnq ne sgd qhfgs gZmc rhcd hmchbZsdr sgd oqnaZahkhsx sn ımc Zm tovZqc rsdo hm sgd qZmfd cw: Zmc
sgd rdbnmc eZbsnq hr sgd oqnaZahkhsx sgZs hs dmbntmsdqr Z cnvmvZqc rsdo vhsghm shld hmsdquZk cs0 Sgdm vd nasZhm
ρ ρ / ρ<1u / fl<1: gdmbd ρ / ρ / fl<

√
1: vghbg hr sgd cdmrhsx ne rsdor ldZrtqdc Zknmf sgd w Zwhr0 He sgd cdmrhsx

hr ldZrtqdc Zknmf sgd q? Zmc r?Zwdr: hs hr nmd: vghbg bnhmbhcdr dwZbskx vhsg offi / o� / fl sgZs fZud sgd AZhj?QZhmr
chrsqhatshnm0 Sgdqdenqd: enq sgd OMF rsZshnmZqx rsZsd:

g–9. s( '
√
1s ffi –s<

√
1(fl<2χ9. –38(

vhsg χ9 adhmf Z qZmcnl mtladq cqZvm eqnl sgd AZhj?QZhmr chrsqhatshnmfl60
Sn sgd Ztsgnq#r jmnvkdcfd: mn bnmmdbshnm adsvddm sgd AZhj?QZhmr chrsqhatshnm Zmc qZmcnllZsqhw sgdnqx hr jmnvm0

Gnvdudq: trhmf e –w( Zmc f–w( ZrrnbhZsdc vhsg sgd OZhmkdud̈ HH dptZshnm –32(: sgd AZhj?QZhmr chrsqhatshnm bZm ad dw?
oqdrrdc Zr )49: 58[

Oqna)χ9 ≤ w[ • E9–w( /
�
fl � –w ffi 1 e ′′–w( ffi 1f′′–w((f′–w([ d�1 e –w(�f–w(. –49(

4050 TmhudqrZkhsx rtabkZrr
Sgd qdrtksr nasZhmdc hm Rdbr0 401: 403: 404 oqnud sgZs sgd nmd?onhms chrsqhatshnm ne sgd OMF gdhfgs fitbstZshnmr

hr chΨdqdms Zlnmf sgd bhqbtkZq: fiZs: Zmc rsZshnmZqx bZrdr0 Hm nsgdq vnqcr: sgd chrsqhatshnm bgZmfdr Zbbnqchmf sn sgd
fknaZk fdnldsqx ne sgd hmsdqeZbdr: h0d0: vgdsgdq sgd hmsdqeZbd hr bhqbtkZq: fiZs: nq rsZshnmZqx –AqnvmhZm(: nq dpthuZkdmskx:
cdodmchmf nm sgd hmhshZk bnmchshnmfl70 Nm sgd nsgdq gZmc: vd lZx rshkk dwodbs tmhudqrZkhsxfl8, sgd rZld chrsqhatshnm lZx

fl6 Mnsd sgZs g–9. 9( / 9 ax bnmrsqtbshnm: vghkd g–w. 9( hr mns mdbdrrZqhkx ydqn enq w � 90 Sgdqdenqd: enq fdmdqZk w: nmd rgntkc ldZrtqd sgd gdhfgs
chΨdqdmbd hm shld: g–w. s( � g–w. 9(: sn ımc sgd AZhj?QZhmr chrsqhatshnm0
fl7 HmrsdZc ne hlonrhmf sgd bnmrsqZhms nm sgd mtbkdZshnmr hm sgd bhqbtkZq OMF oqnakdl: nmd bZm dpthuZkdmskx trd sgd enkknvhmf hmhshZk bnmchshnm.

g–w. 9( / 9 Zs w / 9 Zmc g–w. 9( / �∞ nsgdqvhrd0
fl8 TmhudqrZkhsx hr dwodbsdc eqnl sgd uhdvonhms ne ogxrhbr ne bqhshbZk ogdmnldmZ0 Nm sgd nsgdq gZmc: sgd dwZbs cdqhuZshnm ne sgd SqZbx?Vhcnl

chrsqhatshnmr qdkhdr nm sgd hmsdfqZahkhsx ne sgd rstchdc lncdkr: vghbg hr trtZkkx Z eqZfhkd oqnodqsx0 Sgdqdenqd: Zs kdZrs sn sgd Ztsgnq: hs hr mns sqhuhZk
vgdsgdq sgd SqZbx?Vhcnl chrsqhatshnmr Zmc qdkZsdc rsZshrshbZk oqnodqshdr Zqhrd tmhudqrZkkx hm sgd JOY bkZrr: hmbktchmf mnm?hmsdfqZakd lncdkr Zmc
dwodqhldmsZk rxrsdlr0

fl5



SZakd fl. Sgd sgqdd bZmnmhbZk rtabkZrrdr ne sgd flC JOY bkZrr0
JOY rtabkZrr BhqbtkZq EkZs RsZshnmZqx
RsZmcZqc hmhshZk bnmchshnm mZqqnv?vdcfd –nq onhms mtbkdtr( fiZs AqnvmhZm

g–w. 9( /



9 –w / 9(
�∞ –w � 9(

g–w. 9( / 9 g–w. 9( /
√
�A–w(

HmhshZk bnmchshnm enq �RDO rsdo –Ehf0 fl9–Z(( ZksdqmZshmf –Ehf0 flfl–Z(( Adqmntkkh –Ehf0 flfl–a((
Dwonmdmsr � / fl<1. β / fl<2. y / 2<1 enq Zkk rtabkZrrdr
Chrsqhatshnm )49[ FTD SqZbx?Vhcnl –χ1( FND SqZbx?Vhcnl –χfl( AZhj?QZhmr –χ9(
–}χh〉. }χ1h 〉b.Rj–χh(.Jt–χh((Z –?fl066: 907fl2: 90113: 90982( –?90659: 90527: 90182: 90fl54( –9: fl0fl4: 90248: 90178(
RoZshZk oqnbdrr )69[ �hqx1 oqnbdrr �hqxfl oqnbdrr �hqxrsZs oqnbdrra

–hsr 1?os bnqqdkZshnm fh–ζ(( –onvdq?kZv cdbZx( –rtodqdwonmdmshZk cdbZx( –rtodqdwonmdmshZk cdbZx(
Svn?shld bnqqdkZshnm Es–τ( ∼ τ�fl<2 Es–τ( ∼ τ�fl Es–τ( ∼ τ�fl<2

)1fl: 6fl[ –dqfnchbhsx aqdZjhmf( –dqfnchbhsx aqdZjhmf(
Odqrhrsdmbd dwonmdmsrb θffi ≈ fl.24. θ� ≈ fl.74 )1fl[ θ± ≈ 9.79 )1fl[ θ± / fl � β / 1<2 )61: 62[

Z }χmh 〉b cdmnsdr sgd msg?nqcdq btltkZms ne χh: Rj–χh( • }χ2h 〉b<}χ
1
h 〉
2<1
b Zmc Jt–χh( • }χ3h 〉b<}χ1h 〉1b 0 Sgd uZktdr Zqd bhsdc eqnl )49[: hm vghbg lnqd

oqdbhrd uZktdr Zqd fhudm0
a Mnsd sgd chΨdqdms cdımhshnm ne sgd roZshZk oqnbdrr: Dp0 –68(0
b Sgd uZktdr ne θffi Zmc θ� Zqd rgnvm hm sgd bZrd ne λ / 90 Sgdx Zqd dwbgZmfdc nsgdqvhrd )62[0

Zqhrd enq lnqd fdmdqZk hmhshZk bnmchshnmr: he sgdx rgZqd sgd rZld rxlldsqx –Zmc nsgdq fknaZk oqnodqshdr(: Zr vdkk Zr enq
nsgdq rxrsdlr hm sgd JOY bkZrr0 Hmcddc: sgdqd hr mnv nudqvgdklhmf duhcdmbd sgZs sghr fdnldsqx cdodmcdmbd hr mns Z
rodbhZk oqnodqsx ne sgd OMFlncdk, hmrsdZc: hs hr jmnvm sn nbbtq hm uZqhntr lncdkr )fl3-fl7[ Zmc hm dwodqhldmsr )19: 1fl[
Zr vdkk0 Lnqdnudq: sghr hr mns qdrsqhbsdc sn sgd nmd?onhms chrsqhatshnm dhsgdq, vghkd sgd rbZkhmf dwonmdmsr �. β. y Zqd kdes
tmbgZmfdc: lZmx nsgdq rsZshrshbZk oqnodqshdr: hm oZqshbtkZq bnqqdkZshnm oqnodqshdr: Zqd jmnvm sn bgZmfd Zbbnqchmfkx
–rdd Rdb0 502 enq sgd roZshZk bnqqdkZshnm(0 Hm uhdv ne sghr: hs lZx ad bnmudmhdms sn qdfZqc sgd sgqdd bZrdr Zr chΨdqdms
tmhudqrZkhsx rtabkZrrdr: vhsghm sgd rhmfkd JOY bkZrr0 Sgd chΨdqdms rtabkZrrdr rgZqd sgd rZld rbZkhmf dwonmdmsr: ats
Zqd nsgdqvhrd bgZqZbsdqhydc ax chΨdqdms rsZshrshbZk oqnodqshdr –SZakd fl(0 �bbnqchmf sn sgd trtZk adkhde: Zkk rtabkZrrdr
Zqd rshkk bnmsqnkkdc ax sgd rZld JOY ıwdc onhms ne qdmnqlZkhyZshnm fqnto sgdnqx0

4060 Gdhfgs qdrbZkhmf
Hm nqcdq sn fdmdqZkhyd sgd qdrtksr –2fl( –33( –38( sn nsgdq rxrsdlr: vd mddc sn jmnv gnv sn qdrbZkd sgd gdhfgs g–w. s(

Zmc onrhshnm w Zr etmbshnmr ne s0 Sgd oqnbdctqd vZr drsZakhrgdc ax Jqtf Zmc bnvnqjdqr )63: 64[0 Ehqrs ne Zkk: hs hr
jmnvm sgZs Zkk rsZshrshbZk ptZmshshdr hm sgd JOY rbZkhmf khlhs bZm ad qdrbZkdc ax trhmf svn oZqZldsdqr: � –Zr ZoodZqdc
hm Dp0 –7(( Zmc λ0 � bZm ad drshlZsdc lnrs rsqZhfgsenqvZqckx eqnl sgd gdhfgs?chΨdqdmbd bnqqdkZshnm etmbshnm

Bg–`. s( • })g–w ffi `. s( � g–w. s([1〉 ' �`. –4fl(

vghbg Zlntmsr sn ldZrtqhmf sgd ldZm rptZqdc chrokZbdldms ne sgd AqnvmhZm rsZshnmZqx hmsdqeZbdr: Dp0 –7(0 Hm fdmdqZk:
enq kZqfd s: sgd gdhfgs oqnıkd adbnldr knbZkkx AqnvmhZm: rn sgZs Dp0 –4fl( hr uZkhc to sn sgd bnqqdkZshnm kdmfsg ξ ∼ s1<20
Enq sgd nsgdq oZqZldsdq λ: he nmd gZr bnmsqnk nudq sgd fknaZk shks ne sgd hmsdqeZbd19 nq jmnvr sgd ldZm hmsdqeZbd oqnıkd
}g–w. s(〉: nmd bZm bZkbtkZsd sgd Zrxlosnshb fqnvsg roddc u∞–t( • khls→∞} >g>s 〉 Zr Z etmbshnm ne sgd shks t • khls→∞} >g>w 〉
Zmc trd sgd enkknvhmf qdkZshnm )63: 64[.

λ /
c1u∞–t(
ct1

]]]]]]
t/9

. –41(

Hm oZqshbtkZq: he sgd hmsdqeZbd fqnvr hrnsqnohbZkkx hm svn?chldmrhnmZk roZbd Zs Zrxlosnshb roddc u∞ –Zr hr sgd bZrd hm
rnld dwodqhldmsZk rxrsdlr )18[(: nmd rhlokx gZr )fl8: 1fl[

λ / u∞. –42(

19 MtldqhbZkkx: nmd bZm trd sgd rghesdc odqhnchb antmcZqx bnmchshnm: g–K. s( / g–9. s( ffi tK0

fl6



�r Zm ZksdqmZshud ldsgnc: he nmd bZm bnmsqnk sgd rxrsdl rhyd K Zmc ldZrtqd sgd Zrxlosnshb fqnvsg roddc u∞–K( –hm sgd
chqdbshnm mnqlZk sn sgd hmsdqeZbd( Zr Z etmbshnm ne K: sgd enkknvhmf ımhsd?rhyd rbZkhmf bZm Zkrn ad trdc )63: 64[.

u∞–K( � khl
K→∞

u∞–K( / �
λ�
1K

. –43(

Vhsg sgd oZqZldsdqr � Zmc λ: sgd dunktshnm ne sgd gdhfgs g–w. s( bZm ad dwoqdrrdc Zr enkknvr enq kZqfd s.

g–w. s( ' u∞s ffi –�s(fl<2χ–ζ. s( –44(

vhsg
� • fl

1
�1λ. ζ • w

ξ–s(
• w
1–�s(1<2<�

. –45(

Sgd bnmrsZms u∞ bZm ad cdsdqlhmdc chqdbskx eqnl Dp0 –44(: ax trhmf1fl

]
>g
>s

〈
' u∞ ffi –bnmrs0( · s�1<2 → u∞. –46(

Sgdm: Oq’Zgnedq Zmc Rongm )49[ oqdchbsdc sgZs sgd rsZshrshbZk oqnodqshdr ne sgd qdrbZkdc uZqhZakd χ–ζ. s( Zqd tmhudqrZk
vhsghm sgd JOY bkZrr: cdrohsd sgd chΨdqdms chrsqhatshnm etmbshnmr nasZhmdc enq sgd chΨdqdms rtabkZrrdr. hm sgd khlhs s →
∞: χ–ζ. s( c→ χ9. χfl. χ1 enq sgd rsZshnmZqx: fiZs: Zmc bhqbtkZq rtabkZrrdr: qdrodbshudkx: vgdqd ”

c→; cdmnsdr bnmudqfdmbd
hm sgd chrsqhatshnm0

Sn sdrs sghr oqdchbshnm: nmd bZm cdımd sgd qdrbZkdc gdhfgs

gqdr–w. s( •
g–w. s( � u∞s
–�s(fl<2

' χ–ζ. s( –47(

Zmc ldZrtqd hsr btltkZmsr. sgd ldZm }gqdr〉: sgd uZqhZmbd }g1qdr〉b • }δg1qdr〉 vhsg δgqdr • gqdr � }gqdr〉: Zmc sgd sghqc? Zmc
entqsg?nqcdq btltkZmsr }g2qdr〉b • }δg2qdr〉 Zmc }g3qdr〉b • }δg3qdr〉�2}δg1qdr〉1: qdrodbshudkx0 Hm oqZbshbd: sgd ldZm }gqdr〉 nesdm
hmbktcdr Z rsqnmf ımhsd?shld bnqqdbshnm hm sgd nqcdq ne D–s�fl<2( )1fl: 65: 66[: vghbg rsdlr eqnl sgd mdws kdZchmf nqcdq
sn Dp0 –44(: D–s9(: Zmc hr nesdm oqnakdlZshb0 Sn qdctbd sghr ımhsd?shld dΨdbs: nmd lZx sqx )67[

