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Second order phase transitions: 

• Universality: at large scale: independence of microscopic details
• Self-similarity: critical exponents, scaling

Universality, self-similarity and criticality 
beyond equilibrium phase transitions?



88 CHAPTER 6. COLLECTIVE BEHAVIOUR

Figure 6.1: Left: Typical configurations of a system of 27 × 27 Ising spins
in d = 2, here with J = 1, at various temperatures. Spins with si = −1
(respectively si = 1) are represented by white (resp. black) squares. The
critical temperature for this problem is known exactly since the work of
Onsager: βc = atanh(

√
2 − 1) = .44069, or Tc = 2.269. Right: A sketch of

the spontaneous magnetisation as function of the temperature.

There are 2N spin configurations, and the energy of a configuration s =
{s1, . . . , sN} is equal to

E(s) = −J
∑

(ij)

sisj , (6.1)

where the sum
∑

(ij) runs over all the pairs ij of neighbouring sites on the
lattice. At thermal equilibrium, the probability of each spin configuration
(in the so-called ‘canonical ensemble’) is given by:

P (s) =
1

Z
e−βE(s) =

1

Z
eβJ

∑
(ij) sisj , (6.2)

where β = 1/T is the inverse temperature (we work here in reduced units,
where Boltzmann’s constant has been chosen equal to unity).

The basic driving force of the phase transition is the entropy-energy com-
petition. At large temperature, β $ 1, the Boltzmann weight e−βE(s) is
nearly independent of the spin configuration s, therefore the spins are nearly
uncorrelated. At very low temperatures, the accessible configurations are
those with very low energy. There are two lowest energy configurations: all

2d Ising model

Fluctuations on all scales

Self-similarity:
(looks statistically the same after rescaling)
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Figure 6.3: Decimation. Left: starting from an equilibrium configuration at
temperature T = 1.22Tc. Right: starting from an equilibrium configuration
at temperature T = .99Tc.

this point has coordinates ρc, Tc which vary a lot from system to system. For
instance; for O2, ρc = 436 kg/m3, Tc = 155 K, for CO, ρc = 301 kg/m3,
Tc = 133 K, and for the tetrafluoroethane (H2FC − CF3), ρc = 512 kg/m3,
Tc = 374 K. The density difference between the liquid and the gas ρL − ρG
varies along the liquid-gas transition line, and vanishes at the critical point,
like (ρL−ρG)/ρc = C(1−T/Tc)β. Fig. 6.5 shows that this critical behaviour
is well obeyed by all gases: the critical exponent β " .33 is universal, and in
fact the prefactor C is also universal! Actually the liquid-gas critical point is
in the same universality class as the Ising model (for which β = .31): when
looking at the right quantities at the critical point, magnetic ordering or
liquid-gas transition are the same phenomenon, in spite of totally different
microscopic descriptions!

T = 0.99 Tc

Critical
Correlations at large scales

Self-similarity at criticality
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Second order phase transitions: 

• Universality: at large scale: independence of microscopic details
• Self-similarity: critical exponents, scaling

Does this exist 
Ø out of equilibrium?
Ø in random, disordered systems?

Ø Does disorder matter? How so?
Ø Are there new aspects not present in clean systems?

Universality, self-similarity and criticality 
beyond equilibrium phase transitions?
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YES!



Growing surfaces

one of the simplest examples of this kind

(beyond simple diffusion / Brownian motion)

Rich and ubiquituos



1d surface of cancer cells growing on a Petri dish

Growing surfaces
See Takeuchi Review for details



Growing surfaces

Colloid particles accumulating at the edge of a droplet
inward growth of colloid layer: roughening with time

Coffee ring effect:

See Takeuchi Review for details



Boundary between  
two (turbulent) liquid 
crystal phases 

Growing surfaces

K. A. Takeuchi, M. Sano 
(J. Stat. Phys. 2012)

See Takeuchi Review for details



Growing surfaces
Physical examples:
• Growth of bacteria colonies
• Interfaces between two liquids; ink spreading on paper
• Slow combustion of paper
• Forest fire fronts
• Front of chemical reaction
• Motion of the front of a thin liquid film on surface
• Crystal growth

Ingredients: Growth under noise (heterogeneity) and short range interactions

Nontrivial relations to: 
• Asymmetric simple exclusion process (hopping motion of hardcore particles) 
• Longest growing subsequence in a random permutation, combinatorics 



Universal scaling of surface 
roughness

Characterization of growth:
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Scale invariance: →  Invariance of statistical 
properties under scale transformation
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Universal scaling of surface 
roughness

Characterization of growth:

