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Quantum Electrodynamics and Quantum Optics
ECOLE POLYTECHNIQUE FEDERALE DE LAUSANNE (EPFL)

Exercise No.10
10.1 Solution: cQED dispersive regime: a QND measurement of photon/phonon num-
bers

10.1.1 The first approach

1. Note that
hiw
H|l,n+1) = —Tu|1,n+1> +hw,(n+1)[1,n+1) +hgvn+1|2,n)
H|2,n) = %]2,71) + hwn|2,n) + hgvn+ 1|1, n 4+ 1)

Assume that eigenstates of H takes the form of a superposition of |1,7 + 1) and |2, n), i.e.
a|l,n + 1) + |2, n). Thus the Hamiltonian can be rewritten in basis of (|1,n + 1), |2, 1)) as

H o —hw1p/2 + (n+ 1)hw, higvn +1
- hgvn +1 fiwin /2 + nhw,

The eigenvalues of H are

1 h 1 h
_ : n 2 2 - z
Eip = <n+2> hwriz\/élg (n+1)+A%= (n+2> hwrizﬁn

where A = w, — wyy is the detuning and ), = /4g%n + A? is the Rabi frequency. To
determine the eigenstate, we have the following equations:

—hw12/2+ (n+1)hw, — Eq hgvn+1 a\ _,
hgvn—kl hwiy /2 + nhw, — Ep b o

Finally we find:
|-, n+1) =cosby41|1,n+ 1) +sinb,1|2,n)

|+,n+1) = —sin0,1|1,n+ 1) + cos 0,412, 1)
where 0, = arctan(Q), — A)/2¢/n.

1)

2. When the detuning is much larger than the coupling rate, i.e. A > Zg\/ﬁ, then sinf,, ~ 0
and cos 0, ~ 1. Hence

|+, n) =~ [2,1)
|—,n) ~|1,n—1)
Given that
Ei,=|(n— 1 hw EQ

+n — 2 r + 2
where

2 2 1/2 2g27’l

Q= (A+4gn) " =A(1+ A3

Thus

_ 1 h 2¢°nY\ 1 h hg’n
Ey,= (n—2>hwr$2A(1+ A2 > = (n—2>hqu:2A¢ X
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or explicitly

1 hen he*n
E+,n = hwr(n - 1) =+ 7hw12 - gT = Ecavity n—1 + Eatom 2 gT

hg*n hg*n

E*,n = nhwr hwlZ + A == Ecavity n + Eatom 1 + T

3. We find that in the dispersive limit, the energy level of the cavity is effectively shifted by an
amount of +¢2/A depending on the state of the TLS.

10.1.2 The second approach

1. Take a transformation UHU" for

U = exp {—% (aa+ — a+(7_)} = exp {—%X}

According to Baker-Campbell-Hausdorff formula, we have

2

t 8 8
UHUY ~ H - S, H) + 5 (X, [x, H])
Note that
hw hew _
[X, Hatom ] = [X, 212(72} = 212 [aa+ — a+(7_,az} = —hwyy (aa+ +ato )

(X, Heavity ] = | X, hoya'a] = o, |ac™ — a'o,aa] = e, (ac™ +a'o™) (16)
[X, Hint | = [X hg (W* + a*tfﬂ =g Kua+ - a*a’) , <a0+ + a*a*)} ~ 2hg (a*a + ;) o,
So

[X, H] = [X, Hatom + Heavity + Hint ] = 1A (aa+ + aﬂf) +2hg <a+a 4 ;) o
and naturally we have

(X, [X, H]] = hA [(aa* — a*m) , (aa* - a+(7_)} = 2hA (a*a + ;) 0

Therefore

2

UHU' ~H — i[x H] + 2‘%[){, X, H]]

hw12

0y + hwata+hg (act +ato ) & [hA (ac7+ +a*a‘) + 2hg (a*a+ 1) (rz]
A 2
2

& tg 4 L
+2A2 2hA <a a+2> 0'Z+O

2
:haz)lz o, + hwraJra — hi <a+a + 2> o,

A

2 h f 2
=h <wr - gAU’Z> ata+ 5 (wlz — i) o8

2. We find that the cavity experiences a state-dependent freqeuency shift ¢>/ Ac,. Meanwhile,
we can also interpret the Hamiltonian by regarding the TLS frequency shifted by a AC-Stark
shift 2¢?/Aa%a, depending on the cavity photon number, together with Lamb shift g2/A,
coming from the interaction with vacuum fluctuation.

2
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10.2 Energy participation quantization of Josephson circuits

The Hamiltonian writes
4)2
Hin = Hyn + Hy = hwca:fac + hwqa;aq —Ej | cos¢y + 7] (2)

where the subscripts ¢ and g represent cavity and qubit respectively. And
o1 = 94 (3 +a}) + pc (ac +al) ©)
is the junction reduced generalized flux. Define energy participation

(i |3E19F] 1)
(| 3 Hiin | 1)

Pm = m=c,q 4)

Note that

qo} =) @2, <2a;am +a% 4 al? + 1) + @cqq (aq + a:;> (ac + af) (5)

m=c,q

Here we apply normal ordering for ¢;. The square terms with ladder operators and the last
coupling term vabishes when taking expectation value for |n,,). Therefore we have

SEj@2-2n  2E;¢?

Pe= Thwen T hw, (©)
Similarly
_ 2Ej¢;
Pv/ - hwq (7)
which yield
2 pchwe
and "
2 Pqhig

Expand H, to the first order of ¢
(10)

Due to (43) we have
4
o} = Lo (ac-+at) + g0 (a0 )
4
4 k 4—k
=1 () etot (s ) (o)
k=0

Under the rotating-wave approximation, only excitation-number conserving interactions in

Hy; (those with an equal number of raising and lowering operators in each mode) contribute.
Thus

(11)

?] T =6¢tat?a? + 64)3 ;2 ag + 24(p§(p§a;aqa ac+12¢%alac + 124)311:;115,
=6gznc (ne —1) + 69gny (ng — 1) + 249 gfmgne (12)

(4§0c + Sq)c @q) ne + (4(/)11 + 8§0c q)q) g

3
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Define Ay = Ejgn, /41, Xqc = Ej@z 7 /T, am = <4gofn —|—8q0§(p§) E;/24h, m = c,q. Hence the

effective Hamiltonian can be written as

Heg = Hyin + Hpy

1 1 (13)
=N (we — D) ne + 1 (wg — Ag) ng — Xgehighe — Ehtxcnc (ne—1) — Ehaqnq (ng—1)



