EPFL - Physics’ section Mathematical methods in quantum physics

Solutions to exercice sheet 2

’ Fréchet spaces and continuous maps ‘

1.|Let (X, d) be a metric space. Show that
T ={UCX :VexeU Ir>0st. B(z,r)CU}

defines a topology on X. Show that if (xy)ken is a sequence in X so that limy d(x, z;) = 0,
then lim; d(z;, zx) = d(x, zy,) for all k € N.

For (X,d) a Fréchet space, show that for n € N and r > 0, nB(0,r) C B(0,nr)
(nB(0,7) :={ny : y € B(0,1)}).

Let {Uy,...,U,} C 74 and let @ € Mgy n,Ux. Then Vk = 1,....n, Iy > 0
st. B(x,r;) C Up. Set r := min{ry,...,r,}. Obviously, Vk = 1,...,n one has
B(z,r) C B(z,1) C Uy and B(z,7) C N1,
Let F C 74 and « € UyerU. By definition, there is then some U € F s.t. z € U.
Again by definition, there is then some r > 0 s.t. B(z,r) C U and consequently,
B(I, T) C UperlU.

Let (xk)ken be a sequence in X so that limy d(z, xx) = 0, and let € > 0. Then there
is an N, € N s.t. [ > N, implies d(z,x;) < €. Since d(x,xr) < d(z,x;) + d(z, 2x)
and d(zy, zx) < d(zy, ) + d(z, x1), one has

—e < —d(z, ;) < d(xp,z;) —d(x, ) < d(z,2) <€
and hence, for | > N, |d(z, zy) — d(x, z5)| < e

If (X,d) is Fréchet and if y € B(0,r), then d(0,ny) < Sp—od(ky, (k + 1)y) =
Z;é d(0,y) < nr.

2. Let {|||l»}nen be a family of norms on a vector space V. Show that

d(o,w) = Y g A=l

& 1+ v — wl|,

defines a translation invariant distance on V' (what can you say about the real function
Show that in the case of V = S(RY) one has 74 = 7s.

d is obviously positive (note that Vo,w € V,0 < d(v,w) < 2) and Yv,w €
V, d(v,w) = d(w,v). It is also clear that d(v,w) = v = w. It remains
to prove the trianguar inequality for d.

For z,y € R, we have

T2y << rv+ay>y+yr <
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The map Ry > z — {7 is hence increasing. As a consequence, if v, w,u € V
s o=l g~y o=l t fu
Tfo—wln = &7 14 v —ulu+Ju—w],
- v —ulln - Ju — |,
=) 27" +» 27"
2 L+ flo =l + lu —wl, 2 L+ flv—ulln + llu—wl,

L+ v —ull, =

Let now x € V,r > 0 and we will show, that there are norms || || for k=1,...,N
and some € > 0, so that U, 1.~ C B(z,r). Since ), -, 27% =2 thereisan N € N,

so that Ek>N 27k < 5. Set € := m For any y € Uy e1,...n we thus have
~ Y o =yl Y |7 = ylln
o Tyl T Tl
r
< — 27k < — < N+1)—— =7
O<k<N n>N 0<k<N

Therefore, U, 1, v C B(x,r). This being true for any z € V and any r > 0, we
may conclude, that all open balls B(x,r) are open for the topology induced by the
family of norms {|| ,}nen which is hence finer than 7.

Reciprocally, consider some U, 1, n for a given € > 0, N € N and x € V. Let

y € B(xz,r). Then r > d(z,y) > 2 klmy“}l’n , so that for K = 1,..., N one has

1+ |ly — z||x > 27Vr~ Y|y — x|, which is to say 1 > (27Vr~! — 1)|ly — x||s. If one
choses r < 27N 1;, then B(z,7) C Uyeq,..n. This shows that 7, is finer than the
topology induced by the norms {|| ,}nen-

3.|Let ¢ : R — R/Z be the quotient map. Identify any z € S* with some z € R/Z. This
permits one to identify any f € C°°(S?) with the periodic smooth function foq € C*(R).
For a compact K C S* let C*(S'\ K) := {f € C>=(5') : Yo € NV, 9°f|,. = 0}. On
C>(S'\ K) consider the norms

pn(f) = maxaen, {[10°fllo}-

Show that (C*(S'\ K), {pn}nen) is a Fréchet space.

The fact that p,, are norms on C*(S'\ K) for all n € N is clear. To show complete-
ness of C*°(S!) under the topology induced by the family of norms {p, }ncn, one
may use again the fact that C'(S'), S being compact, is complete for the uniform
norm || ||« and then invoke uniform continuity of the Riemann integral.

