The replica method

(from the physics point of view)



The replica method

When n is small, we have: E|Z"] = E [e"°¢?] ~ E [1 + nlogZ| ~ 1 + nE [log Z]
, C El|z7) -1
In particular: E |log Z| = lim
n—0 n

In the replica heuristic, we evaluate [E [Z”] for integer values of nin N ...

... somehow assume the expression we find is valid when nisin R ...

...andsendn — 0 & N = o0, while being careless in the order of limits!
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P |cg Symmetrlc assumptlon m, =mVa
The integral will be (exponentially) =N =N
dominated by values of m, and 1, such that: m, = mVa
~ A 1.2 N N
E|Zy| [dmdme"N@mm%m 'E [(2 cosh(ph — irir))"|
nis ~ 0, sowe can E [X”] =[E [e”logx] ~ E [1 + nlogX] ~ 1 +nkE [logX] ~ e"EllogX]

use again the Replica trick!

[E [ij\ll ] X “ dmdm enN(in%m+ﬂ%m2) enN E [log(2 cosh(fh — iﬁz))]

Saddle point "
integral ™ [ [ZN] X €

nNExtr,, <— ﬂ%mz + E [log(2 cosh(p(h + m)))] >

nNExtr,, ; <(irf1m + zm?) + E|log(2 cosh(ph — im))] >

Extremization- E [Z]I;l]] x e

im = — pm
E [log Z :
[ (;\g/ N] — Extr, ®Dgg(m) Ops(m) = - 5m2 +E [log(Z cosh(f(k + m)))]



E [log ZN]

1
— Extr, ®pq(m) Cigg(m) = — fom” + E [log(2 cosh(h(l + m)))

N

The extremizer m* follows the fixed point equations

m* = E |tanh(B(h + m*))]

Example for 2 ~ 4(0,0.1)
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E |log Z 1
[ ]f;y N] — Extr,, ®grg(m) Dpg(m) = — ﬂamz +E [log(z cosh(f(h + m)))]
The extremizer m* follows the fixed point equations m* = [ [tanh(ﬂ(h -+ m*))]

Minimal cost vs variance A of the random field
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