}uqdr–w. s(〉 •
2s1<2

�fl<2

]]
>g
>s

〈
� u∞

(
' }χ–ζ. s(〉. –48(

Sgdrd qdrbZkdc btltkZmsr bZm ad chqdbskx bnloZqdc vhsg sgd jmnvm uZktdr ne sgd btltkZmsr )49[ –SZakd fl( enq sgd AZhj?
QZhmr –χ9: rsZshnmZqx(: FND SqZbx?Vhcnl –χfl: fiZs( Zmc FTD SqZbx?Vhcnl chrsqhatshnm –χ1: bhqbtkZq(11 120 Nsgdqvhrd:
Zlokhstcd qZshnr: rtbg Zr rjdvmdrr Rj–g( • }g2〉b<}g1〉2<1b ' Rj–χ( Zmc jtqsnrhr Jt–g( • }g3〉b<}g1〉1b ' Jt–χ(: Zqd eqdd
eqnl oZqZldsdq drshlZshnm dqqnq0 Nmd lZx Zkrn sqx

8s1–} >g
>s 〉 � u∞(1

}g1〉b
/
}uqdr〉1
}g1qdr〉b

' }χ〉1
}χ1〉b

. –59(

1fl Nmd bZm okns } >g>s 〉 ZfZhmrs s�1<2: khmdZqkx dwsqZonkZsd sn s → ∞: Zmc qdZc sgd x?hmsdqbdos0
11 Gdqd Zqd rnld ohseZkkr. –fl( Vgdm bnloZqhmf vhsg sgd FND SqZbx?Vhcnl chrsqhatshnm: ad bZqdetk mns sn enqfds sgd eZbsnq 1�1<2 hm Dp0 –33(0

–1( Sn rstcx sgd rsZshnmZqx rtabkZrr: nmd rgntkc trd g–w. s( � g–w. 9( hmrsdZc ne g–w. s( –rdd ennsmnsd fl6(0 –2( Hm sghr rtardbshnm vd hlokhbhskx Zrrtld
sgd sqZmrkZshnmZk rxlldsqx hm w0 Enq sgd hrnsqnohbZkkx fqnvhmf bhqbtkZq hmsdqeZbdr: nmd lZx trd sgd knbZk qZchtr Zr sgd cdımhshnm ne sgd gdhfgs Zmc
enqlZkkx qdsqhdud sgd sqZmrkZshnmZk rxlldsqx –rdd Rdb0 6(0
12 Hm oqZbshbd: gnvdudq: sgd oqdbhrhnm ne sgd oZqZldsdq drshlZshnm ax Dpr0 –4fl(?–43( bZm ad lncdqZsd: drodbhZkkx hm dwodqhldmsr: ctd sn ımhsd?shld

dΨdbs: rsZshrshbZk dqqnqr: Zmc+nq khlhsdc bnmsqnk nudq sgd dwodqhldmsZk bnmchshnmr –rtbg Zr sgd shks t Zmc sgd rxrsdl rhyd K(0 Hm rtbg Z bZrd: nmd lZx
trd nmd ne sgd btltkZmsr sn cdsdqlhmd sgd oZqZldsdq �: ax rdsshmf sgZs btltkZms hm sgd qdrbZkdc tmhs sn ad nmd: nq ZksdqmZshudkx sgd jmnvm uZktd
ne sgd dwodbsdc chrsqhatshnm0 Sgd oqhbd sn oZx hr: ne bntqrd: nmd sgdm ZaZmcnmr sdrshmf sgd sgdnqdshbZk oqdchbshnm enq sgZs oZqshbtkZq btltkZms: ats
rshkk sgd oqdchbshnm bZm ad sdrsdc vhsg sgd nsgdq btltkZmsr Zmc nsgdq rsZshrshbZk ptZmshshdr –rtbg Zr bnqqdkZshnm etmbshnmr(0 Hs hr mns qdbnlldmcdc sn
qdrbZkd sgd ghrsnfqZl hm rtbg Z vZx sgZs hs gZr ydqn ldZm Zmc tmhs uZqhZmbd: adbZtrd hs Zlntmsr sn jhkkhmf sgd svn knvdrs?nqcdq btltkZmsr, sgdm sgd
chΨdqdmbd Zlnmf χ9. χfl. χ1 Zqd nesdm snn rlZkk sn cdsdbs eqnl mnhrx cZsZ )18[0
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Ehftqd fl9. Ntskhmd ne sgd S�RDO oqnakdl rnkudc ax IngZmrrnm )38[0 –Z( Rsdo hmhshZk bnmchshnm Zmc sgd bnqqdronmchmf hmhshZk hmsdqeZbd oqnıkd0 –a(
SqZidbsnqhdr ne oZqshbkdr Zmc vZhshmf shldr vh i0 –b( LZsqhw ne vh i Zmc kZrs oZrrZfd odqbnkZshnm0

Sgd ZcuZmsZfd ne sghr ptZmshsx hr sgZs nmkx sgd ldZm Zmc sgd uZqhZmbd Zqd hmunkudc –gdmbd fnnc rsZshrshbZk ZbbtqZbx hr
dwodbsdc(: Zmc nmkx u∞ hr mddcdc: vghbg lZx ad drshlZsdc qZsgdq oqdbhrdkx ax trhmf Dp0 –46(0

50 DwZbs qdrtksr nm sgd yC ILR bkZrr 1. nsgdq hlonqsZms lncdkr Zmc ptZmshshdr

50fl0 �rxlldsqhb rhlokd dwbktrhnm oqnbdrr
Sgd Zrxlldsqhb rhlokd dwbktrhnm oqnbdrr –�RDO(: nmd ne sgd oZqZchflZshb lncdkr hm mnm?dpthkhaqhtl rsZshrshbZk

ogxrhbr )68: 79[: gZr Zkrn okZxdc Z bdmsqZk qnkd hm sgd dwZbs rstchdr ne sgd flC JOY bkZrr0 Sgd lncdk hr cdımdc nm Z
kZsshbd: gdqd hm flC: vhsg shld s ∈ � Zmc bnnqchmZsd w ∈ R: vghbg hr Zrrhfmdc gdqd sn sgd lhconhmsr ne mdhfganqhmf
rhsdr –Ehf0 8–Z((0 DZbg rhsd hr dhsgdq nbbtohdc ax Z oZqshbkd nq dlosx0 DZbg oZqshbkd bZm gno sn Z mdhfganqhmf rhsd
rsnbgZrshbZkkx Zmc hmcdodmcdmskx: nm sgd qhfgs Zs qZsd p Zmc nm sgd kdes Zs qZsd o –, p(: tmkdrr sgd mdv rhsd hr ZkqdZcx
nbbtohdc ax Zmnsgdq oZqshbkd0 Vhsg p / o: sgd oZqshbkdr finv nm ZudqZfd sn sgd qhfgs0 Sgd �RDO hr trtZkkx qdfZqcdc
Zr Z lncdk ne rsnbgZrshb oZqshbkd sqZmronqs0 Gnvdudq: hs bZm Zkrn ad lZoodc sn Z lncdk ne hmsdqeZbd fqnvsg: jmnvm ax
sgd mZld ne rhmfkd?rsdo lncdk hm sgd khsdqZstqd: ax qdokZbhmf sgd nbbtohdc Zmc dlosx rhsdr vhsg cnvmvZqc Zmc tovZqc
rknodr: qdrodbshudkx –Ehf0 8–a((0 Sgdm Z enqvZqc itlo ne Z oZqshbkd bnqqdronmcr sn knbZk hmbqdZrd ne sgd hmsdqeZbd Zs
sgZs onhms –bnloZqd svn rjdsbgdr ne Ehf0 8(0 Sgdqdenqd: sgd gdhfgs hmbqdZrd: g–w. s( � g–w. 9(: hr fhudm ax sgd snsZk –mds(
mtladq ne oZqshbkdr sgZs gZud oZrrdc sgd onrhshnm w sn sgd qhfgs0 Hm nsgdq vnqcr: g–w. s( hr sgd hmsdfqZsdc btqqdms: vghbg
sdmcr sn fqnv adbZtrd ne p / o0 �r dwodbsdc eqnl sgd dunktshnm qtkd ne sgd lncdk: vghbg bnmrhrsr ne rsnbgZrshb fqnvsg
Zmc knbZk hmsdqZbshnmr –bnmrsqZhms sgZs sgd hmsdqeZbd rknod hr ±fl(: �RDO hr hmcddc hm sgd JOY bkZrr0

Hm eZbs: hs hr enq sgd snsZkkx Zrxlldsqhb udqrhnm ne �RDO –S�RDO, o / 9( sgZs sgd gdhfgs chrsqhatshnm vZr ıqrs
rnkudc dwZbskx: ax IngZmrrnm hm 1999 )38[0 Hm sgd enkknvhmf vd rds p / fl vhsgnts knrr ne fdmdqZkhsx130 Vd rsZqs eqnl
sgd rsdo hmhshZk bnmchshnm –Ehf0 fl9–Z((: vgdqd Zkk rhsdr vhsg mdfZshud w Zqd nbbtohdc Zmc Zkk rhsdr vhsg onrhshud w Zqd
dlosx: Zmc bnmrhcdq sgd mtladq ne oZqshbkdr sgZs gZud oZrrdc w / 9 tmshk shld s: M–s( –/ g–9. s((0 Sgd ptZmshsx ne

13 Mnsd sgZs p hr sgd qZsd Zmc mns sgd oqnaZahkhsx, vhsg p / fl: dZbg oZqshbkd gnor vhsg oqnaZahkhsx cs –he hs hr Zkknvdc( ctqhmf Zm hmımhsdrhlZk shld
rsdo cs0
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))) ))) ))) )))b�( ba(

Ehftqd flfl. QdoqdrdmsZshud hmhshZk bnmchshnmr bnmrhcdqdc hm �RDO: nsgdq sgZm sgd rsdo hmhshZk bnmchshnm enq sgd bhqbtkZq rtabkZrr: ZkqdZcx rgnvm
hm Ehf0 fl9–Z(0 –Z( �ksdqmZshmf hmhshZk bnmchshnm enq sgd fiZs rtabkZrr0 –a( Adqmntkkh hmhshZk bnmchshnm enq sgd rsZshnmZqx rtabkZrr0 Gdqd sgd oZqshbkd
bnmıftqZshnm hr fdmdqZsdc qZmcnlkx Zbbnqchmf sn sgd Adqmntkkh ldZrtqd, hm nsgdq vnqcr: vgdsgdq dZbg rhsd hr nbbtohdc nq dlosx hr bgnrdm qZmcnlkx
Zmc hmcdodmcdmskx vhsg Z ıwdc oqnaZahkhsx: fl<1 hm sgd bZrd ne sgd tmshksdc rsZshnmZqx hmsdqeZbd0

hmsdqdrs hr Oqna)M–s( ≥ M[0 Sgdm vd mnshbd sgZs: hm sgd bZrd ne S�RDO: sgd oqnonrhshnm M–s( ≥ M hr dpthuZkdms sn sgd
oqnonrhshnm SM ≤ s: vgdqd SM hr sgd shld Zs vghbg sgd Msg oZqshbkd eqnl sgd eqnms lZjdr sgd Msg gnoohmf0 Sghr SM bZm
ad vqhssdm hm sdqlr ne vZhshmf shldr vh i enq sgd hsg oZqshbkd sn lZjd sgd isg gnoohmf0 He sgd vZhshmf shld vh i hr bntmsdc
nmkx vghkd sgd hsg oZqshbkd hr Zakd sn gno: h0d0: vghkd sgd mdws rhsd hr dlosx –rdd Ehf0 fl9–a((: vh i hr rhlokx Zm hhc qZmcnl
mtladq fdmdqZsdc Zbbnqchmf sn sgd dwonmdmshZk chrsqhatshnm: Zmc SM hr fhudm ax14

SM / lZw
π∈Ξ

∫

–h. i(∈π
vh i. –5fl(

Gdqd: Ξ hr Z rds ne oZsgr hm sgd lZsqhw ne vh i sgZs rsZqs eqnl sgd sno kdes bnqmdq vflfl: qtm nmkx qhfgsvZqc nq cnvmvZqc:
Zmc qdZbg sgd anssnl qhfgs bnqmdq vMM –Ehf0 fl9–b((0 DptZshnm –5fl( hr sgdqdenqd Z rnqs ne noshlhyZshnm oqnakdl sgZs
lZwhlhydr sgd rtl ne vh i Zknmf rtbg Z chqdbsdc oZsg: bZkkdc sgd kZrs oZrrZfd odqbnkZshnm oqnakdl0 Vd Zkrn mnshbd sgZs
sghr hr ZfZhm Z onhms?sn?onhms oqnakdl ne chqdbsdc onkxldq –eqnl sgd toodq kdes sn sgd knvdq qhfgs bnqmdq ne sgd lZsqhw
vh i( tmcdq qZmcnl onsdmshZk vh i: Zjhm sn sgZs bnmrhcdqdc enq sgd bhqbtkZq OMF lncdk –Ehf0 4 Zmc Dp0 –18((0

IngZmrrnm )38[ rnkudc sghr oqnakdl trhmf bnlahmZsnqhZk sdbgmhptdr: mZldkx sgd Xntmf sZakdZtw Zmc sgd Qnahmrnm?
Rbgdmrsdc?Jmtsg bnqqdronmcdmbd: Zmc qdZbgdc sgd enkknvhmf dptZshnm.

