result in the desired A/4 de Broglie wave effect’. In principle, this
can be extended to higher-order interference effects because,
obviously, when more than two double-pairs are emitted from the
crystal the suppression of all lower-order interferences can be
achieved by a proper projection analogous to the N = 4 case.

The method that we use here allows the generation of four-
photon states and their subsequent utilization in pure four-particle
interferometry. The result clearly confirms the theoretical expec-
tation that the de Broglie wavelength of a four-photon state is one-
quarter that of a single photon, thus leading to the general rule
A(N) = A(1)/N. This overcomes the resolution limit of state-of-
the-art two-particle interferometry, and opens new possibilities for
multi-particle interference in fundamental quantum experiments
and in applications such as quantum metrology. It is important to
note that, in principle, this scheme can be extended to higher
particle numbers if more spatial modes are involved. The actual
limitation due to low count rates may eventually be overcome with
the next generation of entangled photon sources and detectors. [J
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Super-resolving phase
measurements with a
multiphoton entangled state
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Interference phenomena are ubiquitous in physics, often form-
ing the basis of demanding measurements. Examples include
Ramsey interferometry in atomic spectroscopy, X-ray diffraction
in crystallography and optical interferometry in gravitational-
wave studies™”. It has been known for some time that the
quantum property of entanglement can be exploited to perform
super-sensitive measurements, for example in optical interfero-
metry or atomic spectroscopy’”’. The idea has been demonstrated
for an entangled state of two photons®, but for larger numbers of
particles it is difficult to create the necessary multiparticle
entangled states’''. Here we demonstrate experimentally a
technique for producing a maximally entangled three-photon
state from initially non-entangled photons. The method can in
principle be applied to generate states of arbitrary photon
number, giving arbitrarily large improvement in measurement
resolution'>"*. The method of state construction requires non-
unitary operations, which we perform using post-selected linear-
optics techniques similar to those used for linear-optics quantum
computing'®>,
Our goal is to create the state

1
NG

which describes two modes g, b in a superposition of distinct Fock
states |n, =N, n, =0) and |n, =0, n, = N). This state figures
in several metrology proposals, including atomic frequency
measurements®, interferometry>®’, and matter-wave gyroscopes’.
In these proposals the particles occupying the modes are atoms or
photons.

The advantage for spectroscopy can be seen in this idealization:
we wish to measure a level splitting H,; = €5,b'b between modes b
and a using a fixed number of particles N'in a fixed time T. We could
prepare N copies of the single-particle state (|1,0),, + 10, 1),,)/v/2
and allow them to evolve to the state |¢)=(|1,0),,+
exp[id)]lO,1>a,b)/\/§7 where ¢ = ¢€;,T/f. Measurements of A} =
|0,1) (1,0/4+11,0) (0,1] on this ensemble give (A;)= cos(¢)
with phase uncertainty at the shot-noise limit, A¢ = 1/+/N.
In contrast, under the same hamiltonian |[N::0) evolves to
(IN,0) + exp[iN¢]|0, N))/+/2. If we measure the operator Ay =

IN::0), =—=(IN,0),5 +10,N), ;) @
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[0, N) (N, 0| + |N, 0) {0, NI, we find (A ) = cos(N¢). The depen-
dence on N¢ rather than ¢ is phase super-resolution: one cycle of
(A Ny implies a smaller change of ¢ (or €,,) than one cycle of (A ).
Phase super-sensitivity, a reduction of phase uncertainty, is also
predicted. A number of schemes have been proposed®”'**** to
reach the so-called Heisenberg limit A¢ = 1/N. The simplest
proposals would measure the operator An. This can be
implemented with coincidence measurements, as the probability
of detecting all N quanta in a mode (a+ b)/+/2 is proportional to
1 + (AN). Phase super-resolution has been demonstrated for
N =2 with photons in a Mach—Zehnder interferometer*>** and
with trapped ions®.

A related technique, quantum interferometric optical litho-
graphy, proposes using phase super-resolution to write features
smaller than the single-photon diffraction limit. There the modes g,
b are spatial, with different propagation directions. A molecule
exposed to both modes and capable of absorbing N photons would,
in effect, perform the measurement of Ay as above, with N-fold
super-resolution in position. Using coincidence detection in place
of two-photon absorbers, this principle has been demonstrated for
N = 2 using down-converted pairs®. In that experiment, as well as in
the earlier Mach—Zehnder experiments, two infrared photons
showed the same resolution or angular resolution as the blue
pump photon that generated them, a factor of two improvement
over the resolution of a single infrared photon. The question
remains as to whether resolution can be improved beyond that of
the photons used to generate the entangled state. Here we answer
that question in the affirmative by constructing a multiparticle state
with greater phase resolution than any of its single-particle pre-
cursors. The technique could in principle be used to generate
entangled states of arbitrarily large N with arbitrarily good
resolution.

