
Quantum Electrodynamics and Quantum Optics: Lecture 8

Fall 2024



Semiclassical atom light interaction: Maxwell-Schrödinger equations 1

Atomic polarization : bridging quantum mechanical and classical descriptions

The medium is described by its susceptibility χ(τ)

P(z, t) = ε0

∫ t

−∞
χ(t − τ)E(z, τ)dτ

On the other hand P(z, t) = N⟨p̂⟩ where p̂ = qr̂ and N is the density of dipoles. For a state∣∣ψ〉 = c1 |1⟩+ c2 |2⟩, we denote the dipole matrix element ⟨1| qr̂ |2⟩ = p12 = p∗
21. Note that r̂

is actually a measure of distance (not position), hence the diagonal elements are pii = 0.

1Laser physics; Sargent, Scully, Lamb
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Semiclassical atom light interaction: Maxwell-Schrödinger equations 2

Atomic polarization : bridging quantum mechanical and classical descriptions

We compute p̂ = qr̂ using
∣∣ψ〉 = c1 |1⟩+ c2 |2⟩ and ⟨1| qr̂ |2⟩ = p12 = p∗

21,

⟨qr̂⟩ = Tr{ρp̂} =
〈
ψ
∣∣ p̂
∣∣ψ〉 = c∗1c2p12 + c∗2c1p21 = ρ21p12 + ρ12p21

with density matrix

ρ̂ =
∣∣ψ〉 〈ψ∣∣ = (ρ11 ρ12

ρ21 ρ22

)
=

(
|c1|2 c1c∗2
c∗1c2 |c2|2

)
2Laser physics; Sargent, Scully, Lamb
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Semiclassical atom light interaction: Maxwell-Schrödinger equations 3

Helmholtz equation : semi-classical evolution

Propagation of electromagnetic waves in a medium is governed by the Helmholtz equation:

∂2E
∂z2 − 1

c2
∂2E
∂t2︸ ︷︷ ︸

Homogeneous part describing plane waves

= µ0
∂2P
∂t2︸ ︷︷ ︸

Interaction with the medium

The quantum mechanical part enters in the polarization.

3Laser physics; Sargent, Scully, Lamb
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Evolution of density matrix

Von Neumann equation

d
dt

ρ̂ = − i
h̄
[Ĥ, ρ̂]

To derive a realistic refractive index and susceptibility, we need to account for the physical
dissipation. This dissipation can be introduced with a spontaneous emission model, which at
this stage corresponds to the addition of an ”ad-hoc” decay of the density matrix (formally
through the master equation).

Γ12 = A12 =
1

4πε0

4ω3|p12|
3h̄c3

is the rate of spontaneous emission (derived later in the lecture) and we have the

Master equation in Linblad form

d
dt

ρ̂ = − i
h̄
[Ĥ, ρ̂] + Γ12

(
σ̂−ρ̂σ̂+ − 1

2
{

ρ̂, σ̂+σ̂−
})
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Evolution of density matrix
Projecting the master equation onto the states |1⟩ , |2⟩, with Ĥ = h̄∆

2 σ̂z + qr̂ · E in the rotating
frame with detuning ∆ = ω12 − ω, we obtain the

Optical Bloch equations

dρ11

dt
= − i

h̄
(p12 · E)ρ12 + c.c. + Γ12ρ22

dρ22

dt
= +

i
h̄
(p12 · E)ρ12 + c.c. − Γ12ρ22 = −dρ11

dt
dρ12

dt
= −i∆ρ12 +

i
h̄
(p12 · E)(ρ11 − ρ22)−

Γ12

2
ρ12

We can extract the polarization in the steady-state ρ̇ij = 0 from ρ12(ω) (recall
p12 = ⟨1| qr̂ |2⟩ = − ⟨1| er̂ |2⟩)

ρ12(ω) =
i
h̄

p12 · E
Γ12 + i∆

(ρ11 − ρ22)
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Evolution of density matrix

In the Fourier domain, using p21 = p∗
12 and for N atoms,

P(ω) = ε0χ(ω)E = N⟨p̂⟩ = Np∗
12ρ12(ω) + c.c. =

i
h̄

N|p12|2E
Γ12 + i∆

(ρ11 − ρ22)

thus we obtain for the susceptibility χ = χ′
Re + iχ′′

Im

χ′
Re = N

|p12|2
ε0h̄

∆
Γ2

12 + ∆2
(ρ11 − ρ22)

χ′′
Im = N

|p12|2
ε0h̄

Γ12

Γ2
12 + ∆2

(ρ11 − ρ22)
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Semiclassical model : derivation4

Plane wave solution

Considering light linearly polarized along ϵϵϵ and introducing slowly varying amplitudes E(z, t)
and P(z, t) with phase ϕ(z, t)