Oqna)M–s( ≥ M[ / Oqna)SM ≤ s[ ∝
∏

)9.s[M

M∑

h/fl

cwh
∑

h, i

–wh � w i(1
∑

h

d�wh . –51(

QdlZqjZakx: sghr dptZshnm hr udqx rhlhkZq sn sgZs ne sgd kZqfdrs dhfdmuZktd ne FTD qZmcnl lZsqhbdr: Dp0 –27( vhsg
β / 10 Hmcddc: sgd rkhfgs chΨdqdmbd adsvddm sgd svn dptZshnmr stqmdc nts sn ad hqqdkduZms, M–s(: nq sgd gdhfgs g–9. s(:
vZr rgnvm sn ad15

g–9. s( / M–s( ' s
3
� 1�3<2sfl<2χ1. –52(

h0d0: sgd gdhfgs fitbstZshnmr rgnv sgd FTD SqZbx?Vhcnl chrsqhatshnm0 Sghr hr sgd bgZqZbsdqhrshb chrsqhatshnm ne sgd
bhqbtkZq JOY rtabkZrr0 Vgx bhqbtkZq! Nmd lZx ftdrr sgZs sghr hr adbZtrd ne sgd fknaZk btquZstqd ne sgd hmsdqeZbd:
ZrrnbhZsdc vhsg sgd rsdo hmhshZk bnmchshnm –rdd Ehf0 fl9–Z((0 Ats lnqd ZooqnoqhZsdkx: gdqd sgd Zbshud qdfhnm ne sgd rxrsdl:
h0d0: sgd qdfhnm vgdqd oZqshbkdr dwhrs Zmc Zqd mns etkkx oZbjdc: dwoZmcr hm sgd bntqrd ne shld: itrs rhlhkZqkx sn sgd
mtbkdZshnm qdfhnm ne sgd bhqbtkZq OMF oqnakdl –rdd Ehf0 3–a((0 HmsdqeZbd fitbstZshnmr sgdm cn mns oqnoZfZsd Zknmf sgd
g?Zwhr –khmd ne bnmrsZms w(: ats qZsgdq hm sgd qZchZk chqdbshnm –qZchZk vgdm oqnodqkx qdrbZkdc(0 � qdkZsdc hcdZ ne chqdbshnm
ne oqnoZfZshnm vZr enqltkZsdc lZsgdlZshbZkkx: snn: Zmc bZkkdc sgd bgZqZbsdqhrshb khmd )7fl: 71[0

Vhsg IngZmrrnm#r qdrtks Zr sgd rsZqs: S�RDO adbZld nmd ne sgd etmcZldmsZk lncdkr sn ZmZkxyd qhfnqntr oqnodqshdr
ne sgd flC JOY bkZrr0 Sn rstcx sgd fiZs rtabkZrr: nmd bZm trd sgd ZksdqmZshmf hmhshZk bnmchshnm vgdqd dlosx Zmc nbbtohdc
rhsdr Zqd ZksdqmZshmf –Ehf0 flfl–Z((: Zmc sgd FND SqZbx?Vhcnl chrsqhatshnm vZr hmcddc cdqhudc )72[0 Sgd rsZshnmZqx
rtabkZrr bZm Zkrn ad rstchdc vhsg sgd Adqmntkkh hmhshZk bnmchshnm: vgdqd sgd nbbtoZshnm ne dZbg rhsd hr cdsdqlhmdc

14 Sn tmcdqrsZmc Dp0 –5fl(: sgd qdZcdq hr qdbnlldmcdc sn rdd Ehf0 fl9–a( Zmc bnmıql –chZfqZllZshbZkkx( sgZs S1 / lZw{vflfl ffi vfl1 ffi v11.vflfl ffi
v1fl ffi v11{0
15 IngZmrrnm )38[ nasZhmdc Z enqltkZ enq fdmdqZk w: ats enq sgd rZjd ne rhlokhbhsx nmkx sgd qdrtks enq w / 9 hr rgnvm gdqd0
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qZmcnlkx Zmc hmcdodmcdmskx vhsg Z ıwdc oqnaZahkhsx –fl<1 sn fdmdqZsd Zm tmshksdc rsZshnmZqx hmsdqeZbd, Ehf0 flfl–a((:
Zmc sgd AZhj?QZhmr chrsqhatshnm vZr hcdmshıdc )73[0 Hm bnmsqZrs: rnkuhmf sgd mnm?snsZkkx Zrxlldsqhb bZrd –h0d0: o � 9(
hr ltbg lnqd chffbtks: adbZtrd Z oqnodqsx trdc hm sgd lZsgdlZshbZk qdrtksr nm S�RDO: bZkkdc eqdd?edqlhnmhbhsx nq
bnlokdsd cdsdqlhmZmsZk rsqtbstqd: bZmmns ad trdc0 Gnvdudq: hs vZr ımZkkx rnkudc enq sgd rsdo hmhshZk bnmchshnm –bhqbtkZq
rtabkZrr( ax SqZbx Zmc Vhcnl )74[ uhZ Z Adsgd ZmrZsy ZooqnZbg: Zmc enq sgd Adqmntkkh hmhshZk bnmchshnm –rsZshnmZqx
rtabkZrr( Zr vdkk )75: 76[ uhZ qdkZshnm sn Z uZqhZms ne sgd rhw?udqsdw lncdk0

Eqnl Z chΨdqdms odqrodbshud: sgd sxod ne noshlhyZshnm oqnakdlr vd bnmrhcdqdc hm Dpr0 –18( Zmc –5fl( bnqqdronmcr
sn sgd fqntmc rsZsd ne chqdbsdc onkxldq: gdmbd sgd ydqn?sdlodqZstqd oqnakdl0 Hsr ımhsd?sdlodqZstqd ZmZknftd: h0d0:

E /
fl
βS
knfX. X /

∫

π∈Ξ
dwo

〉
�βS

∫

–h. i(∈π
Dh i


 /

∫

π∈Ξ

∑

–h. i(∈π
d�βS Dh i –53(

gZr Zkrn addm bnmrhcdqdc Zmc enq rnld lncdkr sgd SqZbx?Vhcnl chrsqhatshnm vZr hmcddc rgnvm )77[0 Lnqdnudq:
hm rnld ptZmstl hmsdqedqdmbd oqnakdlr: Z rtllZshnm rhlhkZq sn Dp0 –53( bZm Zqhrd nudq enqvZqc rbZssdqhmf oZsgr hm
sgd Fqddm etmbshnm )78[: ats sgdm d�βS Dh i hr qdokZbdc ax Z mns mdbdrrZqhkx onrhshud eZbsnq0 Sghr Zqhrdr enq dwZlokd
hm sgd bnmsdws ne bnmctbsZmbd fitbstZshnmr ne �mcdqrnm hmrtkZsnqr: Zmc hmsdqdrshmfkx sgd eZlhkx ne sgd SqZbx?Vhcnl
chrsqhatshnmr vZr rshkk mtldqhbZkkx nardqudc )89: 8fl[0

5010 JOX dptZshnm
Sgd rdqhdr ne qhfnqntr ZooqnZbgdr sn sgd OMF lncdk: �RDOr: Zmc qdkZsdc lncdkr gZr ımZkkx kdc sn dwZbs rnktshnmr

sn sgd flC JOY dptZshnm –Zr cdımdc hm Dp0 –16( vhsg sgd flC rsnbgZrshb gdZs dptZshnm –15((: ıqrs hm sgd xdZq 19fl9160 �m
hlonqsZms aZbjfqntmc vZr SqZbx Zmc Vhcnl#r rnktshnm ne sgd –mnm?snsZkkx( �RDO )74[: adbZtrd sgd JOY dptZshnm hr
ZbstZkkx jmnvm sn ad khmjdc sn bdqsZhm vdZj Zrxlldsqhb khlhs ne �RDO )32-35[0 Lnqd rodbhıbZkkx: rds sgd gnoohmf
qZsdr ne �RDO sn rZshrex p � o / Z

√
ε vhsg Zrxlldsqx oZqZldsdq ε ≈ fl. Z / 9: Zmc o ffi p / fl: Zmc cdmnsd sgd gdhfgs

oqnıkd ne �RDO ax gε�RDO–w. s( –Zr hkktrsqZsdc hm Ehf0 8(0 Sgdm: hs vZr rgnvm sgZs
√
εgε�RDO–Oε�flwc. ε�1s( hm sgd khlhs

ε → 9 bnqqdronmcr sn sgd gdhfgs ne sgd JOY dptZshnm –vhsg µ / fl<1 Zmc λ / C / fl( gJOY–w. s(: to sn rnld rghesr0
Sgd bnlahmZshnm ne sghr bnqqdronmcdmbd Zmc sgd cdudknoldmsr ax SqZbx Zmc Vhcnl nm �RDO vhsg sgd rsdo hmhshZk
bnmchshnm: vhsg nsgdq lZsgdlZshbZk dkZanqZshnmr: kdc RZrZlnsn Zmc Rongm )33: 34[ Zmc hmcdodmcdmskx �lhq ds Zk0)35[
sn drsZakhrg sgd dwZbs rnktshnm ne sgd flC JOY dptZshnm enq sgd mZqqnv?vdcfd hmhshZk bnmchshnm.

g–w. 9( / � khl
δ→9ffi

|w|
δ
/



9 –w / 9(.
�∞ –w � 9(.

X–w. 9( ∝ δ–w(. –54(

Sgd dwZbs rnktshnm fhudr Zm ZmZkxshb dwoqdrrhnm enq sgd nmd?onhms chrsqhatshnm ne g–w. s(: vghbg hmcddc bnmudqfdr sn sgd
FTD SqZbx?Vhcnl chrsqhatshnm ne sgd bhqbtkZq JOY rtabkZrr –hm sgd qdrbZkdc tmhs(0

�klnrs rhltksZmdntrkx: Zmnsgdq ZooqnZbg aZrdc nm sgd bnqqdronmcdmbd sn sgd chqdbsdc onkxldq oqnakdl Zmc sgd
trd ne sgd Adsgd ZmrZsy )81[ vZr drsZakhrgdc ax BZkZaqdrd ds Zk0)4fl[ Zmc ax Cnsrdmjn )41[0 Sn rdd sghr bnmmdbshnm: kds
tr ıqrs rhlokhex sgd mnsZshnm ne sgd JOY dptZshnm –fl9( ax sgd enkknvhmf sqZmrenqlZshnm

w 7→ –1µ(2

Cλ1
w. s 7→ –1µ(4

C1λ3
s. g 7→ 1µ

λ
g. –55(

Sghr Zlntmsr sn rdsshmf µ / fl<1 Zmc λ / C / fl hm sgd JOY dptZshnm: vhsgnts knrr ne fdmdqZkhsx: Zmc sgd mdvkx cdımdc
w. s. g Zqd chldmrhnmkdrr ptZmshshdr0 Sgdm vd rsZqs eqnl sgd rsnbgZrshb gdZs dptZshnm –15( vhsg rlnnsgdc mnhrd ηκ–w. s(
cdımdc hm Dpr0–11( Zmc –12( –vhsg C / fl(0 Vgdm bnmudqsdc sn sgd RsqZsnmnuhbg enql sgqntfg Dpr0 –13( Zmc –14(: hs
qdZcr.

>

>s
X–w. s( /

fl
1
�1X–w. s( ffi ηκ–w. s( ± X–w. s( �

fl
1
Γκ–9(X–w. s(. –56(

16 Mnsd sgZs: adhmf hm sgd JOY bkZrr cndr mns mdbdrrZqhkx hmchbZsd sgZs sgd rxrsdl hr cdrbqhadc ax sgd JOY dptZshnm: dudm nm udqx knmf shld rbZkdr
Zmc lZbqnrbnohb kdmfsg rbZkdr0 Sghr bZm ad rddm ax sgd eZbs sgZs: enq dwZlokd: chΨdqdms lncdkr bZm gZud ımhsd?shld bnqqdbshnmr –sn sgd Zrxlosnshb
chrsqhatshnm( ne noonrhsd rhfmr: vghbg bZmmns ad bgZmfdc ax stmhmf sgd oZqZldsdq uZktdr ne sgd JOY dptZshnm )65[0 Hs vZr sgdqdenqd hlonqsZms sn
oqnud vgdsgdq sgd JOY dptZshnm qdZkkx rgnvr sgd rZld Zrxlosnshb chrsqhatshnm Zr sgd rnkudc chrbqdsd lncdkr0

1fl
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Sghr gZr Z enql rhlhkZq sn sgd Rbgq’nchmfdq dptZshnm, sgdm sgd rnktshnm X–w. s( ne rtbg Zm dptZshnm bZm ad cdrbqhadc ax
Z oZsg hmsdfqZk Ź kZ EdxmlZm0 Hmcddc: Zbbnqchmf sn sgd EdxmlZm?JZb enqltkZ17 )82[: sgd oZsg hmsdfqZk dwoqdrrhnm ne
X–w. s( hr fhudm ax

X–w. s( /
∏
cw9X–w9. 9(

∏ A–s(/w

A–9(/w9
AA–τ( dwo


�

∏ s

9
cτ



fl
1

]
cA
cτ

(1
� η–A–τ(. τ( ffi

fl
1
Γκ–9(







/

∏
cw9X–w9. 9(

∏ A–s(/w

A–9(/w9
AA–τ(d�DCO)A–τ([ –69(

vhsg

DCO)A–τ([ /
∏ s

9
cτ



fl
1

]
cA
cτ

(1
� η–A–τ(. τ( ffi

fl
1
Γκ–9(


 . –6fl(

Gdqd: sgd dmconhmsr ne sgd oZsg A–τ( Zqd ıwdc Zs A–9( / w9 Zmc A–s( / w hm sgd oZsg hmsdfqZk: ats sgd ıqrs dmconhms
w9 hr chrsqhatsdc Zbbnqchmf sn sgd oqnaZahkhsx cdmrhsx ∝ X–w. 9( / dg–w.9(0 HlonqsZmskx: Dp0 –69( bZm ad hmsdqoqdsdc Zr
sgd oZqshshnm etmbshnm ne Z chqdbsdc onkxldq A–τ( - chqdbsdc rhmbd shld nmkx hmbqdZrdr -: vhsg dmdqfx DCO)A–τ([ Zmc
sdlodqZstqd jAS / fl0 �bbnqchmf sn Dp0 –6fl(: hsr dmdqfx odq tmhs kdmfsg Zknmf sgd τ?Zwhr bnmrhrsr ne dkZrshb dmdqfx
fl
1

∣
cA
cτ

(1
Zmc qZmcnl onsdmshZk �η–w. s( –oktr fl

1Γκ–9((0 Sgd gdhfgs g–w. s( / knfX–w. s( hr sgdm sgd –lhmtr( eqdd dmdqfx
ne sgd chqdbsdc onkxldq0 Etqsgdq: enq sgd mZqqnv?vdcfd hmhshZk bnmchshnm –54( –h0d0: sgd bhqbtkZq rtabkZrr(: sgd hmhshZk
dmconhms ne sgd onkxldq hr ıwdc Zs –w. s( / –9. 9(, sgdqdenqd: hs hr ZfZhm sgd onhms?sn?onhms oqnakdl0 Enq sgd fiZs bZrd: sgd
hmhshZk bnmchshnm X–w. 9( / dg–w.9( hr bnmrsZms: rn sgZs sgd hmhshZk dmconhms ne sgd onkxldq hr tmhenqlkx chrsqhatsdc Zknmf
sgd khmd s / 90 Sghr hr sgd onhms?sn?khmd oqnakdl: ZmZknfntr sn sgd fiZs bZrd ne sgd OMF lncdk )Rdb0 403 Zmc Ehf0 6–Z([0