We prepare the state |3::0),; where the modes a and b are the
horizontal (H) and vertical (V) polarizations of a single spatial
mode. The construction of the polarization state is based on earlier
proposals to construct photon-number path-entangled states'*. A
similar technique for polarization has recently been independently
proposed’®. The key to the construction is the fact that [3::0),,,
when written in terms of creation operators a; and ab acting on the
vacuum |0), is equal to

[3::0),, = (al + aZ) (al + eiva) (al + eiz"aZ) |0) )

where x = 2w/3 and normalization has been omitted. The terms in
parentheses each create a particle, but in non-orthogonal states. If a
and b are left (L) and right (R) circular polarization, these states
describe linear polarizations rotated by 60° from each other. Using
post-selection, we can put one photon of each polarization into a
single spatial mode and create |3::0), .

We use two photons from pulsed parametric down-conversion
plus one laser, or ‘local oscillator’ (LO), photon, adapting a
technique first used to show non-classical interference of indepen-
dent sources’®”’. Pulses of 100fs duration and 810nm centre
wavelength are produced by a mode-locked Ti:sapphire laser and
frequency-doubled, giving 405-nm pulses with an average power of
50 mW. These are gently focused into a 0.5-mm-thick $-barium
borate crystal aligned for type-1I parametric down-conversion in
the ‘collapsed cone’ geometry*®. The down-converted (DC) photons
thus produced are orthogonally polarized. A small part of the
Ti:sapphire beam is split off and attenuated to contribute the LO
photon. These three photons are transformed into the state |3::0)
and detected by polarization-resolved threefold coincidence detec-
tion. The transformation (Fig. 1a) can be understood as a sequence
of mode combinations. After the PBS, the DC photons are in the
state af;ay|0), where subscrlgts indicate polarization. A half wave-
plate rotates this to a +450a 45°/0), where subscripts show linear
polarizations measured from vertical. We perform the first post-
selected non-unitary operation by passing the pair through three
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plates of BK7 glass near the Brewster angle. The six Brewster-angle
interfaces act as a partial polarizer (PP) with transmission efficien-
ciesof Ty = 1, Ty = 1/3. By post-selecting cases where no photons
are reflected, we transform the state as (again without normal-
ization):

This operation, putting orthogonally polarized photons into non-
orthogonal modes, is non-unitary and requires post-selection.
The DC photons meet the LO photon at the last interface of
the PP. This interface acts as a beamsplitter putting all three into the
same spatial mode, conditioned on zero photons leaving by the
‘dark’ port. Again, the operation is non-unitary and requires post-
selection. The LO photon is vertically polarized, and the state thus
constructed is agoaT 0). This state has sixfold rotational

i
o (oo
symmetry about th?obeag propagation direction, and thus can
only contain the states |3, 0)rx and |0, 3)_ r, where subscripts
indicate the circular polarization basis'. In fact, it is easily verified
that the state is (13,0), r —10,3). r)/~/2 up to an overall phase.
Finally, we convert circular to linear polarizations with a quarter
wave-plate, giving (|3,0)yv — [0, 3)izv)/v2 \/— Ideally, the probability
of both post-selections succeeding is 2 cos*(7/12)/3 =~ 58%.
Response to the phase shifter demonstrates phase super-resol-
ution. Acting on a single photon, the quartz wedges shift by ¢
the phase of the V-polarization. Acting on three photons the phase
shift is tripled: [3:0)i;y becomes |3::0)% = (I3,0)yy +
exp[i3¢1(0,3)y v)/ \/2, where we have absorbed the negative sign
above into the phase factor. The 3¢ behaviour can be seen in
threefold coincidence detection (triples detection) in the *+45°

a
g
Dark ports

o= "] at h [

DC ? |_| Phase
photons A PP QWP shifter
@ (8) Lo phOtOI’]
b Fibre Fibre Detectors
coupler PBS
Input Q -45°
+45°

C +45°

Figure 1 Diagram of production and detection of the state |3 : O)f_ﬁ,. a, The chain of
optical components and their effect on polarization state, represented in encircled figures.
All photons have wavelength 810 nm. A polarizing beamsplitter (PBS) puts the DC photons
in a single spatial mode and a half wave-plate (HWP) rotates their polarizations to +45°, A
partial polarizer (PP) transforms the polarizations to =60 if no photons are reflected into
the dark ports. The LO photon is injected at the final interface of the partial polarizer. A
quarter wave-plate (QWP) rotates 10 (13,0)4.y — 10,3)qv)/ /2 and quartz wedges
produce an adjustable phase 3¢ between the two components of the state. b, Analysis in
the *=45° polarization basis is performed with a HWP before a polarization-maintaining
(PM) fibre and a fibre-coupled PBS. The outputs of the fibre PBS are channelled to one,
two or three detectors as needed. The configuration to detect |2, 1)..45- is shown. Digital
electronics record single detections as well as two- and three-fold coincidences.

