Quantum Field Theory

Set 12: solutions

Exercise 1
e We have
i 1 nvpo 1 nvpo 1 nvpo 1 pvpo 1 pvpo
W = 56 Jl/pPO' = 56 [Jl/p;Po'] +§€ Pa"]Vp: 56 [JVP,PU] +§€ Pl,Jpg-, (1)

where in the last equality we relabeled o <+ v and used anti-symmetry of €#**? and J,,.
Now all we have to show is that the term involving the commutator is zero. It follows from the algebra (eq.
(3.191) in the lecture notes),

[Jz/m Pa] = i(napPu - nauPp)a (2>

that ) )
i

§€lwpa[l]yp7pa} — §6uvpo(noppy _ nUVPp) =0. (3)

The first term is zero because 7,, is symmetric and its indices are contracted with €**#? which is anti-

symmetric. The second term is zero for the same reason.

o 1. It follows from the algebra (eq. (3.192) from the lectures notes) and anti-symmetry of the Levi-Civita
tensor that

Wep, = %e““p"Jl,pPUPM _ %WPGJVP [P, P,] = 0. @)
2. We have ) 1
[PH, W] = Se" P[P, JapPol = 5e*P7 ([P¥, Jag Po + JapP*, P5])- (5)
Now we make use of the algebra, in particular [P*, P,] = 0 and eq. (2) to find
[P*, W] = %e”a‘"’([P“, Jop|Pyr = %e”ap”(ngp — 00 Po) Py =0, (6)
due to antisymmetry of the Levi-Civita tensor.
3. We have . )
LI WO] = S PO T, JugP) = S (I, Jug) Py + Jupl ™, ). ™)
We again make use of the algebra,
[T, Jug] :i(égJ“ﬁ —55J’2;+5§JZ; —65J%,), [J#, P,| = i(64 P* — 6% P"), (8)
to get
[JH WP = %(GFVBUJ%PU + P J PPy + epaﬁ”JagPH) —(u e v). (9)

We now factor out J,gP, to have
[T, WP) = 2 g Py (152 4 e i o®8) — (4 5 ). (10)

We now make use of the identity!

nlwepaﬁo _ nupemﬁa + nuaepVﬁG + nuﬁepaw + nwepaﬁu (12)

IThis identity follows from expanding the determinant relation
det(A)er2f7 = AP A%, A% AT o F'! (11)

to linear order in wpp,7 where App, = 5:;, +w’;, +O(w?). The left-hand-side becomes proportional to the trace trw = n*Ywyy, matching

to the left-hand-side of (12). Correpondingly, the right-hand-sides will match and given that w#” is arbitrary, the identity (12) will
hold.



to have
[JH WP = %Jang(n“”emB" — n“pe”‘w”) —(uev)= (13)

= =5 Tag ot e 7 4 oy P 0T = (g W — W), (14)

Note that replacing W? with the momentum P? in the above yields the correct commutation relation
between J*? and P?.This result is a consequence of the fact that W# transforms as a 4-vector under
Lorentz transformations (just like P?).

4. We have ] 1
WH W] = S PT W, JapPo) = e (WP, Jag Py + Jap[W", Po)). (15)

We now make use of the results found in points 2 and 3. We find
(WH WY = %emw(agwp — 60Wo) Py = i€"*7 W, P, . (16)

e To show that W? is a Casimir we have to show that it commutes with the Poincare generators P* and J*".
We have
(W2, PF] = W, [W®, P*] 4+ W, P W, =0 (17)

due to the result derived in point 2.

We also have
(W2, T8 = Wo W, JH] + W, JH W = iWH W] +i[WY, WH] =0, (18)

where we made use of the result derived in point 3.

Exercise 2

e At first, let us simply write the infinitesimal transformation for a Lorentz vector in terms of #* and n*.

O = A o (8, + )0 = (8 + o)

00 =00 + g 0wv” =00 + g " =0 — 5w =00 + vt (19)
V=0t raw v = v1 + gy w0 + grow®” = vl + griw v + goow®v® o0
=v + g €108 + goonin® = vf — lglyT 4 i
where g,,,, is the Minkowski metric.
e Now, we want to show:
AL (0, m)v* o, AL (0,1) = A%, (6,m)0" 0, (21)

Let us call v = v*0,. Expanding the left hand side to linear order:
VMo, =exp|—(77+ i) - 7/2] v exp[—(7— i) - 7/2] = [1 — (7+1i0) - 7/2) v [1 — (7 — i6) - 5 /2]
=v — 77—{o’l,v} - Z—[0'1,11] =v— n—(2voa’ —20'0%) + =
2 2 2
=v + niviog + (—i—eijlelvj + 1o )0

(2i€F i)

which, by equating the components of o,, on both sides of the equation, corresponds exactly to the transfor-
mations (19), (20).

e Take the complex conjugate of equation (21) and sandwich it between ¢~! and e. The right-hand side
becomes:
1 _
Al v e Tone= A v G,
where we used one of the properties given in the text. The left-hand side becomes:

U“EilAEU;AEE =vte A% e efla;e e A Te= U#AR(?HA;

because e 'A% e = Ag, which also implies e 'ATe = ATR. Therefore, we proved the equation outlined in the
text.



e The last point derives from algebraic manipulations, given the last two point proven in the exercise.

The importance of this exercise lies in the fact that now we can construct spinor bilinears involving Weyl fermions
and Dirac fermions, which can be used to write down interaction terms in the Lagrangian, for instance:

Al G n,  AMhog

This is the way the Weyl spinors are coupled to the electromagnetic field.

Exercise 3

e Recalling the definition of o* = (1, ¢*) and # = (1, —¢*), one can easily check:

pu=0,v=0 o960 + 0%5° = 2,
ota” +o'dt =< pu=0,v=1 0%+ 06" = -0l +0' =0,
pw=iv=7j 0'c? +0ig' = —o'c? —olot = —{o', 07} =—26".

In compact notation:
otc” + o¥at = gto” 4+ Vot = 2pH"

Therefore, given the definition of the Dirac matrices, we can deduce the anticommutation relation:

0 o 0 o¥ ota? 0
_ o, Y
<U” 0 )(U” 0)+(u<—>1/)< 0 Uuay>+(u<—>z/)29 1.

e Let us consider the second term in the right hand side of the equation:

0.,1.2.3 0,1.2.3

{7".7%) = "0y iy,

and let us bring " on the left of all the other matrices v, v = 0,1,2,3. When u # v, the relation
{y*, 47} = 2gM gives yYy* = —yH4¥, while when p = v obviously 4y = y#~¥. Therefore {y*,7°} = 0.

e The only non-trivial point of the question is to show that (7°)2 = 1. This can be worked out in a way similar
to the one used in the previous point.