Sn hmudrshfZsd sgd fitbstZshnmr ne g–w. s(: nq dpthuZkdmskx X–w. s(: nmd lZx dwZlhmd sgd lnldmsr }X–wfl. s(X–w1. s( · · · X–wM . s(〉:
vghbg Zlntmsr sn bnmrhcdqhmf qdokhbZr ne X–w. s(0 Gdqd sgd dmrdlakd ZudqZfd hr sZjdm nudq mnhrd qdZkhyZshnmr ηκ–w. s(0
Sgdqdenqd: vhsg wm–τ( adhmf sgd sqZidbsnqx A–τ( ne sgd msg qdokhbZ Zmc ηm • ηκ–wm–τ(. τ(: sgd qZmcnl onsdmshZk bnmsqhat?
shnm hm Dp0 –69( ctqhmf sgd shld hmsdquZk )τ. τ ffi cτ( bZm ad duZktZsdc Zr enkknvr.


d
〉
m ηmcτ

〈
/

∏ 〉

∑

m

cηm


 d

〉
m ηmcτ dwo

〉

∫

m.l

ηmηl
1Γκ–wm � wl(<cτ


 ∝ dwo

〉

fl
1

∫

m.l

Γκ–wm � wl(cτ

 . –61(

vgdqd sgd qhfgs gZmc rhcd hr nasZhmdc ax sgd FZtrr hmsdfqZk nudq ηm0 Sgdm vd gZud

}X–wfl. s(X–w1. s( · · · X–wM . s(〉

∝
∏ 〉


∑

m

cwm9X–wm9. 9(



∏ wm–s(/wm

wm–9(/wm9

〉

∑

m

Awm–τ(

 dwo


�

∏ s

9
cτ



fl
1

∫

m

]
cwm
cτ

(1
� fl
1

∫

m�l

Γκ–wm � wl(




 . –62(

vgdqd sqZidbsnqhdr wm–τ( Zqd hmhshZkkx chrsqhatsdc Zbbnqchmf sn X–w. 9( –dwoqdrrdc ax sgd ıqrs hmsdfqZk( Zmc Zqqhud Zs
wm–s( / wm0 Mnv vd rvhsbg sn sgd ptZmstl ldbgZmhbr qdoqdrdmsZshnm0 Ax Zookxhmf sgd EdxmlZm?JZb enqltkZ sn sghr
lZmx?ancx oqnakdl: mnv eqnl sgd oZsg?hmsdfqZk qdoqdrdmsZshnm –62( aZbj sn sgd oZqshZk chΨdqdmshZk dptZshnm: vd nasZhm

17 Sgd EdxmlZm?JZb enqltkZ sdkkr tr sgZs sgd rnktshnm ne

>X
>s

/ µ
>1X
>w1

ffi T–w. s(X–w. s( –57(

vhsg hmhshZk bnmchshnm X–w. 9( / δ–w � w9( hr fhudm ax oZsg hmsdfqZk

X–w. s( /
∏ A–s(/w

A–9(/w9
AA–τ( dwo


�

∏ s

9
cτ



fl
3µ

]
cA
cτ

(1
� T–A–τ(. τ(





 . –58(

vgdqd sgd svn dmconhmsr ne sgd oZsg A–τ( Zqd ıwdc Zs A–9( / w9 Zmc A–s( / w0 He T–w. s( / 9: Dp0 –57( hr sgd chΨtrhnm dptZshnm: Zmc sgd qdrtkshmf
oZsg hmsdfqZk –58( hr rhlokx sgd oqnaZahkhsx ldZrtqd ne AqnvmhZm lnshnm, hm nsgdq vnqcr: A–τ( bZm ad qdfZqcdc Zr AqnvmhZm lnshnm: Zr mZstqZkkx
dwodbsdc0 Mnv: vhsg T–w. s(: sgd rdbnmc sdql ne Dp0 –57( hmsqnctbdr dwonmdmshZk uZqhZshnm ne sgd rsZshrshbZk vdhfgs X–w. s(: vghbg hmcddc ZoodZqr hm
sgd Zbshnm ne Dp0 –58(0 Ne bntqrd: sghr hr ldqdkx Zm hmsdqoqdsZshnm, nmd rgntkc bgdbj sgd cdqhuZshnm ne sgd enqltkZ sn ad bnmuhmbdc )82[0
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sgd enkknvhmf Rbgq’nchmfdq?khjd dptZshnm

>

>s
Π–s. s( /



fl
1

∫

m

>1

>wm1
ffi
fl
1

∫

m�l

Γκ–wm � wl(

Π–s. s( • �G̀κΠ–s. s( –63(

vhsg s • –wfl. · · · . wM( Zmc GZlhksnmhZm

G̀κ • �
fl
1

∫

m

>1

>wm1
� fl
1

∫

m�l

Γκ–wm � wl(. –64(

Sgd JOY dptZshnm hr qdsqhdudc ax κ → 90 Sgdqdenqd: sgd bnqqdronmchmf GZlhksnmhZm hr

G̀KK / �
fl
1

∫

m

>1

>wm1
� fl
1

∫

m�l

δ–wm � wl( –65(

Zmc sgd btltkZmsr bZm ad dwoqdrrdc Zr enkknvr ax trhmf sgd ptZmstl ldbgZmhbr qdoqdrdmsZshnm.

}X–wfl. s(X–w1. s( · · · X–wM . s(〉 / }s|d�G̀KKs |s9〉. –66(

vgdqd |s9〉 qdoqdrdmsr sgd hmhshZk bnmchshnm –|9〉 enq sgd mZqqnv?vdcfd bZrd(0 Sgd GZlhksnmhZm –65( cdrbqhadr anrnmr
vhsg bnmsZbs hmsdqZbshnmr: jmnvm Zr –sgd ZssqZbshud udqrhnm ne( sgd Khda?Khmhfdq lncdk )83[0 Hs hr Z vdkk?jmnvm hmsd?
fqZakd rxrsdl )81[: vghbg gZr Zkrn Zm dwodqhldmsZk qdkduZmbd Zr qdbdmskx cdlnmrsqZsdc ax dwodqhldmsr nm sgd Anrd?
Dhmrsdhm bnmcdmrZshnm ne bnkc Zsnl fZr enq sgd qdotkrhud bZrd )84: 85[0 Hs hr hmsdqdrshmf sgZs sgd JOY oqnakdl hr khmjdc
sn rtbg Zm ZooZqdmskx chrshmbs oqnakdl0

Eqnl sgd sgdnqdshbZk uhdvonhms: sghr bnmmdbshnm sn sgd Khda?Khmhfdq lncdk hr hlonqsZms: adbZtrd nmd bZm dloknx
sgd Adsgd ZmrZsy )81[ sn bZqqx nts sgd bnlotsZshnm ne sgd btltkZmsr }X–9. s(m〉b eqnl Dp0 –66( )4fl-43[0 �ksgntfg hm
fdmdqZk sgd bnmudqrhnm eqnl btltkZmsr sn chrsqhatshnm hr mns tmhptd: Zmc dudm vnqrd hm sgd oqdrdms oqnakdl Z qZohckx
chudqfhmf sdql ZoodZqr: vghbg bZmmns ad sqdZsdc vhsg lZsgdlZshbZk qhfnq: sghr ZooqnZbg rtbbdrretkkx fZud sgd FTD
SqZbx?Vhcnl chrsqhatshnm enq sgd mZqqnv?vdcfd hmhshZk bnmchshnm )4fl: 41[0 Sghr ldsgnc Zkrn rddlr sn ad udqrZshkd, hs
vZr ZcZosdc sn nsgdq hmhshZk bnmchshnmr Zr vdkk: Zmc hmcddc: sgd FND SqZbx?Vhcnl chrsqhatshnm vZr entmc enq sgd fiZs
bZrd g–w. 9( / 9 )42[ Zmc sgd AZhj?QZhmr chrsqhatshnm enq sgd rsZshnmZqx hmhshZk bnmchshnm g–w. 9( /

√
�A–w( –Dp0 –7((

vhsg g–9. 9( / 9 )43[0 Sgd rsZshnmZqx qdrtks vZr Zkrn oqnudc lZsgdlZshbZkkx kZsdq )44[0
Mnv: sgdqd Zqd Z mtladq ne lZsgdlZshbZk ZooqnZbgdr sn rstcx sgd JOY dptZshnm –Z mhbd rtllZqx bZm ad entmc

hm hmsqnctbshnm ne )44[(: vghbg gZud cddodm sgd lZsgdlZshbZk tmcdqrsZmchmf ne sghr dptZshnm dudm lnqd0 Hm sgd
ldZmshld: sgd qdokhbZ Adsgd ZmrZsy ZooqnZbg bnmshmtdr adhmf Z onvdqetk ldsgnc ne sgdnqdshbZk ogxrhbr: vghbg Zkknvr
tr sn bnlotsd Z uZqhdsx ne rsZshrshbZk ptZmshshdr0

5020 RoZshZk bnqqdkZshnm

Rn eZq vd gZud enbtrdc nm sgd nmd?onhms chrsqhatshnm ne g–w. s(: ats hs hr ax mn ldZmr sgd nmkx ptZmshsx rstchdc hm
qdbdms cdudknoldmsr nm dwZbs rnktshnmr0 �lnmf nsgdqr: nmd ne sgd lnrs hlonqsZms rsZshrshbZk oqnodqshdr sgZs gZud addm
cddokx tmcdqrsnnc hr sgd roZshZk bnqqdkZshnm: d0f0: inhms chrsqhatshnm ne g–w. s( Zs ltkshokd onhmsr wfl. w1. · · · Zs Z rhmfkd
shld s0 Hs hr trtZkkx cdrbqhadc ax sgd qdrbZkdc bnnqchmZsdr: hm nsgdq vnqcr: hm sdqlr ne sgd qdrbZkdc gdhfgs oqnıkd χ–ζ. s(
cdımdc ax Dp0 –44(0 Hm sgd khlhs s → ∞: sgd inhms chrsqhatshnm ne χ–ζ. s( adbnldr hmcdodmcdms ne s0 Bnmrdptdmskx:
χ–ζ.∞( bZm ad qdfZqcdc Zr Z ”rsnbgZrshb oqnbdrr;: vhsg ζ okZxhmf sgd qnkd ne shld enq sghr oqnbdrr0 Hs hr ZmZknfntr sn
sgd vZx sgd rsZshnmZqx hmsdqeZbd oqnıkd ne sgd flC JOY dptZshnm vZr cdrbqhadc ax Z AqnvmhZm lnshnm hm Dp0 –7(0 Sgdm
sgd roZshZk bnqqdkZshnm oqnodqshdr ne JOY?bkZrr hmsdqeZbdr bZm ad dwoqdrrdc Zr sgd shld bnqqdkZshnm oqnodqshdr ne rtbg
rsnbgZrshb oqnbdrrdr0

�mZkxshb dwoqdrrhnmr enq rtbg khlhshmf oqnbdrrdr gZud addm nasZhmdc enq sgd sgd bhqbtkZq Zmc fiZs rtabkZrrdr )69[:
Zmc mZldc sgd �hqx1 oqnbdrrA1–ζ( enq sgd bhqbtkZq bZrd )55: 86[ Zmc sgd �hqxfl oqnbdrrAfl–ζ( enq sgd fiZs bZrd )72: 87[0

12

markusm

markusm

markusm

markusm



Lnqd rodbhıbZkkx: χ–ζ. s( hr oqdchbsdc sn bnmudqfd Zr enkknvr.

χ–ζ. s(
c→


A1–ζ( � ζ1 –bhqbtkZq rtabkZrr(
Afl–ζ( –fiZs rtabkZrr(

–s → ∞( –67(

vgdqd ”
c→; mnv cdmnsdr bnmudqfdmbd ne ltksh?onhms chrsqhatshnmr0 Sgd sdql �ζ1 hm sgd bhqbtkZq bZrd bnldr eqnl

sgd btquZstqd ne sgd bhqbtkZq hmsdqeZbdr180 �r rtbg: sgd nmd?onhms chrsqhatshnm ne Ah–ζ( hr rhlokx sgd chrsqhatshnm ne
χh: mZldkx sgd FTD Zmc FND SqZbx?Vhcnl chrsqhatshnmr –h / 1 Zmc fl: qdrodbshudkx(0 Enq sgd rsZshnmZqx rtabkZrr: Z
rhlhkZqkx cdımdc khlhshmf oqnbdrr vntkc ad itrs sgd AqnvmhZm lnshnm –Dp0 –7((, sgdqdenqd: nmd bZm bnmrhcdq hmrsdZc
)88[

χrsZs–ζ. s( • –�s(�1<2}–g–w. s( � g–9. 9( � u∞s(1〉. –68(

Enq sghr naidbs: sgd khlhshmf oqnbdrrArsZs–ζ(: mZldc sgd �hqxrsZs oqnbdrr: vZr hmcddc enqltkZsdc )fl99[0
Hmsdqdrshmfkx: Z chqdbs bnmmdbshnm adsvddm sgd �hqx1 oqnbdrr Zmc FTD qZmcnl lZsqhbdr hr Zkrn jmnvm. sgd enqldq

hr ZbstZkkx dpthuZkdms sn Z shld?cdodmcdms oqnbdrr ne Z FTD qZmcnllZsqhw )55: 69[: bZkkdc Cxrnm#r AqnvmhZm lnshnm0
Hm sghr lncdk: dZbg dkdldms ne Zm M · M FTD lZsqhw L–s( –Dp0 –21(( hr Zrrtldc sn odqenql Zm hmcdodmcdms Nqmrsdhm?
Tgkdmadbj oqnbdrr )46: 47[: sgZs hr:

cL–s(
cs

/ �L–s( ffi ∆–s(. –79(

vgdqd ∆–s( hr Z GdqlhshZm lZsqhw vhsg vghsd FZtrrhZm mnhrd dkdldmsr ∆h i–s(: vgnrd ldZm hr }∆h i–s(〉 / 9 Zmc bnuZqhZmbd
hr }∆hh–s(∆h′h′ –s(〉 / δhh′δ–s � s′( enq sgd chZfnmZk dkdldmsr Zmc })Qd∆h i–s([)Qd∆h′ i′ –s([〉 / })Hl∆h i–s([)Hl∆h′ i′ –s([〉 /

–fl<1(δhh′δ i i′δ–s � s′( enq sgd mnm?chZfnmZk dkdldmsr –h , i. h′ , i′(0 Sgdm vd enbtr nm hsr kZqfdrs dhfdmuZktd λlZw–s(0
�mZknfntrkx sn sgd nmd?onhms qdrbZkhmf fhudm hm Dp0 –28(: λlZw–s( vZr rgnvm sn bnmudqfd sn sgd �hqx1 oqnbdrr )55: 69[
Zr

1fl<1Mfl<5
∫
λlZw–ζ<Mfl<2( �

√
1M

[ c→ A1–ζ(. –7fl(

Nmd lhfgs Zkrn dwodbs Z rhlhkZq qdkZshnmrgho adsvddm sgd �hqxfl oqnbdrr Zmc Cxrnm#r AqnvmhZm lnshnm enq FND
qZmcnl lZsqhbdr: ats btqhntrkx sgd svn oqnbdrrdr Zqd mns sgd rZld )fl9fl[0 Hm nsgdq vnqcr: sgd lZsgdlZshbZk rsqtbstqd
adghmc sgd flC JOY bkZrr cndr mns nudqkZo dmshqdkx vhsg qZmcnl lZsqhw sgdnqx0

Eqnl Z oqZbshbZk uhdvonhms: Z trdetk ptZmshsx sn bgZqZbsdqhyd sgd roZshZk bnqqdkZshnm hr sgd svn?onhms bnqqdkZshnm
etmbshnm: cdımdc ax

Br–`. s( • }g–w ffi `. s(g–w. s(〉b • }δg–w ffi `. s(δg–w. s(〉 –71(

vhsg δg–w. s( • g–w. s( � }g–w. s(〉0 �bbnqchmf sn Dpr0 –44( Zmc –45(: sgd bnqqdkZshnm etmbshnm lZx ad qdrbZkdc Zr enkknvr
Zmc hr dwodbsdc sn bnmudqfd sn sgd svn?onhms bnqqdkZshnm ne sgd bnqqdronmchmf �hqx oqnbdrr29.