PM fibre
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linear polarization basis. The rates for detection of |3, 0) 45 and |2,
1)+450 vary as 1 = cos(3¢), respectively. After passing through an
810 nm wavelength filter with a 10 nm passband, the photons enter
the polarization analyser, set to detect |3, 0).450 OF |2, 1)iys0
(Fig. 1b).

The use of DC pairs removes the need for detectors at the ‘dark’
ports. Down-conversion very infrequently produces more than two
photons in a single pulse, so we can infer with near-certainty the
absence of photons in the ‘dark’ port from the presence of both
photons in the ‘bright’ port. Using a weak coherent state to supply
the third photon, we can make small the probability that more than
one LO photon was present in a triple detection event'*. Thus a
single post-selection for threefold coincidence at the detectors
performs at once the post-selections for both non-unitary
operations.

Figure 2 shows results for detection of multiple polarizations at
the analyser. Intensities of the DC and LO sources were adjusted
such that one-photon detections (singles detections) are mostly
produced by LO photons (about 10:1 ratio versus DC singles),
twofold coincidences mostly by DC pairs (about 5:1 versus LO
accidentals), and threefold coincidences principally by one LO
photon plus one DC pair (about 2:1 versus accidental triples
contributions, below). Thus with a single scan of the phase shifter
we can see qualitatively different behaviours for states of one, two
and three photons. Figure 2c clearly shows oscillation with 3¢, as
predicted by theory. The resolution exceeds that achievable with any
single photon in the experiment. The 405-nm photons would show
oscillation with 2.1¢ owing to their shorter wavelength and the
somewhat larger birefringence of quartz at that wavelength. The
observed 3¢ oscillation is analogous to multipath interference:
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Figure 2 Super-resolving phase measurement with two and three photons. The
polarization analyser is configured with one detector on the —45° output and two on
+45°. The input, a combination of down-converted and laser photons, is constructed to
give the state |3 :: O)ﬁﬁv upon post-selection (see text). All graphs show detections per
30-s counting interval as the phase ¢ is changed by translating a phase-shifter prism.
a, Singles detection at —45°, that is, detection of |0, 1)--4s, Shows oscillation with ¢.
b, Two-fold coincidence detection of |1, 1). 450 shows oscillation with 2¢. ¢, Three-fold
coincidence detection of |2, 1)-4s- Shows oscillation with 3¢. Error bars indicate =o
statistical uncertainty. d, Three-fold coincidence after background subtraction. Error bars
show = ¢ statistical uncertainty plus a systematic uncertainty in the background. Dashed
vertical bars indicate one full cycle.
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Because the DC and LO photons are indistinguishable, there are
several different ‘paths’ to the single outcome |2, 1).4s.. For
example, the LO photon could go to the —45° detector and the
two DC photons to +45°. This path interferes with other permu-
tations to give the signal shown in Fig. 2¢c. A cosine curve fitted to
these data shows a visibility of 42 = 3%. This visibility is unam-
biguous evidence of indistinguishability and entanglement among
the three photons. A non-entangled state of three distinguishable
photons could also show threefold coincidence oscillation at 3¢, but
with a maximal visibility of 20%.

Figure 2d shows the same triples data after subtraction of back-
ground from accidental triples. In addition to the signal of interest
from 1 DC pair + 1 LO photon, we also see events from 2 DC pairs,
from 3 LO photons, and from 2 LO photons + 1 DC pair. We
calculate these backgrounds from independent measurements of
single and double detection rates for the DC and LO sources alone.
Coincidence background is calculated by the statistics of uncorre-
lated sources using a time-window of 12.5 ns, the laser pulse period.
Incoherence of the various contributions is ensured by sweeping the
path length of the LO photon over +2 pm during acquisition. The
calculated background has some variation with ¢, so it is important
to note that it is qualitatively different from the observed 3¢ signal.
Per 30-s interval, the accidental background contributes 22 = lasa
constant component, an average of 23 = 1 oscillating with 2¢,
4 = 1 with 1¢ and <1 with 3¢. Here and elsewhere, uncertainty in
the counting circuitry’s dead-time introduces a systematic error.