E(z, t) = ϵϵϵE(z, t)e−i(ωt−kz+ϕ(z,t)) + c.c. = ϵϵϵE(z, t)

P(z, t) = ϵϵϵP(z, t)e−i(ωt−kz+ϕ(z,t)) + c.c. = ϵϵϵP(z, t)
P(z, t) = ε0Eχ(ω) = ε0E

(
χ′

Re + iχ′′
Im
)

We assume slowly varying amplitudes and phase, i.e.{
∂E
∂t ≪ ωE , ∂P

∂t ≪ ωP , ∂ϕ
∂t ≪ ω

∂E
∂z ≪ kE , ∂P

∂z ≪ kP , ∂ϕ
∂z ≪ k

(1)

We will derive the corrections to the linear dispersion relation ω ≃ ck

4Scully, M.O., Zubairy, M.S. ”Quantum optics” (1999). Chapter 5, Section 4
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Semiclassical model : derivation

Consider the Helmholtz equation(
∂

∂z
+

1
c

∂

∂t

)(
− ∂

∂z
+

1
c

∂

∂t

)
E = −µ0

∂2

∂t2 P(z, t)

Applying the slowly varying envelope approximation on the first part with ω = ck yields :

(
− ∂

∂z
+

1
c

∂

∂t

)
E ≃ −2ikE +

(((((((((((((((((((((((((
−∂E

∂z
+ iE ∂ϕ

∂z
+

1
c

∂E
∂t

− iE
c

∂ϕ

∂t

)
e−i(ωt−kz+ϕ(z,t))

thus the total left-hand side is

−2ik
(

∂

∂z
+

1
c

∂

∂t

)
E = −2ik

(
∂E
∂z

+
1
c

∂E
∂t

+ i
(

k − ω

c
− ∂ϕ

∂z
− 1

c
∂ϕ

∂t

)
E
)

e−i(ωt−kz+ϕ(z,t))
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Semiclassical model : derivation

Applying the same slowly varying envelope approximation for the right-hand side of Helmholtz
equation yields

−µ0
∂2P
∂t2 = − 1

ε0c2
∂

∂t

(−iωP +
�
���

��∂P
∂t

− ∂ϕ

∂t
P
)

e−i(ωt−kz+ϕ(z,t))


= iω

1
ε0c2

(
−iωP +

���
���∂P

∂t
− ∂ϕ

∂t
P
)

e−i(ωt−kz+ϕ(z,t)) =
ω2

ε0c2Pe−i(ωt−kz+ϕ(z,t))

Overall, if we simplify the phase we arrive to

∂E
∂z

+
1
c

∂E
∂t

+ i
(

k − ω

c
− ∂ϕ

∂z
− 1

c
∂ϕ

∂t

)
E = i

ω2

2kε0c2P ≈ i
ω

2ε0c
P

Note that we do not use the linear dispersion on the “k − ω
c ” term to allow us to derive the

corrections to this relation.
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Semiclassical model : effects of complex susceptibility
Taking the real and imaginary part (P is complex in general) and using
P = ε0Eχ(ω) = ε0E

(
χ′

Re + iχ′′
Im
)
gives

Physical meaning of the real and imaginary parts of susceptibility

(absorption/gain) :
∂E
∂z

+
1
c

∂E
∂t

= − k
2ε0

ImP = − k
2
· χ′′

Im · E

(dispersion) :
∂ϕ

∂z
+

1
c

∂ϕ

∂t
= k − ω

c
− ω

2ε0c
ReP
E = k −

(
1 +

χ′
Re
2

)
ω

c

The term g(ω) = − k
2 · χ′′

Im(ω) is the gain coefficient. We also have the corrected dispersion
relation when we assume a constant phase ϕ :

k =

(
1 +

χ′
Re
2

)
ω

c
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Semiclassical model : complex refractive index

If we consider a complex refractive index given by n2(ω) = 1 + χ, up to first order
approximation we have:

n(ω) = n′ + in′′ =
√

1 + χ(ω) ≈ 1 +
χ′

Re
2

+ i
χ′

Im
2

Hence n′ ≈ 1 + χ′′
Re
2 and n′′ ≈ χ′′

Im
2 . Coming back to the dispersion relation, we see that the

real part of the refractive complex index corresponds to the classical refractive index which

n′ =

(
1 +

χ′
Re
2

)
= c

k
ω

=
c

vp

We recover the classical connection between the refractive index and the ratio of the speed of
light in vacuum c to the phase velocity vp = ω

k in the medium.
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Semiclassical model : complex susceptibility

Solving the Bloch equations gives us

Susceptibility

χ′
Re = N

|p12|2
ε0h̄

∆
Γ2

12 + ∆2
(ρ11 − ρ22)

χ′′
Im = N

|p12|2
ε0h̄

Γ12

Γ2
12 + ∆2

(ρ11 − ρ22)

Figure: Real and imaginary part of the susceptibility

Generalization : Susceptibility of multilevel atoms

χ =
P

ε0E
=

2
ε0E

(
ρ12p21 + ρ13p31

)
eiω0t
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Slow and Fast light
Dispersion relation ω = ω(k) and assuming |χ′

Re(ω)| ≫ |χ′′
Im(ω)| such that the refractive

index is n(ω) ≈ n′(ω) = c
vp

= ck
ω .