The fact that C*(S'\ K) is complete under the topology induced by the family
of norms {p, }nen follows now from the fact that a sequence of smooth functions
(f)nen C C°°(S*\ K) can only converge to 0 on K.

(C°°(S*\ K), {pn}nen) is hence complete and the topology may also be induced by
the distance d(f,g) == )_,502~ "%
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4.|Let T : S(RY) — S(RY) be a linear map. Show that the following statements are
equivalent:

(a) T is continuous

(b) For any norm || ||,,, there is a positive constant C' and a norm ||||,,, so that for any
f e S®RY)ANTH)lln < Cllf lm-

(c) For any sequence (fi)ren, if limy fr = 0 for 75, then lim, T'(f;) = 0 for 7s.

(d) For any sequence (fi)ken, if limy, fr = f € S(RY) for 75, then lim; T'(f) = T'(f) for
Ts.

(a) = (b) : By continuity of T, the set T-'{Uy1,} is open in 7s. Since 0 €
T_I{Um,n}7 there is an € > 0 and some K € N, so that if f € U1, x, then
T(f) € Upin. The norms in S(RY) being increasing, one has that Uy, =
Uoeoa,. k- Setting therefore m = K and C = %, one has that ||f|,, < % im-
plies |T(f)|l. < 1. Hence, ||f|lm < & implies |T(f)||. < 1, so that for any

f € SRINAOL NT(H)lln = ITCN flmagfrlle = CUAWIT (apf) I < Cllf

(b) = (¢) : We have to show, that for any norm |||, one has limy ||T'(fx)||, = O
if limy, f, = 0 for 75. By assumption, there is a positive constant C' and a norm
I, so that || T(fi)llm < C|lfellm- But limy fi, = 0 for 75 implies in particular, that
limy, || fx||m = 0. Hence the conclusion.

(¢) = (d) : Since all norms || ||, are clearly translation invariant, limy fi, = f is
equivalent to limg(f— fx) = 0 in 7s. By assumption we then have limy(T'(f—fx)) =0
for 7s, which then is again equivalent to limg T'(fx) = T'(f).

(d) = (a) : We prove the contraposition. Suppose 7" is not continuous. There is
therefore an open set U € 75 so that T~'{U} ¢ 7s. Thus, there is an f € T-{U},
so that for any open set f 2V € 75, V ¢ T-HU}. In particular, for any n € N*,
there is an f,, € Uy,,-1, so that f, ¢ T~H(U). Clearly, lim,, f, = f, but T(f) € U
and VYn > 0, T(f,) ¢ U. This contradicts (d).

5.| Show that if the sequences (fi)ren, (gr)ren C S(RY) converge for 75 to f and g respec-
tively, then one has limy frgr = fg and lim(fx + gx) = f + g

Show that if the sequences (¢ )ren, (M )keny C S'(RY) converge for 7(S'(RY, S(RY)) to ¢
and 7 respectively, then one has limy (o, + nx) = ¢ + 1.

Since the sequences (¢ )ren, (Mk)reny C S’ (RY) converge for 7(S'(RY, S(RY)) to ¢
and 7 respectively, this implies, that for any fixed f € S(R"), one has

limepy(f) = o(f)  and  limn(f) = n(f).

By linearity of all the functionals in play and of the limit in complex numbers, one
has therefore that

lim(er + i) (f) = limpr(f) +limne(f) = o(f) +0(f) = (¢ +n)(f)-
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Note first, that for two Schwartz functions f and g, one has

I £9ll,, = max{[|(1 + = - 2)"0*(fg)llo : o € N,

{140 Y (5)@ D@0 s a N,

Bty=a

< max{ ) ( )II (142 2)" 0 fllol|0"g)]loo = & € NE,

Bty=a

N+n N+n
g( - ) AL, = S g,

Let 0 € U € 75 and we shall prove, that for sufficiently large k € N, fg — fugr, f +

g—Jfe—gr €U.
Since U is open and contains 0, there is an n € N, so that Uy C U.

Since limy, fr = f and limy g, = g for 7s:

e there is a k; € N so that k > k; implies || f — fill,, < EWM,

e there is a ko € N so that k > ko implies [|g — gx|,, < em,

e there is a k3 € N so that k > ks implies ||gxlll,, < llglll,, + 1,
For k > max{ky, ko, k3} one has
Wfg = fegrll, = lfg — far + far — frgrll, < W fg — farll, + 1 forx — frgell,

= /(g = gr)lll, + NS = Fr) gl

N
< Win) +n) S llg = gelll, + M5 = Felllgwlll,) <

If 49— fe = gklll, < I = felll, + llg = gell, <e.

