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Exercice sheet 5

’ Construction of the Wiener process ‘

1. Find a basis and a sub-basis for the canonical topology on R.

2. Let (2, 7) be a topological space. Let S C P(7) be a totally ordered set (for the
partial order being the set inclusion) so that no element of S has a finite sub-cover
for 2. Show then that Uges has no finite sub-cover of €.

For k =1,...,n let My be a finite collection of open sets of some topological space
(2, 7). For each k, Let By € 7 so that My U {By} covers . Show then that
(Up_y M) U{Np_, By} covers Q.

3. Let {(Q4,7)}ier is a family of topological spaces. Provide the cartesian product

[Lic; 2 with the collection 7 of sets consisting of arbitrary unions of sets of the
form Hiel Vi, where all but a finite number of the Vs are equal to €;.
Show that 7 is a topology. For some fixed i € I, let m; : [[..; Qi — i, (23)ier —
x; € Q; be the canonical projection. Show that the collection of sets {m; (V) :
i€l and V € 7;} is a sub-basis for 7. Prove that the product topology is then the
coarsest topology for which all the maps 7; are continuous.

4. The one-point compactification of R is defined as the set RN := RNV U {x},
where x ¢ RY, provided with the topology 7 consisting of the canonical open sets
in RY together with sets of the form {*} U (R \ K), with K C RV,

Prove that RV is a compact set. Prove that f € C(RN)iff f = A+g with g € Cy(RY)
and A € R. '

Consider €, := [],.,RY, provided with the product topology, and the set of finite
functions Cq, (). Prove that Cq,(Qr) € C(Qr) and that Cg,(€2r) is uniformly
dense in C'(Q2p).

5. For a fixed zyp € RV and for some Ffy, ;. € Cin(Qr), we define

Lo(Frty o t) ::/ e (@1, ) f (2, ) pun(day X X dTy),

RmN

1 (—wp_1)>

Zo C m) = 7W, fo =0
Ptl,...,tm(xb  Tm) kl:[l (2m(ty — tkfl))]\me i

Check that I,,(1) := 1. For Fy4, 4, and 0 < t with {t1,....t,} N {t} = 0, if
Gf,tl,...,tk,t,tk+1,...,tm (U}) = Ff,tl _____ tm (’LU), check that

Iwo (Gf7t17---7tk7t7tk+17---7tm) = Ixo (Ffatlv---vt'rn)'
or some constant C' > 0 and for €,t > 0, prove that

C _e

EIEO,W(l{’wEQL : |wt—z0‘>5}> S ?e_m .

If we set
p(e,0) = supp{ iz w({w € Qr : |wy — x| > €}) : 0 <t <6},

L o(e,8) = 0.
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6. Let d,¢ > 0 and consider a finite set S C R, so that V& € S, |t — tmin(5)| < §. For
te S, let

€
Ct,e,S = {w € QL . ‘wt — wmax(S)| > 5}’
Dyics i ={w € Qp : |wy — Wmines)| > € and Vs € S with s <1, |ws — Win(s)| < €}

Show then that Vt € S,

€
:uwo,W(Ct,e,S N Dt,e,S) S p<§7 5)”20,W(Dt,e,s>~

7. Let d,e > 0 and consider a finite set S C R, so that Vt € S, |t — tmin(5)| <. Let
Acs ={w e Qp : Is € S s.t. |ws — Wmines)| > €}

Prove then that
:uxo,W(AE,S) < 2p(§75)'

8. Let d,¢ > 0 and consider 0 < tg < t; with t; — tqg < . Define
Bty :={w e Qp : 3s,t € [to,t1] s.t. |ws —wy| > 2€}.

Prove then that

10.