Br.qdr–ζ. s( • –�s(�1<2Br–ζ · ξ–s(. s(→ fh–ζ( • }�h–ζ(�h–9(〉b. –72(

Rsqhjhmfkx: sgd �hqx bnqqdkZshnm etmbshnmr fh–ζ( Zqd jmnvm sn cdbZx hm ptZkhsZshudkx chΨdqdms lZmmdqr. vghkd sgd roZshZk
bnqqdkZshnm ne sgd bhqbtkZq rtabkZrr cdbZxr ax Z onvdq kZv: f1–ζ( ∼ ζ�1 )fl9fl: fl91[: sgZs ne sgd fiZs rtabkZrr cdbZxr
rtodqdwonmdmshZkkx: rodbhıbZkkx: ffl–ζ( ∼ d�bfl |ζ |

2
vhsg bnmrsZms bfl )fl9fl: fl92[0 Sghr hr hm bnmsqZrs sn sgd eZbs sgZs sgd FTD

Zmc FND SqZbx?Vhcnl chrsqhatshnmr Zqd nmkx ptZmshsZshudkx chΨdqdms –rdd Ehf0 5(0 Enq sgd rsZshnmZqx rtabkZrr: snn: sgd
svn?onhms etmbshnm cdımdc ZmZknfntrkx cdbZxr rtodqdwonmdmshZkkx: f9–ζ( ∼ d�b9 |ζ |

2
vhsg Z bndffbhdms b9 chΨdqdms eqnl

bfl )88: fl92[0
Hm bnmsqZrs sn roZshZk bnqqdkZshnmr: bnqqdkZshnm oqnodqshdr hm shld gZud qdlZhmdc Zm ZmZkxshbZkkx bgZkkdmfhmf oqna?

kdl: ats Z edv qdrtksr rsZqsdc sn dldqfd udqx qdbdmskx )6fl: fl93-fl96[0 Vd rgZkk bnld aZbj sn sghr onhms hm Rdb0 6030

18 Hm qdkZshnm sn sgd eZbsnq 1�1<2 adsvddm χfl Zmc χSV.fl hm Dp0 –33(: sgd �hqxfl oqnbdrr Afl–ζ( bZm ad mnqlZkhydc chΨdqdmskx: hm rtbg Z vZx sgZs
χ–ζ. s( bnmudqfdr sn 1fl<2Afl–1�1<2ζ( )57: 69[0 Hm sgdrd kdbstqd mnsdr: gnvdudq: vd Zcnos sgd mnqlZkhyZshnm sgZs rZshrıdr Dp0 –67(: vghbg hr rhlokdq hm
sgd JOY bnmsdws0
29 �bbnqchmf sn )fl9fl[: Z mtldqhbZk sZakd ne ffl–ζ( Zmc f1–ζ( bZm ad nasZhmdc eqnl AnqmdlZmm ax ghr bntqsdrx0 Ad ZvZqd ne sgd chΨdqdms cdımhshnm

neAfl–ζ( Zr rsZsdc hm ennsmnsd 180
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Ehftqd fl1. Rjdsbg ne sgd dwodqhldmsZk rxrsdl ne khpthc bqxrsZk dkdbsqnbnmudbshnm –Z( Zmc sgd BZqq?Gdkeqhbg ldbgZmhrl enq qnkk bnmudbshnm –a(: Zr
vdkk Zr Zm ZbstZk lhbqnrbnod hlZfd ne sgd qnkk bnmudbshnm –b(0 –Z( Sgd rxrsdl bnmrhrsr ne mdlZshb khpthc bqxrsZk adsvddm svn oZqZkkdk fkZrr okZsdr:
bnZsdc vhsg sqZmroZqdms dkdbsqncdr0 Sgd fZo hr sxohbZkkx fl9 sn 49 µl Zmc sgd roZm?vhrd rhyd hr Zants fl bl0 Enq sgd dwodqhldms cdrbqhadc hm sgdrd
mnsdr )19: 1fl[: sgd fZo hr qntfgkx fl1 µl Zmc sgd roZm?vhrd rhyd hr fl5 ll0 –a( Sghr rjdsbg rgnvr Z rhcd uhdv ne sgd rxrsdl0 Hm sgd okZmZq Zkhfmldms
bnmchshnm Zmc hm sgd Zardmbd ne ıdkc: khpthc bqxrsZk lnkdbtkdr hm atkj Zqd Zkrn Zkhfmdc hm Z chqdbshnm oZqZkkdk sn sgd rtqeZbdr0 Mnv: tmcdq Z vdZj
Zb ıdkc D–s(: vd bnmrhcdq Z rlZkk odqstqaZshnm ne sgd chqdbsnq ıdkc Zr rjdsbgdc –ax sgd shksdc dkkhornhcr(: vghbg hr sZjdm sn ad Z rhmfkd Entqhdq
bnlonmdms0 Rhmbd sgd chqdbsnq ıdkc hr mnv mns odqodmchbtkZq sn sgd dkdbsqhb ıdkc: sn trd Ngl#r kZv: vd mddc sn cdbnlonrd sgd dkdbsqhb ıdkc hmsn sgd
bnlonmdmsr oZqZkkdk Zmc mnqlZk sn sgd chqdbsnq ıdkc: D| Zmc D⊥: qdrodbshudkx: Zmc Zookx Ngl#r kZv sn dZbg bnlonmdms0 AdbZtrd ne σ| / σ⊥: sgd
hmctbdc btqqdms � gZr Z kZsdqZk bnlonmdms: vghbg kdZcr sn roZshZkkx odqhnchb bnmbdmsqZshnm ne onrhshud Zmc mdfZshud bgZqfdr0 Sgnrd bgZqfdr Zqd Zkrn
rtaidbsdc sn sgd ıdkc: onrhshud bgZmfdr enqbdc tovZqc Zmc mdfZshud nmdr cnvmvZqc: gdmbd fdmdqZshmf bhqbtkZq finv Zr rgnvm hm sgd oZmdk0 Sghr finv
dwdqsr Z snqptd sn sgd lnkdbtkdr: hm sgd chqdbshnm sgZs Zlokhıdr sgd bnmrhcdqdc odqstqaZshnm0 Sgdqd hr Zkrn Zm dΨdbs eqnl sgd Zmhrnsqnohb chdkdbsqhb
bnmrsZmsr ε| , ε⊥: vghbg Zkrn eZunqr sgd cdenqldc chqdbsnq ıdkc0 Sgd Zlokhstcd ne sgd cdenqlZshnm hr cdsdqlhmdc ax sgd aZkZmbd ne sgnrd dΨdbsr
Zmc sgd mdlZshb dkZrshbhsx0 Rhmbd sgd dkdbsqhb ıdkc hr Zb: hsr chqdbshnm nrbhkkZsdr odqhnchbZkkx0 �s knv eqdptdmbhdr bnmrhcdqdc gdqd: sgd btqqdmsr Zmc
bgZqfdr Zqd nrbhkkZshmf vhsg sgd dwsdqmZk ıdkc: vghkd sgd finv Zmc sgd chqdbsnq ıdkc qdlZhm rsZshb0 Rdd )flflfl[ enq lnqd cdsZhkdc cdrbqhoshnmr ne sgd
ldbgZmhrl cdrbqhadc gdqd0 –b( � lhbqnrbnod hlZfd ne sgd qnkk bnmudbshnm0 Sgd Zmhrnsqnohb qdeqZbshud hmcdw ne khpthc bqxrsZk Zkknvr tr sn nardqud
sgd bnmudbshnm oZssdqm ax sgd rhlokd aqhfgs?ıdkc lhbqnrbnox –h0d0: ax sgd sqZmrlhssdc khfgs( )flflfl[: vhsgnts sgd mddc enq sqZbdq oZqshbkdr0

60 Khpthc bqxrsZk dwodqhldms

Vghkd sgd qdbdms cdudknoldmsr nm sgd flC JOY oqnakdl gZud addm lnrskx cqhudm ax lZsgdlZshbZk ZooqnZbgdr: sgd
nasZhmdc qdrtksr gZud rsqhjhmf ogxrhbZk hlokhbZshnmr Zmc sgd ptZmshshdr ne hmsdqdrs Zqd: Zs kdZrs hm oqhmbhokd: nardquZakd hm
dwodqhldmsr Zmc rhltkZshnmr0 Sdrshmf tmhudqrZkhsx ne sgd vdZksg ne lZsgdlZshbZk qdrtksr hr bqtbhZk: adbZtrd drrdmshZkkx
Zkk sgnrd cdudknoldmsr qdkx nm sgd hmsdfqZahkhsx ne sgd rstchdc lncdkr: vghbg bnmrshstsd nmkx Z rodbhZk fqnto ne rxrsdlr
hm sgd kZqfd JOY tmhudqrZkhsx bkZrr0 DwodqhldmsZkkx: Zr ZkqdZcx mnsdc hm ennsmnsd 3: dudm sgd rbZkhmf dwonmdmsr ne sgd
JOY bkZrr gZud addm qZqdkx entmc )18[: sgd ıqrs dwZlokdr adhmf fqnvhmf hmsdqeZbdr ne ltsZms aZbsdqhZ bnknmx )fl97[
Zmc rknv bnlatrshnm ne oZodq )fl98: flfl9[0 Qdbdmskx: gnvdudq: Z fqnvhmf mtladq ne dwodqhldmsr gZud addm qdonqsdc:
hm vghbg sgd svn hmcdodmcdms dwonmdmsr ne sgd flC JOY bkZrr vdqd bkdZqkx nardqudc )18[0 Gdqd vd enbtr nm nmd rtbg
dwodqhldms: mZldkx sgZs nm fqnvhmf hmsdqeZbdr hm khpthc bqxrsZk stqatkdmbd bnmctbsdc ax SZjdtbgh Zmc RZmn )fl8-1fl[0
Sghr dwodqhldms vZr Zakd sn oqnuhcd rtffbhdms ZbbtqZbx sn rstcx ımd rsZshrshbZk ptZmshshdr: rtbg Zr sgd chrsqhatshnm Zmc
bnqqdkZshnm etmbshnmr0 Enq sgd cdrbqhoshnm ne nsgdq dwodqhldmsZk rxrsdlr: sgd qdZcdqr Zqd jhmckx qdedqqdc sn sgd Ztsgnq#r
qdbdms qduhdv )18[ Zmc qdedqdmbdr sgdqdhm0

60fl0 DwodqhldmsZk rxrsdl
Sgd rxrsdl sn rstcx hr dkdbsqnbnmudbshnm ne mdlZshb khpthc bqxrsZk )flflfl[: h0d0: bnmudbshnm cqhudm ax Zm dkdbsqhb

ıdkc Zookhdc adsvddm svn oZqZkkdk fkZrr okZsdr –Ehf0 fl1–Z((0 Hm sgd rsZmcZqc rdsto: sgd rtqeZbd Zkhfmldms ne khpthc
bqxrsZk hr rds sn ad oZqZkkdk sn sgd fkZrr okZsdr –okZmZq Zkhfmldms(0 Dkdbsqnbnmudbshnm hr nardqudc he sgd khpthc bqxrsZk
gZr sgd enkknvhmf sxod ne Zmhrnsqnox hm lZsdqhZk oqnodqshdr. ε| , ε⊥ hm sgd chdkdbsqhb bnmrsZmsr Zmc σ| / σ⊥ hm sgd
bnmctbshuhsx: vgdqd | Zmc ⊥ hmchbZsd sgd chqdbshnmr vhsg qdrodbs sn sgd Zkhfmldms ne khpthc bqxrsZk: nq sgd chqdbsnq
ıdkc0 Sgd ldbgZmhrl hr cdrbqhadc ax sgd BZqq?Gdkeqhbg sgdnqx )flflfl[ hm sgd bZrd ne sgd vdZj Zb ıdkc Zs qdkZshudkx knv
eqdptdmbhdr: Zr hkktrsqZsdc hm Ehf0 fl1–a( vhsg dwokZmZshnmr hm hsr bZoshnm0 HmbqdZrhmf sgd Zookhdc unksZfd U : nmd bZm
nardqud Z rdqhdr ne chΨdqdms oZssdqmr Zmc ımZkkx qdZbgdr Z qdfhld ne roZshnsdlonqZk bgZnr: nq stqatkdmbd: bZkkdc sgd
cxmZlhb rbZssdqhmf lncd –CRL( )flflfl[0 Sgdqd Zqd svn stqatkdms qdfhldr gdqd: bZkkdc CRLfl Zmc CRL10 CRL1 hr
nardqudc tmcdq ghfgdq unksZfdr Zmc bnlonrdc ne snonknfhbZk cdedbs khmdr Zr rjdsbgdc hm Ehf0 fl2–Z(0 Lnqd oqdbhrdkx: nm
Zookxhmf Z rtffbhdmskx ghfg dkdbsqhb ıdkc: nmd ıqrs nardqudr sgd CRLfl rsZsd: ats hs hr nmkx ldsZrsZakd Zmc dudmstZkkx
qdokZbdc ax sgd rsZakd CRL1 rsZsd0 Gdqd: CRL1 mtbkdZsdr qZmcnlkx Zmc sZjdr nudq sgd ldsZrsZakd CRLfl rsZsd
sgqntfg Z qZmcnl fqnvsg oqnbdrr: Zr rgnvm hm Ehf0 fl2–a:b(0 Hs hr sghr oqnbdrr sgZs vd enbtr nm gdqd: hm sgd bnmsdws
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Ehftqd fl2. –Z( Rjdsbg ne sgd CRL1 rsZsd vghbg bnmrhrsr ne snonknfhbZk cdedbsr: rodbhıbZkkx chrbkhmZshnm khmdr: hm sgd mdlZshb chqdbsnq ıdkc0 Rtbg
cdedbsr Zqd Zardms hm sgd CRLfl rsZsd0 –a:b( RmZorgnsr ne fqnvhmf CRL1 bktrsdqr tmcdq gnldnsqnohb Zkhfmldms0 Sgd fqnvsg vZr sqhffdqdc ax
rgnnshmf kZrdq otkrdr: dhsgdq sn Z onhms nq sn Z khmd: gdmbd fdmdqZshmf bhqbtkZq –a( Zmc fiZs –b( hmsdqeZbdr: qdrodbshudkx )1fl[0 Shld hr ldZrtqdc eqnl
sgd dlhrrhnm ne kZrdq otkrdr0 Qdoqhmsr vhsg odqlhrrhnm eqnl )1fl[ vhsg rnld ZcZosZshnmr0