6.| Prove that if T : S(RY) — S(RY) is a continuous linear map, then
T':SRY) = SRY), (T')(f) = (Tf)

is well-defined and continuous for 7(S'(RY), S(RY)).
Prove that for a given o € N, the maps

SR s f=0"fc SRY) and SRY) > f(z) — 2°f(z) € S(RY)

are continuous for 7s.

Since T : S(RY) — S(RY) and if ¢ € S'(RY), then T%(p) = ¢ o T is certainly a
linear map from S(RY) to S(RY).

If U is an open set in C, then (T%(p) " H{U} = (¢oT)"HU} = T-Hp HU}}. Since ¢
is a tempered distribution, ¢ ' {U} € 75 and since T is continuous, T~ {U}} €
7s again. Hence, T%(y) is a continuous linear map on S(RY) for 75.

T is then indeed a linear map from S'(RY) to S'(RY). Let us show that it is also
continuous for 7(S'(RY), S(RY)).



EPFL - Physics’ section Mathematical methods in quantum physics

Let U € 7(S'(RY),S(RY)) and let ¢ € (T*)"*{U}. Since U is open, there are
Schwartz functions fi, ..., f,, so that Urep) p. 5. = {n € S'(RY) : VE=1,...,n, [n(fi)—
T' () (fr)l <1} C U.

Define then hy := T'(fy) for all k = 1,...,n and consider the open set Uy, p, €
7(S'(RY),S(RM)). If ¢ € Uppy....hs then Vi =1,...,n, [U(hi) — @(hg)| < 1, so
that T%(¢) € Ure(g),p,,....1.- Hence, Upp,,.., (Tt)_l{UTf«axfl ..... i C (Tt)_l{UL

which shows, that the latter is open.
For n € N and o € NV, we have that

l0° £, = max{[|(1 + = - 2)"0** fllo : B € NE,}

< max{[|(1+a - 2)" 07 flloo + € NZ o} = N lajars
= £, = max{|(1 + 2 - 2)"0°(2* f)l| : B € N,

<max{ Y (7 )H (1422 (@) (@)l : 5 €N,

y+6=p

= max - 2)" (2 7)(0° : N
_ {Z() GOl O Dl ¢ BN,

Y+6=58
<max{ (7)o op @l s R
Y+6=58
N
< (3 (D) @Ol 5 8 €82 < (V5 )2 @ U
v<B

7.| The Poincaré group is defined as the set of couples (A, d) € My(R*) xR?*, so that AlnA =7,
where n = diag(1,—1,—1,—1). The group product is defined as (A1,d;) - (Ag,ds) :=
(A1 As, dy 4+ Aq1ds).

Define the action of this group on S(R*) by

SRY) > f(z) = (A, d) o f)(w) == f((A, d)")

and show that this action is continuous for 7s.
(Hint: for a linear map ¢ : RY — RY and a function f € C*°(RY), Fad di Bruno’s
formula reads

N
“ 1 0p(x). .,
rop)= X @) Y al[HCEDy
BENT,, V1pee YN ENN, = j

Z?{:l%‘:ﬁ

)

For a given z € R* and a fixed element (A, d) in the Poincaré group, let us denote
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z -z by |z|? and sup{|Ax| : |x| <1} by ||A||. One then has
14+ (Az+d)- (Ax+d) =1+ |Azx +d|?
< 1+ ([AlHe] + [dD)* = 1+ APz - @ + 2||A] 2] |d] + |df*
<l+z- a2+ ||[APQA+z-2)+ A (1 +2-2)+ |d*(1 + - z)
< (L4 |d + A1+ - z).