Phase velocity : vp =
ω

k

Group velocity : vg =
dω

dk
=

(
dk
dω

)−1

Eliminate k and rewrite group velocity in terms of refractive index

vg =
c

ng
, where ng = n(ω) + ω

dn(ω)

dω
is the ”Group Index”

Now, we go back to the definition of polarizability

P(ω) = ε0χ(ω)E =⇒ n(ω) =
√

1 + χ′
Re(ω) ≈ 1 +

χ′
Re(ω)

2
By modifying χ(ω), you can modify n(ω) and the group velocity of the light in the medium.
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Slow and Fast light
We can engineer the χ(ω) of the system such that the group velocity is-

vg ≪ c - “Slow light”, Eg. EIT5 gives6 vg ≈ 17 m/s
vg > c or vg < 0 - “Fast or Advanced light”, Anomalous Dispersion by two Raman gain
resonances 7

Figure: Refractive index profile. The steepness of the slope at resonance is inversely
proportional to the group velocity of transmitted light Figure: Measured refractive index and gain coefficient.

5Substitute numerical values in HW7.5 from Ch. 5 of Fast light, slow light and Left-Handed light, PW Milonni, 2005

6Hau, L. et al. Light speed reduction to 17 metres per second in an ultracold atomic gas. Nature 397, 594-598 (1999)

7Gain-assisted superluminal light propagation, L. J. Wang, A. Kuzmich & A. Dogariu, Nature 406 (2000)
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Slow and Fast light

What about causality?8

Phase velocity: vp > c allowed

Group velocity: vg > c allowed. Not the same as velocity of information travel. Can be
explained by Classical theory of wave propagation.

Velocity of energy transfer: vE = |S(ω)|/u(ω), where S is the Poynting vector and u the
Energy density. One can show that vE ≤ c. More interpretive than measurable.

8Fast light, slow light and Left-Handed light, PW Milonni, 2005
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Quantum theory of atom-field interaction
The quantized electic field is

Ê(r, t) = EkεZPF

(
âke−iω0t+ik·r + â†

ke+iω0t−ik·r
)

,

where εZPF =
√

h̄ωk
2ε0Vk

and Ek is the polarization

Ĥint = er̂ · Ê = er̂ · EkεZPF

(
âke−iω0t+ik·r + â†

ke+iω0t−ik·r
)

er̂ = e1r̂1 = e(|1⟩ ⟨1|+ |2⟩ ⟨2|)r̂(|1⟩ ⟨1|+ |2⟩ ⟨2|)
= e ⟨1| r̂ |2⟩︸ ︷︷ ︸

p12

|2⟩ ⟨1|︸ ︷︷ ︸
σ̂+

+e ⟨1| r̂ |1⟩︸ ︷︷ ︸
zero

|2⟩ ⟨1|+ e ⟨2| r̂ |1⟩︸ ︷︷ ︸
p21=p12

|1⟩ ⟨2|︸ ︷︷ ︸
σ̂−

Atom-field interaction

Ĥint = (p12σ̂+ + p21σ̂−) · EkεZPF

(
âke−iω0t + â†

ke+iω0t
)

σ̂+âk |1, n⟩ = |2, n − 1⟩ , σ̂−âk |2, n⟩ = |1, n − 1⟩ , ∆E = h̄(ω12 + ω0)
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Quantum theory of atom-field interaction

Rotating wave approximation

Ĥint = h̄ω12
σ̂z

2
+ h̄ ∑

k
gk(σ̂

+âk + σ̂−â†
k)

gk =
p12 · EkεZPF

h̄
= p12 · Ek

√
h̄ωk

2ε0Vk

1
h̄

Rabi frequency becomes photon-number dependent in the quantum mechanical atom-field
interaction.