𝛼, 𝛽, 𝑧: Universal exponents

→  Universality classes of     
kinetic roughening

Scale invariance: →  Invariance of statistical 
properties under scale transformation



Linear growth: Edwards-Wilkinson
Equation of motion for growing surface:

• Time translation invariance 𝑡 → 𝑡 + Δ𝑡
• Spatial translation invariance 𝑥 → 𝑥 + Δ𝑥
• Inversion/rotation in space 𝑥 → −𝑥, 𝑥 → 𝑅𝑥
• Height translation translation ℎ → ℎ + Δℎ

White noise:

Edwards-Wilkinson 
equation

Steady accumulation (with random noise) + diffusion
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Edwards-Wilkinson 
equation

Equation is invariant under rescaling
Checked by explicit solution of linear equation in Fourier space (caution: usually too naive, see KPZ)
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From Langevin (stochastic diff Eq)  to Fokker Planck (evolution of noise-averaged probability): 

𝑃 𝑋, 𝑡 = 𝛿 𝑋 − 𝑋(𝑡) ! ?



Fokker Planck from Langevin
<latexit sha1_base64="GUKPTOpBMtbJGpD4yk8pTEoulH0="></latexit>

�(t) =

Z
�(X)P (X, t)dX

<latexit sha1_base64="orFDK/AHphleCDgNF+YkqbZCdv4=">AAACA3icdVDLSgMxFM3UV62vqitxEyyFilBmSqntQiy6cVnBPqBTSibNtKGZB8kdoQzFlZ/iSlAQt36FK//GTFtBRQ8EDufcw809Tii4AtP8MFJLyyura+n1zMbm1vZOdnevpYJIUtakgQhkxyGKCe6zJnAQrBNKRjxHsLYzvkz89i2Tigf+DUxC1vPI0OcupwS01M8e2IG2k3RshyM+LcDJAI7xGT7vZ3Nm0dSoVHBCrKppaVKrVUulGrZmlmnm0AKNfvbdHgQ08pgPVBClupYZQi8mEjgVbJrJ25FiIaFjMmRdTX3iMdWLZzdMcV4rA+wGUj8f8EzNfEvExFNq4jl60iMwUr+9RPzL60bgVnsx98MImE/ni9xIYAhwUggecMkoiIkmhEquP4vpiEhCQdeW0S18nYr/J61S0aoUy9flXP1i0UcaHaIjVEAWOkV1dIUaqIkoukMP6Ak9G/fGo/FivM5HU8Yis49+wHj7BMqDlu8=</latexit>

�(t+ dt) =?𝑃 𝑋, 𝑡 =
𝛿 𝑋 − 𝑋(𝑡) ! ?
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Linear growth: Edwards-Wilkinson
Equation of motion for growing surface:

• Time translation invariance 𝑡 → 𝑡 + Δ𝑡
• Spatial translation invariance 𝑥 → 𝑥 + Δ𝑥
• Inversion/rotation in space 𝑥 → −𝑥, 𝑥 → 𝑅𝑥
• Height translation translation ℎ → ℎ + Δℎ

Edwards-Wilkinson 
equation

Langevin to Fokker Planck
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Equation of motion for growing surface:

• Time translation invariance 𝑡 → 𝑡 + Δ𝑡
• Spatial translation invariance 𝑥 → 𝑥 + Δ𝑥
• Inversion/rotation in space 𝑥 → −𝑥, 𝑥 → 𝑅𝑥
• Height translation translation ℎ → ℎ + Δℎ

Edwards-Wilkinson 
equation

Langevin to Fokker Planck
Stationary state: “free Gaussian field”
1d: like Brownian motion with x as time 



Non-linear growth: Kardar-Parisi-Zhang
Growth is typically non-linear!

Simple source of non-linearity: a sloped surface grows faster (in z) than a flat one:
because the surface per unit length (in x!) is larger  (aggregeation is assumed prop. to surface!)
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dh/dt = v0
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Non-linear growth: Kardar-Parisi-Zhang

KPZ equation:

Growth is typically non-linear!

Simple source of non-linearity: a sloped surface grows faster (in z) than a flat one:
because the surface per unit length (in x!) is larger  (aggregeation is assumed prop. to surface!)
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z
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Remarks:
• Many other possible sources of non-linearity (e.g. interactions)
• The square of the gradient is the leading symmetry-allowed non-linearity
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→ EW fixed point (𝜆 = 0) is unstable; changes universality class!
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Kardar-Parisi-Zhang universality class

KPZ equation

Universal exponents 𝛼, 𝛽, 𝑧 ?  

• 4 terms, but only 3 exponents:  naive scaling analysis does not work!