Also, for a fixed o € N*, one has

0% (A d) o f) =0 (f((A, d)"'2)) = 0 (f(A™'w — A™'d))

4

1 0A

- S epete-ata ¥ ]G
BEN_M‘ 'Yl‘ ----- '74€N4»
V1<5i<4, [yjl=ay,
Z?=1'Yj:5

Therefore, if a € N<n,

(14 z-2)"0%A,d)o f]
4

Slatear 3 @nwte-ata el (32"

ﬁENf‘ Viseees 74€N47
V1<j<4, |vjl=ay,

Z?:l v =8

Oé

<al(l+z-2)" | Y (@ HATz—AT) Y (A

BeN? V1,74 ENY,

V1<j<4, |vjl=ay,
2
Z]‘:1 ;=B

=l

<alli+aeay | 5 @t - IO T ) e

4
PEN o

<ML s 0 @A - A7)

4
BENC o

3
ymtoiz A-ia a’( Za) AN+ Ay + dl?)”ﬁeNZ 10°F)(w)

=la|

<a(3+a)||A||a'<1+|A||+|d|> 2 W4y @ N)l

BEN4

=la|

< (G +n)) AN+ AL+ 1D LA,

and taking the supremum over all z € R* shows continuity.
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8.|Let f,g € S(RY) and let h € LYRY, ur).Show that f *x h € C®(RY) and that
f*ge SRY) again.

(Hint: for differentiability, you might wanna use dominated convergence and Rolle’s the-
orem.)

Prove then that for « € N¥ 9%(f *x g) = (0°f) * g and that S(RY) > g — f * g is
continuous for 7s.

Jan f@=y)h(y)pur(dy) is certainly well-defined for any fixed z € RY since f(z—y) €
S(RY), implying f(z —y)h(y) € L'(RY, ur).

Moreover, by Rolle’s theorem, for any z, 2’ € RY, there is a number 0 < ¢ < 1, so
that f(z —y)h(y) — f(2' —y)h(y) = (Jp(«' —y + c(z — 2")) - (x — 27))h(y), where
Jr(x) is the gradient of f.

For (z' — x) - (' — z) < 1, this then shows, that both f(x — y)h(y) — f(2' — y)h(y)
and |2’ — x| (f(x —y) — f(2’ — y))h(y) are absolutely bounded by N|||f||,|~(v)].

Applying dominated convergence, one gets

lim (f xh)(z") = (f *h)(x) and

o' —x

V6 € NV, ii_r)nl((f x h)(z + ad)) — (f xh)(x)) = ((0T‘5f) * h) (z).

0a

Since 9 f s again a Schwartz function, this shows continuity and differentiability
of the function f % h. By induction, this shows also that f % h is smooth and that
for any multi-index o, 0%(f * h) = (0*f) * h.

If in addition g € S(RY), then for any fixed x € RY, one has

(1t a-ay(f+ )@l =1 [ (1+a-afe =ty
< [ s aeal i - gl
< [0+l = gt endn)
< [l =l 0+ ) = ol )

< [ 20+ @) @2y )l = el
<N+ @ e+ 72 9@ < 47 gl

which shows that (1+z-2)"(f*g)(x) has to remain bounded for any n € N. Hence,
f*geSERY).
But it also shows continuity, since for all n € N and any « € Ngn,

N
129~ f bl =17 (o =0 < (V54 el = Bl
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9.| For a given Schwartz function f, show that for any n € N, there is a constant C),,  and a
function h(y) with lim, o h(y) = 0, so that

I+ -2)"(f(z +y) = f(@)llo < Cnrhly).
Let (dn(x))nen be a Dirac sequence. Use the previous estimation to show that

vn €N, liml|f - dix ]I, = 0.

For f € S(RY) and z,y € RY, one has by Rolle’s theorem
[(L+z-2)"(flz+y) = f@)] =1 +z-2)" (V) (@ +ty) -yl

for some t €]0, 1] and where (Vf) is the gradient of f. Now, if |z| = z - #!/2, then
|z +y| < |z| + |y|] and 2|x| < 1+ 2 -z, so that

(I+z-2)=1+z+ty—ty]*) < A+ |z +ty]* + 2|z + ty| [ty| + |ty]*)
< (L |+ ty + (L4 o+ ty)[ty] + [ty]*) < 201+ o+ ty*) (1 + [ty])*.
Therefore, for some t €]0, 1],
(L4 -2)"(f(z+y) = f(2)] < 2°[(1+ |o + ty)" (V)@ +ty) - y(1+ [y*)"|
< 2N FIIL [yl (L + Jy[*)"

Hence, [[[f(z +y) = f(@)lll, < 2" 1ll,4119(1+]y[*), which shows, that limy,o(f(z+
y) — f(y)) = 0 for 7s.
For f € S(RY) one has

[f (@) = (dn * f)(2)] = If(x)—/ dn(x —y) f(y)pr(dy)]

RN

= 156@) [ st = [ do) o= ppstay)
= | . dn(y) (f(2) = (& —y)) pe(dy)].