It is also possible to see 3¢ behaviour detecting a single polariz-
ation (Fig. 3). This measurement corresponds to the original
proposals for atomic spectroscopy and lithography®'?. It gives a
far weaker signal, in part because the maximum overlap of the state
3 :: 0);"?\, with |3, 0)+4se is smaller than with |2, 1)+ 45 Also, the
chance that all three photons go to distinct detectors (as needed for
coincidence detection) is smaller for |3, 0)45.. With these limita-
tions, we are able to see the 3¢ behaviour, but only by subtracting a
considerable coincidence background.

Using linear optical elements and post-selection, we have con-
structed a multiparticle entangled state useful for super-resolving
phase measurements. The demonstrated resolution is not only
better than for a single infrared photon, it is better than could be
achieved with any single photon in the experiment, including the
down-conversion pump photons. Given the difficulty of generating
coherent short-wavelength sources, this is encouraging for the
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Figure 3 Super-resolving phase measurement with a single detected polarization. The
polarization analyser is configured to detect |3, 045, that is, with three detectors on the
+45° channel. The input state is the same as in Fig. 2. Graphs show detections per 300-s
counting interval as the phase ¢ is changed. a, Singles detection shows oscillation with ¢.
b, Three-fold coincidence detection (after background subtraction) shows oscillation with
3¢. Error bars show = ¢ statistical uncertainty plus a systematic uncertainty in the
background. Curve is the expected signal A[1 + cos(3¢)] with A chosen for best fit.
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prospects of proposals such as quantum-interferometric optical
lithography. The method can be adapted to generate entangled
states of arbitrarily large photon number. Because prior entangle-
ment is not required, the procedure would work well with single-
photon-on-demand sources®**, which promise to be more efficient
and scalable than down-conversion sources. Scalability would also
be enhanced by the use of photon-number-resolving detectors. The
construction proceeds from spatially separated, unentangled pho-
tons to a maximally entangled state in a single spatial mode, a state
suitable for Heisenberg-limited phase measurements. (]
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The last interglacial period (about 125,000 years ago) is thought
to have been at least as warm as the present climate'. Owing to
changes in the Earth’s orbit around the Sun, it is thought that
insolation in the Northern Hemisphere varied more strongly
than today on seasonal timescales’, which would have led to
corresponding changes in the seasonal temperature cycle’. Here
we present seasonally resolved proxy records using corals from
the northernmost Red Sea, which record climate during the last
interglacial period, the late Holocene epoch and the present. We
find an increased seasonality in the temperature recorded in the
last interglacial coral. Today, climate in the northern Red Sea is
sensitive to the North Atlantic Oscillation*®, a climate oscillation
that strongly influences winter temperatures and precipitation
in the North Atlantic region. From our coral records and
simulations with a coupled atmosphere—ocean circulation
model, we conclude that a tendency towards the high-index
state of the North Atlantic Oscillation during the last interglacial
period, which is consistent with European proxy records®?,
contributed to the larger amplitude of the seasonal cycle in the
Middle East.

The Arctic Oscillation/North Atlantic Oscillation (AO/NAO), the
Northern Hemisphere’s dominant mode of atmospheric variability,
exerts a strong influence on mid- and high-latitude continental
climate by modulating the strength of the subpolar westerlies at
interannual to interdecadal timescales™'. Previous work has shown
that the northernmost Red Sea represents a location to study past
AO/NAO-related atmospheric variability over the Northern Hemi-
sphere, and that annually banded corals from this subtropical site
provide proxy records of this variability over the past centuries®.
This narrow, desert-enclosed ocean basin is influenced by mid-
latitude continental climate>'' and is sensitive to atmospheric
processes owing to a weak water column stratification'?.

Two fossil coral colonies (Porites) were collected near Aqaba on
the Jordanian coast of the Gulf of Aqaba, the northeastern extension
of the northernmost Red Sea (Fig. 1a). Colony AQB-10-B was
recovered from a canal cut into the modern reef flat, whereas colony
AQB-3-A was collected from a complex of raised reef terraces.
X-radiographs revealed annual density bands and were used to
identify areas within the colonies that appear to be unaffected by
diagenetic alteration (Fig. 1b, ¢). X-ray diffraction analyses of these
areas indicate an aragonite content of 98-99%, and petrographic
thin sections show only traces of secondary aragonite. The
bimonthly resolution time series of both coral §'*0 and 8"°C (not
shown) generated from these areas show clear annual cycles,
suggesting that the sampled sections were not subject to major
diagenetic alterations with respect to stable isotopes (see Methods
and Supplementary Information).
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