• Indeed: 𝜈 and D flow under scale transformation (renormalization)

• But: 𝜆 does not flow : a symmetry protects it!

This is easiest to see from a mapping to fluid dynamics.



Relation to particle flows: stirred Burger’s equation
KPZ equation

<latexit sha1_base64="BUku6ixcOg3ZhrW46HKK6XoIWUw="></latexit>

@th = ⌫ ~r2h+
�

2
(~rh)2 + ⌘

<latexit sha1_base64="VJZ5yr+egV8A5dT/kHlATECdskg="></latexit>

v = ��rh

@tv = ⌫r2v � r
2
(v2)� �r⌘

Define: Velocity field

→



Relation to particle flows: stirred Burger’s equation
KPZ equation

<latexit sha1_base64="BUku6ixcOg3ZhrW46HKK6XoIWUw="></latexit>

@th = ⌫ ~r2h+
�

2
(~rh)2 + ⌘

<latexit sha1_base64="VJZ5yr+egV8A5dT/kHlATECdskg="></latexit>

v = ��rh

@tv = ⌫r2v � r
2
(v2)� �r⌘

Define: Velocity field

<latexit sha1_base64="tPLiHv9N97ePPxKECpqr8s++BPo="></latexit>

@tv + (v ·r)v = ⌫r2v � �r⌘Burger’s equation
(= Navier Stokes)

<latexit sha1_base64="iyyznFvOksq+A8hjgN8jMbOXlGQ="></latexit>

1

2
r(v2) = (v ·r)v + v ⇥ (r⇥ v) ! (v ·r)v

→



Relation to particle flows: stirred Burger’s equation
KPZ equation

<latexit sha1_base64="BUku6ixcOg3ZhrW46HKK6XoIWUw="></latexit>

@th = ⌫ ~r2h+
�

2
(~rh)2 + ⌘

<latexit sha1_base64="VJZ5yr+egV8A5dT/kHlATECdskg="></latexit>

v = ��rh

@tv = ⌫r2v � r
2
(v2)� �r⌘

Define: Velocity field

<latexit sha1_base64="tPLiHv9N97ePPxKECpqr8s++BPo="></latexit>

@tv + (v ·r)v = ⌫r2v � �r⌘Burger’s equation
(= Navier Stokes)

Convective derivative
Shear viscosity (dissipation) 

Random stirring force
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Burgers vs Navier-Stokes
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equations, without pressure 
gradient)

<latexit sha1_base64="PhvgHPwHYW4af7lk+RrQGx1Lcks="></latexit>

@tv + (v ·r)v = ⌫r2v � rp

⇢
+ f



Burgers vs Navier-Stokes
<latexit sha1_base64="tPLiHv9N97ePPxKECpqr8s++BPo="></latexit>

@tv + (v ·r)v = ⌫r2v � �r⌘

But: in Navier Stokes one has incompressibility

While here v is a gradient:   
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Burgers vs Navier-Stokes
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But: in Navier Stokes one has incompressibility

While here v is a gradient:   

“Burger’s turbulence”: Does not describe real turbulence, but 
Burger’s equation has applications to large scales of galaxies, and 
interesting short scale singularities (shock wave generation)
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Galilean invariance of fluid dynamics
Burger’s equation

For any physical fluid dynamics:
Invariance under Galilean transformation: For any relative velocity v0

also satisfies Burger’s equation! 

Note: With a shifted noise realization, but having the same statistics: 

→ “statistical Galilean invariance”
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Galilean invariance of fluid dynamics
Burger’s equation

For any physical fluid dynamics:
Invariance under Galilean transformation: For any relative velocity v0

Related symmetry for height model?

<latexit sha1_base64="DsSUpKm/8lYMZcRd/y+fMYnqINI="></latexit>

vnew(x, t) = v0 + v(x� v0t, t)

<latexit sha1_base64="tPLiHv9N97ePPxKECpqr8s++BPo="></latexit>

@tv + (v ·r)v = ⌫r2v � �r⌘

<latexit sha1_base64="Ew2fQFxYP7tFOktsQLC6UNQwtrM="></latexit>

v = ��rh



Galilean invariance of fluid dynamics
Burger’s equation

For any physical fluid dynamics:
Invariance under Galilean transformation: For any relative velocity v0

Related symmetry for height model: 

also satisfies the KPZ growth equation
→ “Statistical tilt symmetry”
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Galilean invariance of fluid dynamics
Implication of symmetries

Physical Galilean invariance always has prefactor 1. 
This is obviously preserved under renormalization (integrating out small scales)
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The mapping can be made before or after renormalization, and in both cases one should 
get (the same!) Galilean invariant model.
→ 𝜆 cannot flow under scale transformation (as confirmed by explicit RG). 
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KPZ exponents

d=1 : exactly known

d=2 : 
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Statistical tilt symmetry

(by definition)

d>2 :  weak λ → RG-irrelevant → flow to Edwards-Wilkinson
strong λ: transition to a strong coupling fixed point!  



