
Exercises in preparation for the exam

Exercise 1: Consider a field theory with a vector field Aµ and 3 scalars
ϕI (I = 1, 2, 3) with lagrangian

L =
1
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∂µAν∂

µAν +
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∂µϕI∂

µϕI −
M2
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(ϕIϕI)

− λAµ(∂νϕI∂ρϕJ∂σϕK)ϵ
IJKϵµνρσ

where ϵIJK , ϵµνρσ are the Levi-Civita antisymmetric tensors in respectively
3 and 4 dimensions.

• what is the dimensionality of the coupling λ

• discuss the symmetries of the system

Exercise 2: Consider a relativistic field theory with U(1) symmetry and
the following field content: one left-handed Weyl spinors ψL, one right-
handed Weyl spinor ψR and a complex scalar ϕ. The corresponding U(1)
charges of the fields are (qψL

, qψR
, qϕ) = (1,−1, 2).

• Write the most general Lagrangian (kinetic terms plus interactions)
invariant under U(1)

• Suppose now, instead, to have the two mentioned spinors plus another
left-handed spinor χL (not the scalar). The charges are respectively
(qψL

, qχL
, qψR

) = (1,−1,−1). Write the most general mass terms for
the spinors, while preserving the U(1) symmetry.

Hint: Recall that Λ†
L = Λ−1

R and Λ−1
L = ϵ−1ΛTLϵ

Exercise 3: Consider a real neutral scalar field. The ladder operators
satisfy:

[a(k), a†(p)] = (2π)32Ekδ
3(k− p) .

Given the following state,

|ψ⟩ =
∫
dϕdθ sin θ

(
e2iϕ sin2 θ a†(kθ,ϕ)|0⟩

)
,

where kθ,ϕ = |k|(sin θ cosϕ, sin θ sinϕ, cosϕ),
• show that

J3|ψ⟩ = 2|ψ⟩ and J iJ i|ψ⟩ = 6|ψ⟩ ,

where J i = 1
2
ϵijkJ jk is the angular momentum operator:

J ij = −i
∫
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]
.

Hint: Notice that eiϕ sin θ = (k1 + ik2)/|k|.


