
Solid state physics III Exercise session 8 November 20th 2024

In a famous 1957 article, which earned them the Nobel Prize in physics (theory of superconduc-
tivity), Bardeen, Cooper, and Schrieffer (BCS) considered the following pairing Hamiltonian:

HBCS =
∑
k,σ

ξkc
†
kσckσ − |V |

Ω

∑
k̸=p

c†k↑c
†
−k↓c−p↓cp↑

with ξk = k2/2m−ϵF . Here, −|V | is the attractive coupling constant between electrons with opposite
spins and momenta, and Ω is the volume. In order to calculate the ground state of HBCS , they built
the states made of pairs:

|ΨBCS⟩ =
∏
k

(
uk + vkc

†
k↑c

†
−k↓

)
|0⟩ (1)

where uk and vk are variational parameters. In the exercice, we assume them to be real numbers.

(A.) Show that

⟨ΨBCS |ΨBCS⟩ =
∏
k

(u2
k + v2k).

Therefore, the parameters uk and vk must satisfy u2
k + v2k = 1 in order for |ΨBCS⟩ to be normalised.

(B.) Determine the expectation value of HBCS in the state |ΨBCS⟩

⟨ΨBCS |HBCS |ΨBCS⟩ = 2
∑
k

ξkv
2
k − |V |

Ω

(∑
k

ukvk

)(∑
p

upvp

)

(C.) We want to calculate the parameters uk and vk which minimise the energy.

1. Show that the variational equation
∂⟨H⟩
∂vp

= 0

is equivalent to (remember that u2
k = 1− v2k):

2ξpupvp = ∆(u2
p − v2p) (2)

where the gap ∆ is defined as

∆ =
|V |
Ω

∑
k

ukvk

2. Find expressions of u2
k and v2k for the solutions of Eq.(2) and u2

k + v2k = 1. Choose the solution
corresponding to the Fermi sea for the system without interaction (V = 0 ⇒ ∆ = 0):

vk =

{
1 if k < kF
0 if k > kF
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Show that in this case

u2
k =

1

2

(
1 +

ξk
Ek

)
v2k =

1

2

(
1− ξk

Ek

)
with Ek =

√
ξ2k +∆2.

3. Using the definition of ∆, derive the gap equation

1 =
|V |
2Ω

∑
k

1

Ek
.

2