How do we know?
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KPZ exact exponents in d = 1

d=1 : exactly known (Huse-Henley-Fisher PRL ’85)



KPZ in d=1 – exact exponents
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Check: (→ Exercise):  The Fokker-Planck equation for KPZ now reads

In d = 1 (and only there) 

is still the stationary distribution for 𝜆 ≠ 0 ∶
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Alternative argument for exponent 𝛽 = 1/3:

Microscopic lattice models (e.g. exclusion processes) lead to a non-linear fluid dynamics,
but do not contain fluctuating forces (D) / diffusion (𝜈) a priori. 
(They are often added phenomenologically in the spirit of fluctuating hydrodynamics, 
obeying a fluctuation-dissipation relation) 

Still, they reflect the stationary distribution
where only the ratio                enters as a parameter of the model.

Typical fluctuation of h(x,t)? Independent of x; depends only on 𝑡, 𝜆, 𝐴
Only dimensionally correct combination: 

<latexit sha1_base64="BUku6ixcOg3ZhrW46HKK6XoIWUw="></latexit>

@th = ⌫ ~r2h+
�

2
(~rh)2 + ⌘

<latexit sha1_base64="I7NY+k7OtCqhANmCO/u6agIaMcU="></latexit>

�h ⇠ t� ⌘ t↵/z

<latexit sha1_base64="DNSd+MOvRT02xVoiFLloaGkX8eA="></latexit>

h(h(x)� h(x0))2i = D

2⌫
|x� x0| = A|x� x0|

<latexit sha1_base64="oOq7hwASWNEMPyyXXIjyiJG9YHg=">AAAB/XicdVDLSgMxFM34rONrtEs3wVJwVTJDqe1CqI+Fywr2AW0pmTTThmYyQ5IRylD8FFeCgrj1Q1z5N2baCip64MLhnHu59x4/5kxphD6sldW19Y3N3Ja9vbO7t+8cHLZUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07U8uM799R6VikbjV05j2QzwSLGAEayMNnPw5PIO9QGKSXs1SryeSGRw4BVRCBpUKzIhbRa4htVrV82rQnVsIFcASjYHz3htGJAmp0IRjpbouinU/xVIzwunMLvYSRWNMJnhEu4YKHFLVT+fXz2DRKEMYRNKU0HCu2t8mUhwqNQ190xliPVa/vUz8y+smOqj2UybiRFNBFouChEMdwSwKOGSSEs2nhmAimTkWkjE2UWgTmG1S+HoV/k9aXsmtlMo35UL9YplHDhyBY3ACXHAK6uAaNEATEDAFD+AJPFv31qP1Yr0uWles5Uwe/ID19gkQpJRV</latexit>

A =
D

2⌫

<latexit sha1_base64="E3V/HLjnkbEoz5Li+OaFstSidXk="></latexit>

h(t) ⇠ (�tA2)1/3 𝛽 = 1/3



Mapping to directed polymers:
the Cole-Hopf transformation



Mapping to directed polymers:
the Cole-Hopf transformation

<latexit sha1_base64="BUku6ixcOg3ZhrW46HKK6XoIWUw="></latexit>

@th = ⌫ ~r2h+
�

2
(~rh)2 + ⌘

Mathematical issue with the KPZ equation in the continuum:

White noise 𝜂 is non-differentiable 
→ ∇h becomes singular
→ ∇h & is a priori ill-defined 



Mapping to directed polymers:
the Cole-Hopf transformation

<latexit sha1_base64="BUku6ixcOg3ZhrW46HKK6XoIWUw="></latexit>

@th = ⌫ ~r2h+
�

2
(~rh)2 + ⌘

Mathematical issue with the KPZ equation in the continuum:

White noise 𝜂 is non-differentiable 
→ ∇h becomes singular
→ ∇h & is a priori ill-defined 

Possible remedies:
• Work with finite-in-time correlated, colored noise
• Use discretized lattice models
• Or: Mapping that removes the non-linearity: Cole-Hopf transformation
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The Cole-Hopf transformation
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→  Stochastic, linear diffusion or heat equation, but with multiplicative noise!
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The Cole-Hopf transformation
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→  Stochastic, linear diffusion or heat equation, but with multiplicative noise!