⟨1, n| h̄gkσ̂−â†
k |2, n − 1⟩ = ⟨1| σ̂− |2⟩ ⟨n| â†

k |n − 1⟩ h̄gk = h̄
√

ngk

⟨2, n + 1| h̄gkσ̂+âk |1, n⟩ = ⟨2| σ̂+ |1⟩ ⟨n − 1| âk |n⟩ h̄gk = h̄
√

ngk

However σ̂+â†
k and σ̂−âk do not conserve excitation :

σ̂+â†
k |1, n⟩ =

√
n |2, n + 1⟩ thus ∆E = −h̄(ω + ω12)

σ̂−âk |2, n⟩ =
√

n |1, n − 1⟩ thus ∆E = +h̄(ω + ω12)
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Quantum theory of atom-field interaction : state evolution
Consider the manifold spanned by {|1⟩ |n + 1⟩ , |2⟩ |n⟩} and ω0 as laser frequency,
E1 = h̄ω1, E2 = h̄ω2, where a generic state in this subspace can be written as:∣∣Ψ(t)

〉
= c1(t) |1⟩ |n + 1⟩+ c2(t) |2⟩ |n⟩

{
d
dt c1 = −ig

√
n + 1c2e+i(ω0−ω1)t

d
dt c2 = −ig

√
n + 1c1e−i(ω0−ω2)t

As for the semi-classical case, we have Rabi oscillations, but now with a frequency :

Ω2
n = ∆2 + 4g2(n + 1)

Now, we will perform a change of frame into the interaction picture, using
Baker-Campbell-Hausdorff formula

eαÂB̂e−αÂ ≈ B̂ + α[Â, B̂] + α2[Â, [Â, B̂]]/2!
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Quantum theory of atom-field interaction : interaction picture

The time evolution of |Ψ⟩ under the bare Hamiltonian Ĥ0

ih̄∂t |Ψ⟩ = Ĥ0 |Ψ⟩ ,
∣∣Ψ(t)

〉
=
∣∣Ψ(0)

〉
e−iĤ0t/h̄

Moving to interaction picture, we remove this time evolution from the state and put it on
the operators instead

⟨Ψ| Ĥint |Ψ⟩ = ⟨Ψ0| e+iĤ0t/h̄Ĥinte−iĤ0t/h̄ |Ψ0⟩

The operators now transform as the Hamiltonian ⟨Ψ| â |Ψ⟩ = ⟨Ψ0| e+iĤ0t/h̄âe−iĤ0t/h̄ |Ψ0⟩{
â → eiω0â† ât â e−iω0â† ât = âe−iω0t

σ̂+ → eiω12σ̂zt/2 σ̂+ e−iω12σ̂zt/2 = σ̂+e−iω12t
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Quantum theory of atom-field interaction : dressed states

The Hamiltonian in the interaction picture is for ∆ = ω0 − ω12

Interaction Hamiltonian in rotating frame

Ĥint = h̄g
(

σ̂+âe−i∆t + σ̂−â†e+i∆t
)

Dressed states of atom-field interaction

|Φ+⟩ = 1√
2
(|n, 2⟩+ |n + 1, 1⟩)

|Φ−⟩ = 1√
2
(|n, 2⟩ − |n + 1, 1⟩)
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Spontaneous emission: Wigner-Weisskopf Theory
Assume that

|ψ(t = 0)⟩ = ∑
k
|0k, 2⟩

|ψ(t)⟩ = ∑
k

c1|0k, 2⟩+ ∑
k

c2,k|1k, 1⟩︸ ︷︷ ︸
all possible modes k of the field

Thus we obtain {
ċ1 = −i ∑k gkei(ω12−ωk)tc2,k

ċ2,k = igke−i(ω12−ωk)tc1

Eliminating c2,k = −igk(r0)
∫ t

0 dt′e−i(ω12−ωk)tc1(t′):

ċ1 = ∑
k
|gk(r)|2

∫ t

0
dt′ei(ω12−ωk)(t−t′)c1(t′)
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Spontaneous emission: Wigner-Weisskopf Theory

Next we introduce the density of states (note that ω = k · c and the factor 2 due to
polarizations):

∑
k
⇒2

V
(2π)3

∫ 2π

0
dϕ
∫ π

0
dθ sin θ

∫
dk · k2

=2
V

8π3c3

∫ 2π

0
dϕ
∫ π

0
dθ sin θ

∫
dωk · ω2

k

Note that |g(⃗r)|2 = h̄ωk
2ε0V |p12|2 cos2 θ where θ is the angle between Ek and p12. Hence one

obtains:

ċ(t) = − 4|p12|2
(2π)26h̄ε0c3

∫ ∞

0
dωkω3

k

∫ t

0
dt′ei(ω12−ωk)(t−t′)c1(t′)
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Spontaneous emission: Wigner-Weisskopf Theory

Note that
∫ +∞
−∞ dωke−i(ω12−ωk)(t−t′) = 2πδ(t − t′), and

∫ t
0 δ(t − t′)dt′ = 1

2 , we have:

ċ1(t) = −
[

1
4πε0

4ω3|p12|2
3h̄c3

]
1
2

c1(t)

Spontaneous emission rate

Γ12 =
1

4πε0

4ω3|p12|2
3h̄c3
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Paper for next week’s presentation
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