Since (di)ren is a Dirac sequence, there is an n, € N, so that k& > n, implies
supp(dx) C D(0,7). For such a k € N, one therefore has

(142 2)" (f(x) = (di  f)(2))] S/ (14 - 2)"d(y) () = [z = y)lpc(dy)

RN

:/D(O )dk(y)(1+x-x)"!f($) — f(z = y)lue(dy)

<ol [ dtanln) =l

D(0,r)

Conscquently, k > n, implies [[(1+ 2 - )" (f —d  f) e < r4°||]], 1. which
converges to 0.
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For a given n € N and a € Njgvn, one has that 9°f is again a Schwartz function, so
that here also, there is an n,, so that k > n, implies

[+ 2 2)" (0% = 0%(di % [)) oo = [[(1 4+ - 2)" (0" — di ¥ 0°) ||
< A" 10% flllgr < 74" 1 Mg

Since there are finitely many such a’s in Njgvn, one may take N, = max{n, : a €
N2} and for k > N,, one has

IS = di s fll < 74 1z

Therefore, limy di x f = f for 7s.

10. | Let (d,(x))nen be a Dirac sequence. Prove that the functionals

S(RY) 35 8,(1) = [ (du Hrun(aa)

RN

converge in the weak™ topology to ¢;.
Show that for ¢ € S'(RY), (d,, * ©)nen defines a sequence of C*®-functions converging to

¢ for the topology 7(S'(RY), S(RY)).

Since we clearly have d,, € S(RY) for all n € N, the map f + d* f is continuous for
7s and for each fixed n € N. Hence, (6,)neny C S'(RY).

Furthermore, for f € S(RY),then d,(y)f(x — y) is clearly in S(R*"), so that one
may apply Fubini’s theorem to obtain

(0 = [ (s Dntan) = [ ([ e =) st ) matan

RN

- /RN </RN dn(y) f(z — y),uL(dy)) pir(dz)

_ /RN (/RN do(y) f(x — y),uL(dl”)) pr(dy)
- / der(Npnlds) = e1().

It is then clear that (d,),en converges *-weakly to .

By the previous exercice, if f € S(RY) then lim, dy, * f = f for the topology Ts.
Since (P'dy)ren is again a Dirac sequence, one has limy P'(dy) * f = f as well. If
o € S'(RY), then by continuity one has limg(dy * ¢)(f) = limy o(P!(dy) * f) =
o(limy, Pt(dy) * f) = o(f). Therefore, limy(dy, * ) = ¢ for 7(S'(RY), S(RY)).

It remains to show, that for each k € N, (dg*)(f) is integration of f against a C*°-
function gi. By Schwartz representation theorem, there is a polynomially bounded
function g € C(RY) and a multi-index a, so that for any Schwartz function f,

AN = [ 90" fusfaa)
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Therefore,

(% 2)(f) = o((Pd) = ) = / 90" ((P'dy) * ) ji(de)

RN

= /RN g(x)0” (/RN di(y — x)f(y)m(dy)) pr(dz)
= [ o) ([ ety 008 st ) atas)

The function g(z) being polynomially bounded and continuous, there is an m € N,
so that g(z)(1 +z-2)™™ € LYRY, ur). Furthermore,

9(x)di(y — )0 f(y)| = |g(x)(1 + 2 - 2)"" (L + 2 - 2)"di(x — y)0* f(y)]
<lg(@)(1 + - 2)"™(1 + |2])*"dp(z — y)0“f(y)]
<g(@)(1+z-2) " (1 + |z —y| + [y)*"dr(z — y)0* f(y)]
<lg(x)(1+z-2)"" (1 + |z — y[)dr(z — ) (1 + |y)) "0 f(y)]
<4g(x)(1 +x - 2) (e —y) (L +y-y)" 0 f ()],

which is in L'(R?Y, puy), since (1 4+ y - y)™9*f(y) is again a Schwartz function.
Therefore, we may apply Fubini’s theorem and obtain

o) = [ o) ([ o= 200 st ) matan

R

= [ s ([ vty = datehmntan)) s

RN

The integral [oy d(y —2)g(x)pL(dz) results in a function hy(y) and by using again
a Rolle-type argument can be shown to be C'™°. Partial integration permits one to
conclude, that the C*-function gy (y) = (—1)/9%h,(y) satisfies

(o)) = [

grfdpr.
RN

Remark: The sequence of C*™-functions (gi)ken is sometimes called a regulari-
sation of ¢. This sequence however does only converge in the distributional sense
(i.e. in the weak* topology) to ¢.