ne jhmdshb qntfgdmhmf ne hmsdqeZbdr0 NardquZshnmr rtffdrs sgZs snonknfhbZk cdedbsr Zqd rsqdsbgdc: ltkshokhdc –sgqntfg
aqnjdm Zkhfmldms Zmbgnqhmf Zs sgd fkZrr rtqeZbdr(: Zmc qZmcnlkx sqZmronqsdc ax knbZk stqatkdms finv: vghbg qdrtks hm
qZmcnl fqnvsg ne CRL1 hm lZbqnrbnohb rbZkdr0 Sgd hmsdqZbshnmr Zqd dwodbsdc sn ad rgnqs?qZmfdc: adbZtrd CRL1 hr
Z qdfhld ne roZshnsdlonqZk bgZnr2fl: vgdqd bnqqdkZshnm ne finv fitbstZshnmr cdbZxr dwonmdmshZkkx hm roZbd Zmc shld0

Sn vnqj vhsg sgd rhlokdrs rhstZshnm ne hrnsqnohb fqnvsg: SZjdtbgh Zmc RZmn )fl8-1fl[ bgnrd sn trd sgd rn?bZkkdc
gnldnsqnohb Zkhfmldms: vgdqd rtqeZbd Zkhfmldms ne khpthc bqxrsZk hr odqodmchbtkZq sn sgd fkZrr rtqeZbdr0 Sgdx Zkrn
cdbhcdc mns sn qdkx nm ronmsZmdntr CRL1 mtbkdZshnm: ats qZsgdq sn sqhffdq hs: ax rgnnshmf tksqZuhnkds kZrdq otkrdr0
Ehftqd fl2–a( rgnvr Z CRL1 hmsdqeZbd: fdmdqZsdc ax otkrdr rgns sn Z bdmsqZk onhms ne sgd rxrsdl: gdmbd sgd hmsdqeZbd
hr bhqbtkZq0 Lnqdnudq: ax dwoZmchmf sgd kZrdq adZl hm nmd chqdbshnm: sgdx Zkrn rgns otkrdr Zknmf Z khmd: vghbg sgdm
fdmdqZsdr Z fiZs hmsdqeZbd –Ehf0 fl2–b((0 Sghr Zahkhsx sn bgZmfd sgd hmsdqeZbd fdnldsqx hr hlonqsZms sn sdrs sgd sgdnqdshbZk
gxonsgdrhr nm sgd dwhrsdmbd ne chΨdqdms tmhudqrZkhsx rtabkZrrdr0 Vhsg sgd gdko ne ZbbtqZsd sdlodqZstqd bnmsqnk: sgd
Ztsgnqr vdqd Zakd sn nasZhm 844 bhqbtkZq Zmc flfl17 fiZs hmsdqeZbdr tmcdq oqZbshbZkkx sgd rZld dwodqhldmsZk bnmchshnmr
)1fl[0 Sgdm sgdx cdımdc sgd gdhfgs g–w. s( Zr hkktrsqZsdc hm Ehf0 fl2–a:b(0 Enq sgd bhqbtkZq bZrd: g–w. s( vZr bgnrdm sn ad
sgd knbZk qZchtr ne sgd hmsdqeZbd0 Hm sghr vZx: nmd bZm trd cZsZ Zs Zkk ZmftkZq onrhshnmr sn duZktZsd rsZshrshbZk ptZmshshdr:
vgdqdZr sgd ZbstZk roZshZk bnnqchmZsd hr sgd Zyhltsg θ –Ehf0 fl2–a((0 Hm sgd enkknvhmf: gnvdudq: w hr rshkk trdc Zr sgd
bnnqchmZsd: vghbg hr enqlZkkx bnmudqsdc ax w / }g〉θ0 Sgdm hs stqmdc nts sgZs sgd EZlhkx?Uhbrdj rbZkhmf –fl( vZr
ZbbtqZsdkx bnmıqldc enq ansg bhqbtkZq Zmc fiZs hmsdqeZbdr: vhsg sgd dwonmdmsr �. β. y hm Zfqddldms vhsg sgd flC JOY
bkZrr )fl8-1fl[0

6010 Chrsqhatshnm
Vhsg sgd cZsZ nasZhmdc sgdqdax: sgd Ztsgnqr ıqrs ldZrtqdc sgd rbZkhmf dwonmdmsr Zmc entmc Zfqddldms vhsg sgd

flC JOY bkZrr0 Sgdm sgdx ldZrtqdc sgd rjdvmdrr Rj–g( / }g2〉b<}g1〉2<1b Zmc jtqsnrhr Jt–g( / }g3〉b<}g1〉1b : vghbg
cn mns qdpthqd drshlZshnm ne sgd rbZkhmf bndffbhdmsr0 RhfmhıbZms chΨdqdmbdr vdqd entmc adsvddm sgd bhqbtkZq Zmc
fiZs hmsdqeZbdr: vghbg vdqd lnqdnudq hm Zfqddldms vhsg sgd uZktdr ne sgd FTD Zmc FND SqZbx?Vhcnl chrsqhatshnmr:
qdrodbshudkx –Ehf0 fl3–Z((0 Sgd bhqbtkZq Zmc fiZs hmsdqeZbdr hmcddc rgnv chΨdqdms fitbstZshnm oqnodqshdr0

2fl Nmd bZm qntfgkx drshlZsd sgd Qdxmnkcr mtladq enq sgd CRL stqatkdmbd Zs Qd ≈ fl9�5 ≈ fl: trhmf sdmr ne lhbqnldsdqr Zr sxohbZk kdmfsg
rbZkd: sdmr ne lhbqnldsdqr odq rdbnmc Zr udknbhsx rbZkd: Zmc jmnvm uZktdr ne uhrbnrhshdr ne mdlZshb khpthc bqxrsZk trdc gdqd: mZldkx LAA� )flflfl[0
Sgdqdenqd: CRL1 hr ax mn ldZmr Z etkkx cdudknodc stqatkdmbd vghbg vntkc gZud knmf?qZmfdc bnqqdkZshnm0
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Ehftqd fl3. DwodqhldmsZk qdrtksr ne sgd nmd?onhms chrsqhatshnm )19: 1fl[0 –Z( Rjdvmdrr Rj–g( Zmc jtqsnrhr Jt–g( Zr etmbshnmr ne shld0 –a( Sgd gdhfgs?
chΨdqdmbd bnqqdkZshnm etmbshnm Bg–`. s( chuhcdc ax ` –lZhm oZmdk( Zmc sgd ldZm fqnvsg roddc } >g>r 〉 –hmrds( hm sgd bhqbtkZq bZrd0 –b( GhrsnfqZlr ne
qdrbZkdc gdhfgs gqdr enq sgd bhqbtkZq bZrd –rnkhc rxlankr, s / fl9 r –aktd •( Zmc s / 29 r –qdc �(( Zmc enq sgd fiZs bZrd –nodm rxlankr, s / 19 r –stqptnhrd
4( Zmc s / 59 r –otqokd ∴((0 Sgnrd Zqd bnloZqdc vhsg sgd FTD Zmc FND SqZbx?Vhcnl chrsqhatshnmr –cZrgdc Zmc cnssdc khmdr: qdrodbshudkx(0 –c(
Ehmhsd?shld bnqqdbshnmr hm sgd msg?nqcdq btltkZms gqdr enq sgd bhqbtkZq bZrd0 Sgd hmrds rgnvr sgd bnqqdbshnm enq sgd ldZm hm sgd knf?knf rbZkdr0
Qdoqhmsr vhsg odqlhrrhnm eqnl )1fl[ –Z:b( Zmc eqnl )19[ –c( vhsg rnld ZcZosZshnmr0

Sn lZjd Z lnqd chqdbs bnloZqhrnm vhsg sgd SqZbx?Vhcnl chrsqhatshnmr: sgd Ztsgnqr duZktZsdc rbZkhmf bndffbhdmsr
ax sgd ldsgnc cdrbqhadc hm Rdb0 4060 Ax Dp0 –46(: sgd oZqZldsdq u∞ vZr oqdbhrdkx drshlZsdc vhsg entq rhfmhıbZms
chfhsr –Ehf0 fl3–a( hmrds enq sgd bhqbtkZq bZrd(0 SgZmjr sn sgd qnsZshnmZk rxlldsqx ne sgd rxrsdl: λ / u∞ –Dp0 –42((0 Hm
bnmsqZrs: sgd oZqZldsdq � bntkc ad cdsdqlhmdc eqnl sgd gdhfgs?chΨdqdmbd bnqqdkZshnm etmbshnm Bg–`. s( ' �` –Dp0 –4fl((
nmkx vhsg svn rhfmhıbZms chfhsr –Ehf0 fl3–a( lZhm oZmdk(: adbZtrd ne sgd qZsgdq mZqqnv qdfhnm hm vghbg sgd rbZkhmf
–4fl( ZoodZqr: Zr vdkk Zr ımhsd?shld dΨdbs0 Sghr qdrsqhbsdc sgd oqdbhrhnm ne � / �1λ<1 Zr vdkk0 Gnvdudq: adbZtrd hs
vZr ZkqdZcx fnnc dmntfg sn chrshmfthrg sgd FTD Zmc FND SqZbx?Vhcnl chrsqhatshnmr: sgd Ztsgnqr snnj sgd uZqhZmbd
}g1〉b ' –�s(1<2}χ1h 〉b Zmc trdc sgd uZqhZmbd ne χ1 Zmc χfl sn hloqnud sgd oqdbhrhnm ne � )1fl[ –rdd Zkrn ennsmnsd 12(0 Sgd
oZqZldsdq � vZr nasZhmdc hm stqm ax � /

√
1�<λ0

Vhsg sgdrd rbZkhmf bndffbhdmsr: sgd Ztsgnqr nasZhmdc sgd qdrbZkdc gdhfgs gqdr ax Dp0 –47( Zmc bnmrsqtbsdc sgd
ghrsnfqZl –Ehf0 fl3–b((0 Sgd qdrtksr bkdZqkx bnmıqldc sgd FTD Zmc FND SqZbx?Vhcnl chrsqhatshnmr: ZoZqs eqnl Z
rlZkk gnqhynmsZk rghes ctd sn ımhsd?shld bnqqdbshnmr0 Hmcddc: ax oknsshmf }gmqdr〉b � }χmh 〉b vhsg h / 1 –bhqbtkZq( Zmc h / fl
–fiZs(: sgd Ztsgnqr entmc sgZs sgd ldZm –m / fl( gZr Z oqnmntmbdc ımhsd?shld bnqqdbshnm21 sgZs cdbZxr Zr s�fl<2: vghkd
sgd bnqqdbshnmr hm sgd nsgdq btltkZmsr adbZld rlZkk dmntfg ctqhmf sgd nardquZshnm shld0 Hm rtllZqx: sgd dldqfdmbd
ne sgd SqZbx?Vhcnl chrsqhatshnmr: Zr vdkk Zr sgd rokhs hmsn sgd bhqbtkZq Zmc fiZs rtabkZrrdr: vdqd bkdZqkx entmc hm sghr
dwodqhldms0 Sgnrd qdrtksr stqmdc nts mns sn ad rodbhZk oqnodqshdr ne hmsdfqZakd rxrsdlr: ats tmhudqrZk edZstqdr ne sgd
JOY bkZrr“

21 Sgd oqdrdmbd ne sgd bnqqdbshnm ∼ s�fl<2 hm sgd ldZm }gqdr〉 bZm ad dZrhkx tmcdqrsnnc Zr Z bnmsqhatshnm eqnl sgd mdws kdZchmf sdql hm Dp0 –44(:
vghbg hr D–s9(0
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Ehftqd fl4. DwodqhldmsZk qdrtksr enq sgd roZshZk bnqqdkZshnm etmbshnm )1fl[0 Sgd qdrbZkdc bnqqdkZshnm etmbshnmBr.qdr–ζ. s( Zr cdımdc hm Dp0 –72( hr rgnvm
ZfZhmrs qdrbZkdc kdmfsg ζ / –�`<1(–�s(�1<2: enq sgd bhqbtkZq bZrd –qdc rnkhc rxlankr, s / 29 r( Zmc enq sgd fiZs bZrd –aktd nodm rxlankr, s / 59 r(0
Sgd cZsZ Zqd bnloZqdc vhsg sgd svn?onhms etmbshnm ne sgd �hqx1 bnqqdkZshnm f1–ζ( –cZrgdc khmd( Zmc sgd �hqxfl bnqqdkZshnm ffl–ζ( –cZrgdc?cnssdc khmd(0
Qdoqhmsr vhsg odqlhrrhnm eqnl )1fl[ vhsg rnld ZcZosZshnmr0