Rem: Well-defined with Itô’s prescription for
“Evaluate noise at slightly later time” → avoid correlation btw Z and 𝜂 !  
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Dictionary DPRM - KPZ
ℓ

KPZ growth Directed polymer

Time t Longitudinal direction ℓ = t

Height h   Free energy F

Spatial position x Typical lateral displacement of 

the polymer 
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Height h   Free energy F
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the polymer 
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Height h   Free energy F
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Disorder deforms the polymer until the 
elastic energy starts competing with 

gained potential energy

𝑥

Simple interpretation:
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Vortices in superconductors



Directed polymers in physics
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Domain walls in random bond Ising  ferromagnets
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Directed polymers in physics

ℓ

𝑥
• Spin-spin correlators 

in random magnets

• Decay of strongly 
localized quantum 
wavefunctions

• etc
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Exact solutions and universality of KPZ 
Several exact solutions of solvable models:

• Replica approach to directed polymers

• Polynuclear growth model

• Asymmetric exclusion processes

They allow to compute specific quantities of interest, that are universal for all 
models in the KPZ class:

• Height distribution  𝑃 . /,1 %12#
1$/& :  Tracy Widom distribution! 

Like the maximal eigenvalue of a Gaussian random matrix! -- WHY??
• Two point correlation function  𝛿ℎ 𝑥, 𝑡 𝛿ℎ 𝑥′, 𝑡′ (explicit but complicated)



Tracy-Widom distribution of height

K. A. Takeuchi, M. Sano 
(J. Stat. Phys. 2012)



Tracy-Widom distribution of height

K. A. Takeuchi, M. Sano 
(J. Stat. Phys. 2012)

Mirror symmetry
of flat surface

Time reversal 
symmetry of 

random matrix GOE 



Exercises
KPZ : symmetry and exponents

• Check the invariance of the KPZ Equation under tilt symmetry

• Derive the Fokker Planck equation from the Langevin equation. First for 
a discrete set of variables hi , then for a function h(x). Apply this to the 
KPZ equation.

• Show that the free Gaussian field is the stationary solution of the 
FokkerPlanck equation for 𝜆 = 0 . Show that in d = 1 it is also stationary 
for any nonlinearity 𝜆 > 0.



Exercises
Flory exponents for pinned elastic manifolds

Consider the generalization of the directed polymer problem (elastic line (d=1)) with D 
transverse dimensions (d = dimension of the space in KPZ growth). 
Now let us look at a more general elastic manifold M = ℝ3 (surface d=2, crystalline solid 
(d=3)), where each point z has a displacement field u(z) ∈ ℝ4). (The standard D=1 KPZ 
Eq. maps to the d=1, D=1 directed polymer).

This system is subject to elastic energy 

and a random disorder pinning energy

We assume Gaussian correlated disorder of variance
and zero mean.



Exercises
• Show that in the absence of disorder the manifold has “thermal roughness”

• Replicate the system m times and average the partition function over the disorder to obtain 
the replicated Hamiltonian for m copies:

• Assume the correlator decays as a power law 𝐾 𝑢 ~ 𝑢%5
Argue that a short range correlator would naively correspond to 𝛽 = 𝐷.

(d ≤ 2) 



Exercises
• Assume that at large scale a self-similar regime exists where on the 

longitudinal distance L  transverse fluctuations scale as  𝐿6. Determine how 
one should rescale the temperature, 𝑇~𝐿7, to keep the term 𝐻89/𝑇
invariant!

• Demand now that the replicated disorder term also remain scale invariant 
to obtain an expression for 𝜁 𝑑, 𝐷 . 

This kind of estimate is similar to Flory’s on polymer physics. 
It assumes that the correlator K does not flow with the scale L.  

• Discuss your result for D = 1. For which d is your expression meaningful, 
and in which dimension is disorder perturbatively relevant? (compare to 
KPZ!)



Exercises
• The above estimate is expected to be exact for small enough 𝛽 (fat power 

law tail). An analysis of the renormalization of K (next time) suggests that 
this only holds up to the critical value 𝛽: = 𝐷/2 (not until 𝛽 = 𝐷!) For faster 
decaying correlators with 𝛽 > 𝛽: one expects the roughness as for 𝛽 > 𝛽:.

• Compare the obtained estimate  𝜁 𝑑 = 1, 𝐷 = 1,2 with the exact value 

𝜁 𝑑 = 1, 𝐷 = 1 = 2/3

and the numerical value 

𝜁 𝑑 = 1, 𝐷 = 2 = 0.62

as well as for 2d interfaces (D = 1): 
𝜁 𝑑 = 2, 𝐷 = 1 ≈ 0.3126

This line of reasoning is due to T. Halpin-Healey (1990)