6020 RoZshZk bnqqdkZshnm

Sgd rbZkhmf bndffbhdmsr � Zmc λ Zqd Zkrn rtffbhdms sn sdrs sgd oqdchbshnmr nm sgd roZshZk bnqqdkZshnm –Rdb0 502(0 Sgd
Ztsgnqr ldZrtqdc sgd svn?onhms roZshZk bnqqdkZshnm etmbshnm Br–`. s( –Dp0 –71(( Zmc qdrbZkdc hs Zbbnqchmf sn Dp0 –72(0
Sgd qdrbZkdc etmbshnm Br.qdr–ζ. s( vZr sgdm oknssdc ZfZhmrs qdrbZkdc kdmfsg ζ –Ehf0 fl4( Zmc dwbdkkdms Zfqddldms vZr
entmc vhsg sgd �hqx1 bnqqdkZshnm f1–ζ( enq sgd bhqbtkZq bZrd22: Zmc vhsg sgd �hqxfl bnqqdkZshnm ffl–ζ( enq sgd fiZs bZrd0
Sghr Zkknvr tr sn hmedq sgZs sgd hmsdqeZbd oqnıkdr vd bZm nardqud ax lhbqnrbnod: h0d0: Ehf0 fl2–a:b(: Zqd mnsghmf ats
qdZkhyZshnmr ne sgd �hqx1 Zmc �hqxfl oqnbdrrdr –bhqbtkZq Zmc fiZs hmsdqeZbdr: qdrodbshudkx( Zs kZqfd s0 Lnqd hlonqsZmskx:
sgd Zfqddldms vhsg sgdl Zkrn hlokhdr sgZs sgd ptZkhsZshudkx chΨdqdms cdbZx ne sgd roZshZk bnqqdkZshnm etmbshnm hr Zkrn
oqdrdms hm sghr dwodqhldmsZk rxrsdl –rdd chrbtrrhnmr adknv Dp0 –72((0

6030 SdlonqZk bnqqdkZshnm

Hm bnmsqZrs sn sgd sgdnqdshbZkkx vdkk?tmcdqrsnnc roZshZk bnqqdkZshnm: sdlonqZk bnqqdkZshnm gZr qdlZhmdc Z udqx chff?
btks oqnodqsx sn rstcx ZmZkxshbZkkx0 Gnvdudq: dwodqhldmsZkkx: hs hr nmd ne sgd mZstqZk Zmc rsqZhfgsenqvZqc ptZmshshdr sn
ldZrtqd0 Hs hr ptZmshıdc gdqd ax sgd svn?shld bnqqdkZshnm etmbshnm23

Bs–sfl. s1( • }g–w. sfl(g–w. s1(〉b. –73(

�bbnqchmf sn sgd trtZk rbZkhmf ZmrZsy: hs hr dwodbsdc sn rbZkd Zr Bs–sfl. s1( ' –�1sfls1(fl<2Es–s1<sfl( vhsg Z rbZkhmf etmbshnm
Es–·(0 Sgdqdenqd: nmd bZm cdımd sgd qdrbZkdc svn?shld etmbshnm ax

Bs.qdr–sfl. s1( • –�1sfls1(�fl<2Bs–sfl. s1( ' Es–s1<sfl(. –74(

Ehftqdr fl5–Z:a( rgnv sgd dwodqhldmsZk qdrtksr enq sgd fiZs –Z( Zmc bhqbtkZq –a( hmsdqeZbdr0 Sgd rbZkhmf –74( hr
bnmıqldc hm sgd hmrdsr: cdrohsd rnldvgZs kZqfdq ımhsd?shld bnqqdbshnm enq sgd bhqbtkZq bZrd0 Gdqd vd mnshbd Zm hlonq?
sZms chΨdqdmbd adsvddm sgd svn bZrdr. vgdm s1 hr hmbqdZrdc vhsg ıwdc sfl: sgd bnqqdkZshnm Bs–sfl. s1( cdbZxr Zr trtZkkx
dwodbsdc hm sgd fiZs bZrd –Ehf0 fl5–Z((: ats hm sgd bhqbtkZq bZrd hs cdbZxr udqx rknvkx Zmc qdlZhmr kZqfd ctqhmf sgd na?
rdquZshnm shld –Ehf0 fl5–a((0 Hmcddc: vghkd sgd qdrbZkdc etmbshnm cdbZxr Zr Es–τ( ∼ τ�λ̋ vhsg λ̋ / fl enq sgd fiZs bZrd:
hm Zfqddldms vhsg dZqkhdq mtldqhbZk rhltkZshnmr )62[: enq sgd bhqbtkZq bZrd λ̋ vZr entmc sn ad fl<20 JZkkZahr Zmc Jqtf
)62[ bnmidbstqdc sgZs sgd qdkZshnm nasZhmdc enq sgd fiZs khmdZq fqnvsg dptZshnmr –rtbg Zr sgd DV dptZshnm(: λ̋ / β ffi c<y

22 Mnsd sgZs: sgZmjr sn sgd trd ne sgd qdrbZkdc qZchtr enq sgd bhqbtkZq bZrd: nmd cndr mns mddc sn sZjd hmsn Zbbntms sgd hmfitdmbd ne sgd fknaZk
btquZstqd0 Sgd sdql �ζ1 hm Dp0 –67( hr nlhssdc Zmc nmd bZm chqdbskx bnloZqd vhsg sgd etmbshnm f1–ζ(0
23 Mnsd sgZs enq sgd bhqbtkZq bZrd sgd Zyhltsg θ vZr ZbstZkkx ıwdc hm Dp0 –73(0
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Ehftqd fl5. DwodqhldmsZk qdrtksr ne sgd sdlonqZk bnqqdkZshnm etmbshnm )1fl: fl95[0 –Z:a( Svn?shld bnqqdkZshnm etmbshnm Bs–sfl. s1( ZfZhmrs s1<sfl enq
sgd fiZs –Z( Zmc bhqbtkZq –a( hmsdqeZbdr0 Sgd hmrdsr rgnv sgd qdrbZkdc etmbshnm Bs.qdr–sfl. s1( )1fl[0 –b( QZshn ne sgd svn?shld bnqqdkZshnm etmbshnm:
Bs–sfl. s1(<Bs–sfl. sfl(: ZfZhmrs –Γs<sfl(�1<2 vhsg Γs • s1 � sfl0 Sgd cZsZ enq sgd bhqbtkZq hmsdqeZbdr bkdZqkx rgnv sgZs Bs–sfl. s1( qdlZhm rsqhbskx onrhshud hm
sgd khlhs s1 → ∞0 CZrgdc khmd hr Z fthcd enq sgd dxdr0 –c( Rjdsbg ne sgd svn?shld oqnakdl hm sdqlr ne sgd chqdbsdc onkxldq tmcdq qZmcnl onsdmshZk
)fl95[0 Qdoqhmsr vhsg odqlhrrhnm eqnl )1fl[ –Z:a( Zmc eqnl )fl95[ –c( vhsg rnld ZcZosZshnmr0

–gdqd c / fl(: Zkrn gnkcr hm mnmkhmdZq fqnvsg rtbg Zr sgd JOY bkZrr0 Gnvdudq: sgd dwodqhldmsZk qdrtksr enq sgd bhqbtkZq
bZrd rtffdrs Z lnchıbZshnm ne sgd bnmidbstqd Zr enkknvr24 )1fl[.

λ̋ /



β ffi c<y –fiZs rtabkZrr(.
β –bhqbtkZq rtabkZrr(.

–75(

Lnqdnudq: sgd dwonmdms λ̋ / fl<2 enq sgd bhqbtkZq bZrd rtffdrsr sgZs: vgdm sqZmrkZsdc aZbj hmsn Bs–sfl. s1( ax Dp0 –74(:
Bs–sfl. s1( qdlZhmr rsqhbskx onrhshud dudm he s1 → ∞0 Hm nsgdq vnqcr: onrhshud fitbstZshnmr sdmc sn qdlZhm onrhshud
enqdudq Zmc uhbd udqrZ: rtffdrshmf Z rnqs ne dqfnchbhsx aqdZjhmf hm sgd bhqbtkZq bZrd0 Sghr bZm ad bkdZqkx rddm ax
oknsshmf Bs–sfl. s1(<Bs–sfl. sfl( ZfZhmrs –Γs<sfl(�1<2 vhsg Γs • s1 � sfl )fl95[ –Ehf0 fl5–b((. gdqd: vghkd sgd fiZs cZsZ fn sn 9
Zr s1 → ∞ khmdZqkx hm sghr okns: sgd bhqbtkZq cZsZ bkdZqkx hmchbZsd Z rsqhbskx onrhshud Zrxlosnshb uZktd0 Sgd Ztsgnqr
Zkrn ldZrtqdc odqrhrsdmbd oqnodqshdr ne sgd gdhfgs fitbstZshnmr: nq lnqd oqdbhrdkx: sgd oqnaZahkhsx Oodqr–sfl. s1( sgZs
δg–w. s( / g–w. s( � }g–w. s(〉 vhsg ıwdc w cndr mns bgZmfd rhfm adsvddm shldr sfl Zmc s1 )1fl[0 Sgd qdrtksr rgnvdc onvdq?
kZv cdbZx hm ansg bZrdr: Oodqr–sfl. s1( ∼ –s1<sfl(�θ± vgdqd ± hmchbZsdr sgd rhfm ne sgd fitbstZshnmr: vhsg sgd enkknvhmf

24 Enq sgd bhqbtkZq bZrd: sgd bhqbtledqdmbd –nq dpthuZkdmskx sgd dΨdbshud rxrsdl rhyd( fqnvr vhsg s: eZrsdq sgZm sgd bnqqdkZshnm kdmfsg cndr:
ξ–s( ∼ sfl<y0 Nmd bZm sgdqdenqd Zqftd sgZs sgd fitbstZshnmr Zs chΨdqdms roZshZk onrhshnmr cn mns hmfitdmbd sgd fitbstZshnm Zs Z fhudm onhms hm kZsdq shldr:
ZrxlosnshbZkkx0 Sghr hr Zm hmsthshud qdZrnm vgx: hm Dp0 –75(: sgd sdql c<y hr mns dwodbsdc enq sgd bhqbtkZq bZrd0
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dwonmdms uZktdr. 

θffi / fl.24–4(
θ� / fl.74–fl9(

–fiZs( Zmc



θffi / 9.7fl–1(
θ� / 9.79–1(

–bhqbtkZq(. –76(

Gdqd: sgd mtladqr hm sgd oZqdmsgdrdr hmchbZsd sgd qZmfd ne dqqnq hm sgd kZrs chfhs–r(0 Sgd qdrtksr enq sgd fiZs bZrd
Zqd bnmrhrsdms vhsg dZqkhdq mtldqhbr )62[ Zmc sgd hmdptZkhsx θffi � θ� vZr ZrrnbhZsdc vhsg sgd JOY mnmkhmdZq sdql25

–λ<1(–�g(10 Hm bnmsqZrs: sghr Zrxlldsqx rddlr sn uZmhrg hm sgd bhqbtkZq bZrd, sghr qdlZhmr sgdnqdshbZkkx tmdwokZhmdc rn
eZq0 Lnqdnudq: rhmbd sgd ldZm odqrhrsdmbd shld: h0d0: ldZm shld mddcdc enq sgd fitbstZshnmr sn bgZmfd sgd rhfm: hr fhudm
ax

∏
Oodqr–sfl. s1(cs1: θ± , fl enq sgd bhqbtkZq bZrd hlokhdr sgZs hs chudqfdr: gdmbd dqfnchbhsx aqdZjhmf hm sghr bZrd0
Qdbdmskx: sgdnqdshbZk ZooqnZbgdr gZud Zkrn adbnld bZoZakd ne cdZkhmf vhsg rnld svn?shld oqnodqshdr0 EdqqZqh

Zmc Rongm )6fl[ bnmrhcdqdc S�RDO Zmc cdqhudc sgd dwonmdms λ̋ enq sgd bhqbtkZq: fiZs: Zmc rsZshnmZqx rtabkZrrdr0 Sgd
dwonmdmsr vdqd hmcddc λ̋ / fl<2 Zmc fl enq sgd bhqbtkZq Zmc fiZs bZrdr: qdrodbshudkx: Zbbntmshmf enq sgd dwodqhldmsZk
nardquZshnmr0 Sgdx Zkrn rgnvdc sgZs sgd svn?shld bnqqdkZshnm enq sgd rsZshnmZqx rtabkZrr: vgdm ZooqnoqhZsdkx qdrbZkdc:
bnhmbhcdr vhsg sgZs ne sgd eqZbshnmZk AqnvmhZm lnshnm vhsg Gtqrs dwonmdms fl<2 )6fl[, rodbhıbZkkx:

Es–τ( ∼ }χ19〉b
τ�fl<2

1

∫
fl ffi τ1<2 � –τ � fl(1<2

[
–rsZshnmZqx rtabkZrr(. –77(

dudm sgntfg sgd oqnbdrr χ–w. s( hm shld hr mns sgd eqZbshnmZk AqnvmhZm lnshnm: adbZtrd hsr nmd?shld chrsqhatshnm hr
mns FZtrrhZm ats sgd AZhj?QZhmr chrsqhatshnm0 Etqsgdqlnqd: udqx qdbdmskx: dudm ZmZkxshb dwoqdrrhnmr ne sgd svn?shld
inhms chrsqhatshnm enq sgd bhqbtkZq bZrd vdqd nasZhmdc ax chΨdqdms Ztsgnqr )fl93-fl96[0 Vghkd sgd enqltkZr hm )fl93: fl94[
qdlZhm chffbtks sn duZktZsd mtldqhbZkkx: cd MZqchr Zmc Kd CntrrZk )fl95: fl96[ entmc sgZs Zm dZrhkx sqZbsZakd enql
bZm ad nasZhmdc ax sgd qdokhbZ Adsgd ZmrZsy ZooqnZbg sn sgd Khda?Khmhfdq lncdk –65(: h0d0: sgd JOY dptZshnm0 Sgdhq
cdqhuZshnm vZr aZrdc nm Z ghms sgZs chqdbsdc onkxldqr hm sgd onhms?sn?onhms oqnakdl sdmc sn nudqkZo mdZq sgd nqhfhm
–w. s( / –9. 9( –Ehf0 fl5–c((: lnqd Zmc lnqd he g–9. sfl( hr kZqfdq: rhmbd sgdm sgd qZmcnl onsdmshZk kZmcrbZod sdmcr sn
gZud Z cddodq oZsg adsvddm shldr 9 Zmc sfl –qdbZkk sgZs g–9. s( / knfX–9. s( hr sgd –lhmtr( eqdd dmdqfx ne sgd chqdbsdc
onkxldq(0 Sghr kdc sgdl sn enbtr nm rtbg dhfdmrsZsdr ne G̀KK sgZs Zkk oZqshbkdr Zqd antmcdc ctqhmf sghr shld odqhnc:
Zmc rtbbdrretkkx nasZhmdc Zm ZooqnwhlZsd fdmdqZshmf etmbshnm enq sgd svn?shld fitbstZshnmr0 Sgd cduhZshnm eqnl sgd
etkk oqnakdl stqmdc nts sn ad rtodqdwonmdmshZkkx rlZkk: hm sgd nqcdq ne D–d� 7

2 gqdr–9.sfl(
2<1
(0 Vhsg sghr fdmdqZshmf etmbshnm:

Z mtladq ne ptZmshshdr vdqd mtldqhbZkkx duZktZsdc: rtbg Zr sgd btltkZmsr Zmc sgd svn?shld bnqqdkZshnm etmbshnm
bnmchshnmdc enq kZqfd g–w. sfl(: vghbg vdqd entmc hm Zfqddldms dwodqhldmsZkkx Zmc mtldqhbZkkx )fl95[0 Hm oZqshbtkZq:
sgdhq sgdnqx Zbbntmsdc enq sgd rsqhbskx onrhshud svn?shld bnqqdkZshnm Bs–sfl. s1( / 9 –s1 → ∞( hm sgd bhqbtkZq bZrd: hm
sdqlr ne sgd nudqkZo ne chqdbsdc onkxldqr –Ehf0 fl5–c((0

6040 SnvZqc rsZshnmZqx rtabkZrr Zmc fdmdqZk hmhshZk bnmchshnmr

Vghkd sgd khpthc?bqxrsZk dwodqhldms gZr rtbbdrretkkx hcdmshıdc Z mtladq ne tmhudqrZk edZstqdr ne sgd bhqbtkZq
Zmc fiZs rtabkZrrdr: sgd rsZshnmZqx rtabkZrr qdlZhmr sn ad chqdbskx hcdmshıdc0 Gnvdudq: rhfmZstqdr ne sgd rsZshnmZqx
rtabkZrr: hm oZqshbtkZq sgd AZhj?QZhmr chrsqhatshnm: vdqd entmc ax bqnrrnudq ZmZkxrhr )flfl1[ Zmc ax onvdq rodbsqtl ne
gdhfgs fitbstZshnmr δg–w. s( )flfl2[0 Sgd bqnrrnudq snvZqc sgd AZhj?QZhmr chrsqhatshnm vZr Zkrn hcdmshıdc mtldqhbZkkx
)flfl1: flfl3[ Zmc sgdnqdshbZkkx )fl95: fl96[0

Hs hr Zkrn hmsdqdrshmf sn dwoknqd nsgdq onrrhakd fdnldsqhdr ne hmsdqeZbdr0 Sn sghr dmc: EtjZh Zmc SZjdtbgh )67[
cdudknodc Z sdbgmhptd sn fdmdqZsd Zm ZqahsqZqx hmhshZk bnmchshnm hm sghr khpthc bqxrsZk rxrsdl Zmc rstchdc hmsdqeZbdr
fqnvhmf eqnl Z qhmf ne Z ımhsd qZchtr: hm sgd hmvZqc chqdbshnm0 Sghr hr Z bhqbtkZq oqnakdl vhsg btquZstqd noonrhsd sn
sgd trtZk bhqbtkZq rtabkZrr: Zmc hmsdqdrshmfkx: sgdx entmc sgZs sgd rsZshrshbZk oqnodqshdr Zfqddc vhsg sgnrd ne sgd fiZs
rtabkZrr: tmshk sgd hmsdqeZbdr adbnld snn rlZkk hm bhqbtledqdmbd Zmc dudmstZkkx bnkkZord Zs sgd bdmsdq ne sgd qhmf )67[0
Eqnl Z rhlhkZq odqrodbshud: qdbdmskx Z mtladq ne sgdnqdshbZk rstchdr )flfl4-flfl7[ gZud Zkrn bnmrhcdqdc hmhshZk bnmchshnmr
lnqd fdmdqZk sgZm sgd rsZmcZqc nmdr0 Hs hr gnodc sgZs rtbg sgdnqdshbZk Zmc dwodqhldmsZk rstchdr vhkk kdZc sn cddodq
tmcdqrsZmchmf ne sgd rtabkZrr rsqtbstqd ne sgd JOY tmhudqrZkhsx bkZrr0

25 Sgdqdenqd: sgd uZktdr ne θffi Zmc θ� Zqd dwbgZmfdc he λ , 9 )62[0
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70 Ehfgdq chldmrhnmr

Hm Rdbr04?6 vd gZud drrdmshZkkx bnmrhcdqdc sgd flC bZrd: ats sgd JOY bkZrr hr ax mn ldZmr qdrsqhbsdc sn sgd flC
oqnakdl0 Sgdqd Zqd mn jmnvm hmsdfqZakd lncdkr sgZs Zqd Zakd sn oqnuhcd dwZbs qdrtksr enq ghfgdq chldmrhnmr: ats
mtldqhbZk Zmc dwodqhldmsZk rstchdr gZud addm bZqqhdc nts sn hmudrshfZsd sgd chrsqhatshnm Zmc bnqqdkZshnm etmbshnmr enq
sgd 1C bZrd: h0d0: rtqeZbdr fqnvhmf hm sgd sgqdd?chldmrhnmZk roZbd0 Hmsdqdrshmfkx: sgd rtabkZrr rsqtbstqd odqrhrsr hm
ghfgdq chldmrhnmr0 Lnqd rodbhıbZkkx: nm sgd aZrhr ne mtldqhbZk qdrtksr ax GZkohm?GdZkx )flfl8: fl19[ Zmc NkhudhqZ
ds Zk0)fl1fl[: sgdqd Zqd entq bZmnmhbZk rtabkZrrdr hm 1C. rogdqd –onhms?sn?onhms(: bxkhmcdq –onhms?sn?khmd(: fiZs –onhms?sn?
rtqeZbd(: Zmc rsZshnmZqx0 Dwodqhldmsr nm 1C sghm ıkl fqnvsg )fl11-fl13[ hmcddc entmc sgZs sgd dwodqhldmsZkkx nasZhmdc
ghrsnfqZlr vdqd bnmrhrsdms vhsg sgd mtldqhbZk nmd enq sgd fiZs 1C rtabkZrr0

SgdnqdshbZkkx: Jknrr ds Zk0)fl14[ dloknxdc Z mnm?odqstqaZshud qdmnqlZkhyZshnm fqnto ZooqnZbg Zmc duZktZsdc sgd
svn?onhms bnqqdkZshnm etmbshnm ne sgd rsZshnmZqx rtabkZrr: f9–ζ(0 Sgdx entmc: enq flC: Z qdlZqjZakd Zfqddldms vhsg
sgd dwZbs qdrtks )88[0 Enq 1C Zmc 2C: sgdx oqnuhcdc Zm drshlZsd ne Zm Zlokhstcd qZshn P sgZs bnmsZhmr }χ19〉b: h0d0: Zm
ZmZknftd ne sgd AZhj?QZhmr uZqhZmbd enq dZbg chldmrhnmZkhsx0 GZkohm?GdZkx#r 1C mtldqhbr rgnvdc P / 9.833± 9.92fl
)fl19: fl15[ hm Z qdlZqjZakd Zfqddldms vhsg Jknrr ds Zk0#r drshlZsd P / 9.839 )fl14[0 Hs qdlZhmr Z fqdZs bgZkkdmfd sn
hmudms Z sgdnqdshbZk eqZldvnqj sgZs bZm bnod vhsg nsgdq ptZmshshdr Zmc rtabkZrrdr ne sgd ghfgdq?chldmrhnmZk JOY bkZrr0

80 Bnmbktchmf qdlZqir

Sgd Ztsgnq gnodr sgZs sgdrd kdbstqd mnsdr oqnuhcdc Z bnmuhmbhmf nudquhdv sgZs ntq tmcdqrsZmchmf ne sgd JOY
bkZrr: hm oZqshbtkZq enq sgd flC bZrd: gZr rhfmhıbZmskx cddodmdc ax qdbdms dwsdmrhud hmudrshfZshnmr0 �r Z qdlhmcdq:
SZakd fl fhudr Z rtllZqx ne sgd sgqdd rtabkZrrdr drsZakhrgdc hm sgd flC JOY bkZrr0 Nmd lhfgs gZud sgd hloqdrrhnm
sgZs lnrs hlonqsZms ohdbdr ne vnqj vdqd ZkqdZcx cnmd0 Gnvdudq: he vd qdbZkk sgd ghrsnqx ne sgd dpthkhaqhtl bqhshbZk
ogdmnldmZ sgZs hr aqhdfix nudquhdvdc hm Rdb0 fl: vd mnshbd sgZs vd Zqd oqnaZakx rshkk hm hsr lhc 19sg bdmstqx nq rn: ax
vghbg dwZbs rnktshnmr ne sgd 1C Hrhmf lncdk vdqd entmc Zmc qdkZsdc dwodqhldmsZk nardquZshnmr vdqd lZcd0 Hr sgdqd
Zmx etmcZldmsZk sgdnqdshbZk eqZldvnqj: rtbg Zr bntmsdqoZqsr ne Vhkrnm#r qdmnqlZkhyZshnm fqnto Zmc bnmenqlZk ıdkc
sgdnqx: ghccdm adghmc sghr cdudknoldms enq mnm?dpthkhaqhtl rbZkd?hmuZqhZms fitbstZshnmr! BZm vd tmcdqrsZmc ghfgdq?
chldmrhnmZk oqnakdlr dptZkkx vdkk dudmstZkkx: nq Zs sgd kdudk bnloZqZakd sn sgd qdbdms cdudknoldmsr nm sgd 2C Hrhmf
lncdk! RnldvgZs noshlhrshbZkkx: sgd Ztsgnq adkhdudr sgZs sgdqd Zqd etmcZldmsZk nodm oqnakdlr vZhshmf sn ad entmc:
hm sgd etstqd ne rstchdr nm sgd JOY bkZrr Zmc qdkZsdc oqnakdlr0

�bimnvkdcfldmsr

Sgd Ztsgnq hr hmcdasdc sn dmkhfgsdmhmf chrbtrrhnmr vhsg lZmx sgdnqdshbhZmr Zmc lZsgdlZshbhZmr: hm oZqshbtkZq O0 K0
EdqqZqh: O0 FqZrradqfdq: S0 GZkohm?GdZkx: O0 Kd CntrrZk: L0 Oq’Zgnedq: S0 RZrZlnsn: F0 Rbgdgq: Zmc G0 Rongm: sn kdZqm
sgd sgdnqdshbZk bnmsdmsr cdrbqhadc hm sgdrd kdbstqd mnsdr0 �lnmf nsgdqr: Z rdqhdr ne kdbstqdr cdkhudqdc ax S0 RZrZlnsn
vdqd hlonqsZms enq sgd Ztsgnq sn oqdoZqd lZmx oZqsr ne sgd lZmtrbqhos0 Ne bntqrd: rgntkc Zmx lhrsZjd ad entmc
hm sgdrd kdbstqd mnsdr: hs vntkc ad dmshqdkx sgd eZtks ne sgd Ztsgnq0 Sgd Ztsgnq Zbjmnvkdcfdr sgd sgdnqdshbZk btqudr
ne sgd SqZbx?Vhcnl chrsqhatshnmr )Ehf0 fl3–b([ oqnuhcdc ax L0 Oq’Zgnedq )5fl[: sgnrd ne sgd �hqxfl Zmc �hqx1 svn?onhms
bnqqdkZshnm etmbshnmr )Ehf0 fl4[ ax E0 AnqmdlZmm )51[: odqlhrrhnmr ne ıftqd qdoqhmsr ax L0 �0 B0 Gtdqfn )Ehf0 fl–Z([: ax
O0 Xtmjdq )Ehf0 fl–a([: Zmc ax I0 Cd MZqchr Zmc O0 Kd CntrrZk )Ehf0 fl5–c([: Zmc trdetk bnlldmsr nm sgd lZmtrbqhos ax
S0 GZkohm?GdZkx0 EhmZkkx: sgd Ztsgnq ZooqdbhZsdr ımZmbhZk rtoonqs ax J�JDMGH eqnl IZoZm Rnbhdsx enq sgd Oqnlnshnm
ne Rbhdmbd –Mn0 IO14fl92993: IOfl5G93922: IOfl5Jfl2735(: sgd MZshnmZk Rbhdmbd EntmcZshnm tmcdq FqZms Mn0 MRE
OGXflfl?148fl4: Zmc 19fl5 Snjxn Sdbg BgZkkdmfhmf QdrdZqbg �vZqc0

Pdedqdmbdr

)fl[ G0 Mhrghlnqh: F0 Nqshy: Dkdldmsr ne OgZrd SqZmrhshnmr Zmc BqhshbZk OgdmnldmZ: flrs Dchshnm: Nwenqc FqZctZsd Sdwsr: Nwenqc Tmhu0 Oqdrr:
Mdv Xnqj: 19flfl0

)1[ O0 Gdkkdq: DwodqhldmsZk hmudrshfZshnmr ne bqhshbZk ogdmnldmZ: Qdo0 Oqnf0 Ogxr0 29 –fl856( 62fl0
)2[ S0 �mcqdvr: Sgd AZjdqhZm Kdbstqd. Nm sgd bnmshmthsx ne sgd fZrdntr Zmc khpthc rsZsdr ne lZssdq: Oghk0 SqZmr0 Q0 Rnb0 Knmcnm fl48 –fl758(

464-4890
)3[ Q0 I0 AZwsdq: DwZbskx Rnkudc Lncdkr hm RsZshrshbZk LdbgZmhbr: �bZcdlhb Oqdrr: Knmcnm: fl8710

2fl

markusm

markusm

markusm

markusm



)4[ K0 NmrZfdq: BqxrsZk rsZshrshbr0 H0 Z svn?chldmrhnmZk lncdk vhsg Zm nqcdq?chrnqcdq sqZmrhshnm: Ogxr0 Qdu0 54 –fl833( flfl6-fl380
)5[ A0 JZtelZm: BqxrsZk rsZshrshbr0 HH0 oZqshshnm etmbshnm duZktZsdc ax rohmnq ZmZkxrhr: Ogxr0 Qdu0 65 –fl838( fl121-fl1320
)6[ X0 MZlat: � mnsd nm sgd dhfdmuZktd oqnakdl hm bqxrsZk rsZshrshbr: Oqnf0 Sgdnq0 Ogxr0 4 –fl849( fl-fl20
)7[ J0 F0 Vhkrnm: Sgd qdmnqlZkhyZshnm fqnto. BqhshbZk ogdmnldmZ Zmc sgd Jnmcn oqnakdl: Qdu0 Lnc0 Ogxr0 36 –fl864( 662-7390
)8[ L0 Gdmjdk: BnmenqlZk HmuZqhZmbd Zmc BqhshbZk OgdmnldmZ: Roqhmfdq: Adqkhm: Gdhcdkadqf: Mdv Xnqj: fl8880
)fl9[ R0 Dk?Rgnvj: L0 OZtknr: C0 OnkZmc: R0 Qxbgjnu: C0 Rhllnmr?Ctffm: �0 Uhbgh: Rnkuhmf sgd 2c Hrhmf lncdk vhsg sgd bnmenqlZk annsrsqZo HH0
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